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We obtained conditions for solvability of Volterra operator inclusions and continuous
dependence of the solutions on a parameter. These results were implemented to investigation
of generalized neural field equations involving control.
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3. Integro-differential inclusion with parameter.

In the first part of the present paper (see [1]), we introduced a controllable integro-differential
equation and posed the corresponding well-posedness problem. The form of the integro-differential
equation introduced describes a broad class of equations used in modeling of electrical activity
in the brain cortex (see, e.g. [2], [3]). The particular type of solutions, namely, spatially localized
solutions, which we have focused on in the first part of the paper, characterizes the electrical activity
of the brain prevalent during it’s normal functioning (see, e.g. [4], [5]). Electrical stimulation of the
brain using e.g. in therapy of Epilepsy and Parkinson’s disease, following the ideas of [6]-[10],
was considered as control. The control problem obtained was represented in the form of integro-
differential inclusion in the following way

t
w(t,x) € / / ft,s,z,y,w(s,y), U, N)dyds, t € [a,00) ,x € R™, X €A, (3.1)
a R™
| l‘im w(t,z) =0, t € [a,00). (3.2)
T|—00

Using the results from Section 2 of the previous part of the paper (see [1]), we investigate here
the solvability of the problem above and continuous dependence of the solutions obtained on the
parameter A from some metric space A. Here U is some compact subset of RF .
Throughout the section, we will use the following notation. Let L(£2, u, R™) be the space of all
measurable and integrable functions x:Q— R™ with the norm ||x|| (.5 = [ [x(s)|ds; Co(€2, R")
Q
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be the space of all continuous functions 9:€ — R™ satisfying the additional condition | l‘im P x)=0
T|—00

in the case if Q is unbounded, with the norm [|9|c,q rn) = max |9(z)|; and C([a,b], Co(2, R™))
HAS

be the space of all continuous functions v:[a,b] — Co(£2, R"), with the norm ||v||¢((a,p),co(0,R7)) =
= tlgl[%] vl co,rm) -

We assume that for some A\g €A and 79> 0, the following conditions are fulfilled:

(i) For any t€ [a,00), we€R", x€R™ and any uweU, A€ A, the function
flt, -z, w,u, N [a,00) X R™— R™ is measurable.

(ii) For almost all (s,y) € [a,00) x R™ and any A€ A, the function f(-,s,, 9, -,A) is
continuous.

(iii) For any b€ (a,00) and any r >0, it holds true that

t
lim sup //f(t,s,a;,y,w,u, Ao+ A)dyds| =0
00 tela,b],ze R™\Bgm (0,t)
a Rm
for any w € Bgn(0,7), uniformly for all u€U and A € Bp(0,79) .
(iv) For any b€ (a,00) and any r >0, there exists such g,y € L([a,b] x R™, u, R) that

|f(t7 $T,Y, W, U, )\)| < g(b,'f‘)(sv y)

forall z€ R™, we Bgn(0,7), t€la,b], ueU, X€ Bx(Ao,70) and almost all (s,y) € [a,b] x R™ .

Definitiomn 3 1. Choose an arbitrary u € By(ug,r0). We define a local
solution to the problem (3.1)—(3.2), defined on [a,a+7], 7 € (0,00), to be a function
wy € C([a, a+7],Co(R™, R™)) , that satisfies the equation (3.1) on [a,a+7]. We define a mazimally
extended solution to the problem (3.1)—(3.2), defined on [a,a+n), n€ (0,00), to be a map
wy : [a, a+n) = Co(R™, R™) , whose restriction w, on [a,a+y] with any v <7 is its local solution
and VE%H—O 1w | ((a,a44],C0(Rm R7Y) = 00 . We define an oo -solution to the problem (3.1)—(3.2) to

be a map w:[a,00) = Co(R™, R") , whose restriction w, on [a,a+7] for any v € (0,00) is its local

solution.

