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We give a generalization of the work 1] where we studied canonical and boundary representations
of the group G=SU(1,1) on the Lobachevsky plane D . Canonical representations in [1]| are
deformations of the quasi-regular representation U of G on D . Now we study similar deformations
of representations of G in the space sections of linear bundles on D, or, what is the same,
deformations of representations of G induced by characters of a maximal compact subgroup K .
See also our note [2].

§ 1. Canonical representations associated
with a character of K

The Lobachevsky plane is the unit disk D: 2Z <1 on the complex plane with the linear-fractional
action of G': B
w :<ab>7 aa — bb = 1.
b a
The boundary S of D is the circle z2Z=1, it consists of points s =exp i« , the measure ds on S
is da. Let D be the closure of D: D=DUS . The stabilizer of the point z=0 is the maximal
compact subgroup K =U (1) consisting of diagonal matrices:

a 0 _
k‘-(o a>’ aa =1, (1.1)

so that D= G/K . Recall principal non-unitary series representations of G trivial on the center.
Let o € C. The representation T, acts on the space D(S) by

(T5(9)#)(s) = ¢(s - g)lbs +al*.
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If 0¢Z,then T, isirreducible and equivalent to T_,_1 (for o €Z there is a "partial equivalence").
The following operator A, acts on D(S) and intertwines T, and T_,_;:

<&m@:4u—wﬂ“%wm, (1.2)

exponents s" are eigenfunctions for A, with eigenvalues a,(0):

(=20 —1)
I'(—oc+4+n)T(-0c—n)’

an(0) = 21 (—1)" (1.3)

We shall use denotation
n
al =a(a+1)...(a+q—-1), "= \z[“(ﬁ) , peC, neZ, geN.
z

Let AeC, me€Z. We define the canonical representation R),, of the group G as follows:

(Ram(9)f) (2) = f(z - g) (bz + @) 212,

it acts on the space D(D). This space consists of functions f(z)= f(z,Z) such that for any
fe€D(D) there is a neighbourhood U of D such that f belongs to D(U) . The representation
R is the restriction to G of a representation of the overgroup G'=SL(2,C).

Introduce the inner product

(o h)p = [ HRE dady, 2 =+ iy (1.4)
D
It is invariant with respect to the pair (R, R_5_5,,):

<R)\,m(g)f7 h>D = <f7 R,X,Zm(g_l)h)D’ (15)

where g€ G . Let us define the operator Qy,, — first on D(D):

(Qamf) (2) = c(A,m) / (1-— z@)”‘zm f(w)dudv,

D

where N .
c(\,m) = —Arm—-L

T
It intertwines Ry ,, and R_\_9,,:
Qxm Bam(9) = Rx—2.m(9) Qxm, 9 €G,
and interacts with the form (1.4) as follows:
(@xmf, h)p = {f, Qx,, h)D- (1.6)

The formulae (1.5) and (1.6) allow to extend the representation Ry ,, and the operator Qy,, to
the space D'(D) of distributions on D .
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§ 2. Boundary representations

Any canonical representation of the group G generates 2 representations related to the boundary
S of the disk D (see Ly ,, and M) ., below).
Introduce on C polar coordinates (r,s): z=rs, r >0, s€ S . Let

p:1—z§:1—r2,
so that D={p>0} and S={p=0}. The Euclidean measure dzdy on D is (1/2)dpds. Consider
the Taylor series of f€D(D) in powers of p:

f(2) ~ap+aip+asp*+---, (2.1)

where ay =ag(s) are functions in D(5):

)= g ()]

Denote by i (D) the space of distributions on C concentrated at S and of the form

¢ =¢0(s)6(p) + ¢1(5) &' (p) + - - + r(5) ™ (p), (2.2)

where §(p) is the Dirac delta function on the real line (being a continuous linear functional on
D(R)) and 6U)(p) its j-th derivative. Set

3(D) = U2y Zk(D).

There is a natural filtration

Yo(D) C X1(D) C X9(D) C -+ (2.3)
A distribution ¢(s)d®(p) acts on a function f e D(D) as follows:

1

(p(s) 6" (p), f) = 5(—1)”! (o, ar)s.

The canonical representation R) ,, acting on D’(D), preserves the space ¥ (D) and the filtration
(2.3). Denote by Ly, the restriction of Ry, to ¥ (D). Let us assign to the distribution (2.2) the
column (¢g, ¢1,--., %k, 0,0,...).

Lemma 2.1. On these columns the representation Ly ., 1is a upper triangular matriz. It is
equivalent to a upper triangular matriz with diagonal T_x_1, T_x, T_xy1,.... The equivalence is
given by multiplication of the functions ¢i(s) by s~™

Proof. Set ¢ (s)s™™ =1 (s). We have to trace how the operator Ly ,,(g9) (g€ G) acts on the
distribution vy (s)s™ - §*)(p) . This distribution is mapped on

Yr(3) 3™ 68 (p) (bz + @)~ 42m, (2.4)

Since p=p-|bz+a|~2 and 6% (p) is homogeneous of degree —k — 1, the distribution (2.4) is equal
to
wk(g) 3m (bz + a)—Z)\—Q—Qk,Qm (5(k) (p)

= Ur(3) 5" (bs + @) P2 6B ) 4 (25)

where the dots means a distribution in j_1(D) . Since 3=s"1, we have

- as—i—g BE—}—a
s = — =s- —
bs+a bs +a

=s5-(bs+a)" 2, (2.6)
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so that the distribution (2.5) is equal to
Un(5) bs +al 725 g (p) 4

The factor in front of s §®) (p) is precisely (T-x_14x(9)¥r) (5). O
For feD(D), let a(f) denote the column (ag,ai,...) of the Taylor coefficients of f, see (2.1).
The representation M) ,, acts on these columns by:

M/\,m(g) a(f) = a(Rk,m(g)f)'

Lemma 2.2. The representation M), is a lower triangular matriz. It is equivalent to a lower
triangular matriz with diagonal T_x_o, T »_3,.... The equivalence is given by multiplication of the
Taylor coefficients ax(s) by s~™.

Proof. By expanding functions in a Taylor series, we find that the k-th Taylor coefficient of
the function f9(z) = (Ram(9)f)(z) is

ak(g) (bS + 6)72)\7472k,2m 4.

= ap(3)5 ™ |bsa| AR s (2.7)
where the dots means a linear combination of ag(s), ..., ar—1(5) whose coefficients are some functions
of s. Here we used again that p=p-|bz+a@| 2 and formula (2.6). Now setting a(s) = dg(s) s™,
we see from (2.7) that the coefficient df(s) for f9(s) is (T-x—2-x(g)dk) (s)+---. O

§ 3. Poisson transform

Let X\, 0€C and m e Z. We define the Poisson transform associated with the canonical repre-
sentation Ry ,, as the map Pyg) : D(S) — C*°(D) by the following formula

(P/SZ:) gp) (2) =p A2 /5 (1 — 52)%772™M 5™ p(s) ds. (3.1)

Theorem 3.1. The Poisson transform P)(\? intertwines the representations T_,_1 and the
canonical representation Ry, :

Ram(9) P\ = P T 5 1(g9) (9 €G).

Theorem 3.2. With the intertwining operators A, and Qx,, the Poisson transform P)(\”;)

interacts as follows:
PSZ) AU = lem(O') P)ETZ)J—]j (32)

Qum PV =AM (X, 0) PUY, (3.3)

where
N(=A+o0)'(=A—0—1)

F'(=A=m)I'(-A+m-1)"
Proof. Formula (3.2) follows immediately from (3.1). Let us prove (3.3). Applying the operator

A\ o) =

Qxrm P/STZ) to a function ¢ € D(S), we get the multiple integral:

(QA,m PSZ) go) (z) = c(A,m) / (1 — 2zw)*M*™ (1 — ww) 7 2dudv
’ D

X /(1 — sW)2T T S o(s) ds, w = u+ v (3.4)
S
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By (3.1), the function (PXZ) go) (2) behaves as Cy p A2+ Cy p~*T°~1 when p— 0. Therefore,

the integral (3.4) converges absolutely for Reo>—1/2, Re(A+0)<—1, Re(—=A+0)>0, and we
can then change the order of integration. We obtain

(Qun P ) (2) = clrm) [ K(z.s) 5™ ol s, (3.5
where the kernel K(z,s) is given by
K(z,s) = / (1 — 2zw)*M*™ (1 — ww) 72 (1 — sw)?7 2™ dudv.
D

Let us compute it. Using the formula

1—zw
(bz +a)(bw + a)

1—2w=

and similar formulae with replacing z by s and by w, we find that the kernel K(z,s) has the
following invariance property:

K(Z,5) (bz + @)™ (bs +a)*7 2" = K (2, 5).