For any Ae A and v€(0,1), we denote by S,(\) the set of v(7y)-local solutions to (3.1)—(3.2)
corresponding to A€ A.

Theorem 3.1 Let the assumptions (i) — (iv) hold true. Assume that the following
conditions are satisfied:

1) For the given ro>0 and any >0 there exists fr(s,y) € L([a,00) x R™, ju,R) such that for
which B
sup inf |f(t787x7y)w17u17 >\) - f(t7s7x7y7w27u27)\)‘ < fT’(S7y)’w1 - w2|
uley weu
for all w',w?€ Bgn(0,7), u€i, X€ By(Xo,70), tE€[a,00), x€ Brm(0,r).
2) For any weR™, t€la,00), x € R™, and any sequence \; — Ao , it holds true that

sup inf |f(t, -, x, -, w,u,No) — f(t, -, z,,w,u, \)| = 0
aeU ueU

in measure on [a,00) X R™ .

Then for each (u,\) €U x Bp(Xo,70) , the problem (3.1)—(3.2) has a local solution, and each
local solution can be extended to an oo -solution or maximally extended solution. Moreover, if at
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A= Ao the problem (3.1)—(3.2) has a local solution woy defined on [a,a+7], then for any X
sufficiently close to A , the problem (3.1)—(3.2) has a local solution wy=w(\) defined on [a,a+~]
and the set-valued mapping A+ Sy () is lower semi-continuous at Ag .

Proof.

From the conditions (i) — (iv), one can observe that:

a) for any (u,\) €U x Bp(\g,r09) and each b>a,

)
/ / £ 5,2, w0(s, ), 1w, N (y)ds € C([a, b, Co(R™, R™);
a RM™

b) F(-,A):C(la,b],Co(R™, R")) — clos(C([a, b], Co(R™, R"™))),

)
F(wv)‘) ://f('vs?'7y7w(57y)aU7 )\)du(y)ds,

a Rm

for all A€ Ba(Ao,70) due to the theorem 1.2.29 (see [11]), continuity of F' in the variable w and
regularity of the space C([a,b], Co(R™, R")).

We are going to check now the conditions of Theorem 2.2 from the previous section.

Choose an arbitrary b€ (a,00), go<1, r>0. Let v€(0,b—a) and wi(t,-) =wal(t,-)
t € [a,a+y], where wi, w2 € Be((ap),co(rm,rr))(0,7) . Using assumptions (i)—(iv) and condition 1
of Theorem 3.1, we get the following estimates

)

t
sup | [ [ s 0t o) u () ds-
TER™

tela,a+y+4], o

t
- / / £t 52,5, 03 (5, ), w, o (y)ds| <

a Rm
a+y+6
8/2—’_ Sup / / ‘f(t757‘r7y7w1(57y)7u7 )\)dl/(y)dS—
tela,a+vy+68],x€Brm (0,rs) atny Bm
—f(t, 5,2y, w (s, y),u, \) |dv(y)ds <
a+y+4d
e/2+ sup \ / / Fr(s:p)llw' = w?llogan,pewn,myydv(y)ds| < e
tela,a+y+6],2EBrm (0,re) oty Bm

for all (u,\) €U x Bp(Ao,70) - Here, 7-.>0, >0 can be chosen in a such way that € <gqy. The
estimate above yields that

1 -2 —1 2
he(jaaty+0),BC(Rm R)) (Fy46Way g5 16105 15) < qodo(ja,aty+6),BC(R™,R7)) (Way 45, Wyt s)-