Take here z=0, s=1 and write z and s instead of z and s respectively. Then we have

K(z,s) = K(0,1) a” 2™ (b4 @)~ 20?m (3.6)
and B B
b a+b
zZ ==, s = —
a b+ua

For these z and s we find

_ 1 _ a+b b 1
l—2z2=—, 1—5sz=1-— - — = —,
aa b+a a a(b+a)
so that
a—2>\,2m (b 4+ 5)_20’27” — (1 _ ZE))\—O' (1 _ 82)20,—2771‘ (37)
It remains to compute K(0,1):
K(0,1) = / (1 —ww) 2772 (1 — w)*?*™ dudv. (3.8)
D
Expand (1 —w)2??™ in a binomial series:
(1 _ w)Qa,Qm — (1 _ w)o+m (1 _w)o—m
[e.e]
= Z < g+m > ( g-m > (—1)4H .
q J

¢,5=0
A non-zero contribution to (3.8) is given by the terms with ¢=j only, so that
= +m -m
K(0,1) = Z < 7 > < 7 > / (1 — ww) 72 (ww)? dudv.
=0 q q D
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The latter integral is equal to B(qg+1,—\—o0 —1), so that

K(O)l) — ﬂ_i(o‘—i-m)[q](a—m)[q}.r(_ _0__1)

A
= q! I'(-A—o0+q)

o

—0 — m [Q] o'+m)[Q]
T Z N—0 — 1)[q+1] q'

> [q [q]
B —o—m)9 (—o+m)
- —/\ 0'—1 Z )Hq'

(—o—m,—0c+m;—A—o0;1)

q=0
I w—
I(-A\—o—1)I(-A+0)
L(=A+m)T'(=\—m)
1

= ——— A\ 0).
c(/\,m)A (A.0)

I
o

Thus, collecting (3.5), (3.6) and (3.7), we obtain
(Q,\,m P)(:Z) cp) (z) = A\, o) 7 /S(l — 57)20 72 §™ »(s)ds,

which is just (3.3). O
Theorem 3.3. Introduce on D polar coordinates r, s: z=rs, 0<r<1, s€S. Let 20 ¢7Z . For
any K -finite function ¢ € D(S), the Poisson transform P)(\? ©

in powers of p=1—r?:

(P ) (2) =p> 2 mz( ") (5) "

of ¢ has the following expansion

pMo—lgm Z( ok 4,0) P (3.9)

Let us the factors p* =22 and p~ =1 in (3.9) leading factors. The factors yield that P( m)
meromorphic in ¢, and has poles at the points

o=A—k, o=-XA—-1+1 (k1leN). (3.10)

All poles are simple except in the case when the two sequences (3.10) have a non-empty intersection
and the pole belongs to this intersection. This happens when 2A+1€N and 0<k, [<2\+1,
k+1=2X+1. In this case the pole p is of the second order. Let us write down the principal part

(m)

of the Laurent series of P, ' at the poles p of the first and the second order respectively:

A(m)

)\ o o — /'L
=(m) 5(m)
P
P)E,TZ) _ A + Aot 4+ ... (312)

(c—p3? o—p

=(m)

The first Laurent coeflicient (ﬁ)(\mu) and P, , respectively) intertwines 7,1 with Ry, .
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Let us write down the Laurent coefficients in (3.11) and (3.12) explicitly.
)

For that we introduce the following differential operators W:Z on S. Let us set

Vomn(®) = (1 —p) ™2 F(og+14+m,0+ 14 n;20 + 2;p),

where F' is the Gauss hypergeometric function. Expand V' in powers of p:

crmn E w

(m)

here w,,’ are polynomials in n of degree k. The coefficients of these polynomials are rational
functions of o with simple poles at o =—1,-3/2,...,(—k—1)/2. Now we set

(m) _,m) (L d
Wa,k - a'k (Z da)

If a pole 1 belongs only to one of the sequences (3.10), then it is simple and

p(m m 1 m
P>(\,)\)—k = (-1)** 7 4-m(A — k) §7k)7 (3.13)

ﬁi,w—l),\—uz = (- )l+m f o Ax_y, (3.14)

where fg\n,z) is the following operator D(S) — X (D) :

)\ k p=2g" Z ) (Wim; " Lp) (s) slk=n) (p). (3.15)

The operator finl? is meromorphic in A. For fixed k=1,2... it has poles (simple) at the points

k—1
N=h—1 k=32 k=2~

(k poles in total). It intertwines T_y_14j with Ly, (restricted to Zx(D)).
A number A\ €N/2 is a pole for fg\”,? for those k that satisfy
M +F1I<Ek<2)0+ 1.

In particular, let Ag € N. Denote by 2&’”}6 the residue of 5/(\”;;) at A=XAg and denote by W(m)

the residue of W( ™) at the pole o =7. The contribution to the residue of 5)\ . is given by the
summands in (3. 15) for which n>2k —2Xo— 1. So we have (we omit the index 0) for A€ N and
A+1<E<20+1:

m m n k‘ Tr7(m —-n
Gre=s" > U g (M) ()04 ),

n=2k—2A—1

Let the pole p belong to both sequences (3.10). This happens when 2A+1€N. Then u=A—k=
= —-A—1—1, where k,leN,sothat k+[=2\+1 and [ —k=2u+1.

Let first A€ N. Then the pole u is of the second order (m #0 ). Here we have a difference with
the case m=0: in that case the pole p was of the first order.

1224



ISSN 1810-0198 Bectuuk TT'V, 1.22, BoIn. 6, 2017

We shall write down, for A € N, only the first Laurent coefficients P. The expressions for the
residues are rather complicated and not interesting for us, even more because they turn out to be

not concentrated at S'.
If A+1<k<2\+1 (sothat k>1 and p<—1), then

=(m) 1 m
Py = (=DM 7 4-m(A = k) g\,k)7
and if A+1<I<2k+1 (so that k<l and pu>0), then

=(m) m
Py a1 = (= 1)l+ml,A( Vo Ay .

Therefore, the operator 5 intertwines T_)_14x with L, restricted to Xx(D).
Let now A€ —1/2 +N. This case is similar to such a case for m=0. The pole p is of the

second order.
If k<1, then

oy = 2 ey,
s = o S il
=0
and if k>1, then
RS
e = 3 CU S pm e
n=0 '

where G_m (1) is the residue of a_p (o) at o=p (A, is the residue of A, at o=7) and

él(ﬁl) _ { C;(L?L)a - n<2u+1,
’ COH: Do,u n—2u—1> 1 P 2H +1,
Dm — { DA(L?L)a m) n<—2p—1,
) m m
' D0 = C a1, = —2u— L

Theorem 3.4. Up to a factor, the composition of the operators Qy , and fg\",? 1s the Poisson

transform PET;)_Z Ak -

Q)\mg)\k —qu) .PET)_Q’)\_kﬁ (3.16)
where )
a = 5 (CDFT R (A= 1+ k) A (), (3.17)
Alﬁ;m)()‘) _ _L(Q)\ 2% +1) FA+m+1)T(A—m+2)

272 KIT(2A+2 — k)

Proof. Taking the residue of both sides of (3.3) at 0 =\ —k and using (3.13), we obtain (3.16),

where
(m) _ 1
a—m (X — k)

q)\k _( 1)k+m k!