Thus, we checked that condition q2) is satisfied. The verification of condition q1) is analogous.
From the proof of Theorem 2.1 (see [1]), we can deduce that, if for each b>a there exist at least
one local solution defined on [a,b] with bounded norm, we can obtain an oo -solution. Otherwise,
we get a maximally extended solution.
Next, we check the condition 2) of Theorem 2.2. from [1]. In order to do that, we take arbitrary
e>0, (RS C’([a, b], C()(Rm, Rn)> , w; C C([CL, b], C()(Rm, Rn)) s {Az} CA, Hfl)\ — wiHC([a,b},Co(Rm,R")) ,

u; —ug (i—00), and estimate
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he(jap),Co(rm ey (F (W0, u0) — F(wi, u;)) =

t
sup nt | [ [ 4t 005.0). 8 00)dv(w)ds-

aeU,tela,b),xe Rm UE€U
a R™

t
—//f(t,sw,y,wi(s,y),u,)\i)du(y)ds <

a R™
t
<cfproswp ot | [ sy @), 00 dv()ds
GeU,te[a,b),o€Bgm (0,rc) WEU

a R™

_/ / F(t 5,2,y wils, ), uls,y), Ai)dv(y)ds| =

a Rm™
—c/3+ sup mf// [t 5,0,y 05, ), 8, Ao) — F(t 5,2, 3, B(s, ), 1w, A0) |+
ueU,te(a,b],o€ Brm (0,r-) WEU

a Rm™

+‘f(t737xay7@(s7y)au7 Az) - f(t737x7y7wi<37y)a“(‘say)a AZ)Ddy(y)d‘S

Estimating the first summand of the integrand, we get

sSup inf |f t,s,x,y,w ( )7177 >‘0> _f(t787$7y7ﬁ)\(37y)7u7)\i)‘ <
aeU u€U

< sup inf ‘f t $T,Y, W ( )?a7 )‘0) —f(t_s,s,l:s,y,ﬁ, ﬂ(s,y),/\o)H
ey uel

+sup inf |f t€ S, e 7y7w U(S y) )‘0) f(t_g737x787yaﬁau7)‘i)‘+
aey wel

+ sup inf ‘f 5,8, 2%, y, 05, u, i) — f(t,s,2,y,0(s,y),u(s,y), \i)|-
aeU uel

Here £, ¢, @w° are approximations of ¢, x, @(s,y), taking finite number of values (on their
compact ranges of definition). Thus, using the condition 2) of Theorem 3.1 and the assumption (ii),
the first and the third summands on the right-hand side of the inequality go to 0 uniformly with
respect to (s,y) € [a,b] x R™ and the second summand go to 0 in measure on [a,b] x R™ with
respect to the variables s and y.

Next, estimation of |f(t, S, 2, Y, W(S,y),u, Ni) — f(t, s, 2,9, wi(s,y),u, )\Z)‘ using the assumption
(ii), gives uniform convergence of this expression to 0 on [a,b] x R™.

Thus, we can find such I that for any > 1, we get

swp [ [ (1150 D06, )00) = Flts, 9. D), )+

te[a,b],IEBRm (Orrff) @ Bpm

(5,9, @05, ), w0) = f(t 53,5, wils, ), w)| ) dv(y)ds < 2/3,

which concludes the verification of Theorem 2.1 conditions and completes the proof.
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OITEPATOPHBIE BKJIFOYEHN A BOJIBTEPPHBI
B OBOBIIIEHHBIX MO/JEJISIX HEMPOIIOJIEM C YIIPABJIEHUEM. II
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ITosy1aensr ycmoBust pa3peninMOCTH OTIEPATOPHBIX BKJIIOUEHUT BOIbTepphl 1 HENpephIBHO
3aBUCUMOCTH PeIIeHuil OT mapamerpa. Pe3ybraThl IpUMEHEHbl K UCCJIeI0BaHUI0 0000IIEH-
HBIX MOZeJIel HefpomoJiel ¢ yIpaBJICHUEM.

Karouesnvie caosa: oiepaTopHble BKIOUEeHNS BObTepphr; MOIEIN HEHPOIIOeil; yIIpaB/IeHne;
CYIIIECTBOBaHUE PEIeHUIT; HellpepbIBHAs 3aBUCUMOCTD OT IIapaMeTpPOB
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