Resy—)_k A(m)()\, o).
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The latter residue is equal to

m (m)
v A .
k1 B AT
Finally, computing the product a_.,(¢)a_n,(—o —1), we obtain expression (3.17). O

(m)

Remark. Formula (3.3) seems to contain a contradiction: indeed, the Poisson transform P*,” 90
in the right hand side has poles at the points o =A+1+1 and o0 =-X—2—k (k,l€N), but the
left hand side seems to have no poles at these points. In fact, the left hand side does have poles
at these points; the poles in question are poles of distributions; the left hand side, regarded as a
distribution, assigns to a function f€D(D) the scalar

<Q)\,m P)(:Z)a f>D = <P§TZ)7 Qx,mf>D

2242 224-2

but the function Q;Hmf has asymptotics C7 + Csop when p— 0, and the function p

together with the leading terms p~*~°~2 and p=*t7~1 of P/g? gives the desired poles.
§ 4. Fourier transform

Let A\, c€C and m €Z . We define the Fourier transform associated with the canonical repre-
sentation Ry, as the map Fyz) : D(D) — D(S) by the following formula

(Fg?f) (s)=sT /D(l - 22)20’2mp)‘7‘7 f(z)dzdy.

The integral converges absolutely for Re (A—o)>—1, Re (A+0)>—2 and can be meromorphically
continued in ¢ and .
Theorem 4.1. The Poisson and the Fourier transform are conjugate to each other:

(F\D £, @)s = (F, P2 o).

This allows to transfer statements about the Poisson transform to the Fourier transform.
The Fourier transform interacts with the intertwining operators as follows:

o—1’

F'Y,  Qum = A™(\0)F (m).

Ay F/Sn;) = a_m(0o) F/gm)

It has poles in ¢ at the points
=-A—2—-k, o=AX+1+1 (k,l€N). (4.1)

All poles are simple, except the case —2\ —3 €N and the pole p belongs to both sequences (4.1),
ie 0<k, I<—22—3 and k+1=—-2XA—3. In this case p is of the second order.

For the Laurent coefficients of the Fourier transform we use a similar notation as in case of the
Poisson transform.

~ = (m)
The first Laurent coefficient (i.e. F)(\";) if p is of the first order and F , if p is of the second
order) intertwines Ry, with T, ).

= (m)
Let us write down F\" #) and F , explicitly.

If the pole p belongs to one of the sequences (4.1), then it is simple and

F™ Ly, = 5( )™t (~A =2~ k) b7
m 1
F)E/\ZFHZ = 5( ™Ay 2 zbg\l)7
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where bg\n,? is a “boundary” operator D(D) — D(S) which is defined in terms of the Taylor

coeflicients ¢, of f as follows:

k
bE\T"L)(f) = Er)r\b)—2—k,k—n (s7™cn).
n=0

theorem 4.1 now gives:
Theorem 4.2. The operators €™ and b™) are conjugate to each other (up to a factor):

(—DF LY (), 9)s-

DN | =

<f7 5(_?)_2716 (p>D -

The operator bg\nz) intertwines R),, with T_)_o_j. It is meromorphic in A. For fixed

k=1,2,... it has poles (simple) at the points:
k-3
2

A=—k—1,-k—1/2,...,

(k poles in total). A scalar A\g € —2 —N/2 is a pole for bgfz) if
A —1<E< 20 -3

In particular, let Ao € —2 — N. Denote by EAT)k the residue of bg\mk) at A=X\g. Then (cf. § 3) (we
omit the index 0) for A€ =2 —N and —A—1<k<—2\—3 we have

—2)\—3—k/\
W == 3 WO, (5.
n=0

S

Let the pole u belong th both sequences (4.1). This happens when —2A —3€N. Then p=-\—
—2—k=k+1+1[, where k,l€N,sothat k+1=—2\—3, [—k=2u+ 1. This pole is of the second
order.

Let p€—-2—N. As in § 3 we write only down the first Laurent coefficient: if —A — 1<k (then
k>1 and p<—1), then

a(m)

~

1 m N
Fy ok = 5 (=)™ a_m(—A—2—k) bf\?:z)’
)

and if —A—1< (then k<!l and p>0), then

B — Ly
AA+141 9 —A=2-10\1 -

Let pe—5/2—N.If k<, then

Fy, = (=)™ a—m(p) b)\,k
l
~(m 1 ~(m —-m
B = =5 2O (s e),
n=0
and if k>1, then
=(m)

A

k
~ 1 ~ o
BT = 5 2D (s )
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