JIOKJTAZTBI POCCHHCKOH AKAITEMHH HAYK. MATEMATHKA, HH®OPMATHKA, ITPOI[ECCHI YTIPABJIEHHA, 2023, mom 510,

c. 52—-56

YIK 519.63

MATEMATHUKA

Ob OTHOM IIOAXOAE K OHEHKE BbIPOXIEHUA
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IMpemnoxeHa KoJuvecTBEHHAas! OlleHKA KauyecTBa TPEYTroJIbHOTO 3JIeMEHTa — WHIEKC BBIPOXIEHUS Tpe-
yrojabHuka. Jljisi npuMeHeHUsI AAHHOM OLIEHKU CTPOUTCS MpocTeiiiiias MoJieJibHasi TPUAHTYJISILUS, B KOTO-
poit KOOpAMHATHI y3710B (DOPMUPYIOTCS KaK CYMMa COOTBETCTBYIOIINX KOOPIMHAT Y3JI0B HEKOTOPOI 3a/1aH -
HOM peryysIpHOi CETKU U CIydailHBIX IIpUpalleHui K HUM. 1151 pa3anyHbIX 3HaYSHUI ITapaMeTPOB BHIUMC-
JIsieTcsl SMITMpuYeckasi QyHKIMs pacnipeaesieHrs] MHAeKca BIPOXKASHUS TPEYTOJILHOTO 3JIeMEHTa, KOTopast
paccMmaTpuBaeTcsl KakK KOJIMYECTBEHHAs! XapaKTEepUCTHUKA KauecTBa TPEYTrOJbHBIX 2JIEMEHTOB B IIOCTPOEH -

HOI TPUAHTYJISLINU.

Kanrouesbie crosa: perynspHas ceTka, CIIydaiiHBIM BEKTOP, TPUAHTYJISIIUS, WHACKC BBIPOXKICHUS, SMITUPU -

yeckas (pyHKIIMSI pacrpeaeaeHus
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1. TpuaHTYISIIUST UCIIONIB3YETCS IJISI MHOTHUX 1Ie-
JIeli, BKITI0Yasl reofe3uio, HaBUTAlIMIO, METPOJIOTHIO,
aCTpOMETPHUIO, OMHOKYJISIpHOE 3peHHne U T.1. B reo-
METPUM TPUAHTYJISILIUSI pacCMaTPUBAETCS KaK pa3oure-
HIE HEKOTOPOI TeOMETPHUUECKOI 00JIaCTU #-MEPHOTO
€BKJIMIOBA TPOCTPAHCTBA HA #-MEPHbBIE CUMILIEKCHI.
B Hacroseit pabore paccMmaTpuBaeTCsl Kiaaccuue-
cKasl TPUAHTYJISIIMS Ha TUIOCKOCTU. OTHUM U3 IIIHUPO-
KO MCHOJIb3YEMBIX METOIOB SIBJISETCS TPUAHTYIISIIIMS
JlenoHe, 3amada MOCTPOSHUSI KOTOPOIi Obla BIICPBLIC
noctasieHa B 1934 r. B pabote [1]. B BeIuMCIUTENB-
HOM acleKTe HEOOXOIMMOCTb TPUAHTYJISIIUU OO0y-
CJIOBJIEHA ITOTPEOHOCTBIO pPEIIeHMsT MHOTMX 3aaad
BBIYMCJIUTEIbHON MaTeMaTUKU U MaTeMaTU4eCKOM
GU3UKHA, CBOASIINXCS K pellIeHUI0 TuddepeHIINATb-
HBIX YPABHEHUI B YACTHBIX IPOU3BOIHBIX B HEPETY-
JIIPHBIX 00JACTSIX M Ha HEPeryasipHbIX ceTkax [2].
B yacTtHOCTH, OTMETUM pa3pbIBHBIN MeToA [anepku-
Ha [3], a1 KoToporo 6jiarogapsi ero yHuBepcajabHO-
CTU U IPUMEHNMOCTHU K CJIIOKHBIM I'€OMETPHUICCKUM
o0bJiacTsIM 3a/1aya TIOCTPOEHUST TPUAHTYJISIIUU SIBJISI-
eTcsl BeCbMa akTyajabHoil. K HacTos111eMy BpeMeH! B
OTEUECTBEHHBIX M 3apyOeKHBIX KypHajaX W M37a-
TeJIbCTBAX OIyOJIMKOBAHO OOJIBIIIOE YMCIIO CTaTeit u
MoOHoTrpaduii, MOCBIIIEHHBIX METOJaM ITOCTPOSHUIA
TPUAHTYISLINI, BKIIOYAIOLIMX Pa3JIMYHbIe aCIEKThI

! Hnemumym npukaadnoii mamemamuxu um. M. B. Keadviua
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[4—11]. O6paTM BHUMaHME, YTO TOYHOCTh BHIYMC-
JIECHMI MOXKET B 3HAYUTEIBHOU MEPE 3aBUCETH OT TO-
ro, HaCKOJIBKO OJIM3KU K BBIPOXICHUIO IIPUCYTCTBY-
IOllIMEe B TPUAHTYJSIHMU TPEYTrOJAbHbIE 3JIEMEHTEHL.
IToaTOMy TTOMMMO TPUAHTYJISIIIMM, UCHOJb3YIOIIEH
3amaHHbie y3abl [7—11], mpencraBasieTcss akTyallb-
HBIM MOCTPOEHME HEKOTOPOI MOIEIbHONM TPpHAHTY-
JISIIUU C KOHTPOJMPYEMBIM Ka4yeCTBOM TPEYTOJIbHbBIX
2JIEMEHTOB, IIpeIHa3HAYEHHOM IJisi TECTUPOBAHUS
aJITOPUTMOB PeIICHMs pa3IndHbIX 3aga4y. B mmocnen-
HEM CJIyJdae y3JIbl TPUAHTYJISIIUYA MOTYT HE 3a/1aBaTh-
CsI alIpHrOPU, a TCHEPUPOBATHCS IO MEPe HEOOXOIMMO -
ctu. J11s1 TeHepalluy TPEYTroIbHBIX SJIEMEHTOB 3a1aH-
HOTO KayecTBa, HaIlpuUMep, MMEIONIMX VYIJbl B
omnpeneJeHHOM NIMana3oHe 3HayeHUI, MOXET OKa-
3aThCs TIOJIE3HBIM BBIYMCIICHE HEKOTOPOIO CKaJsp-
HOTO MoKa3zaTelsl, XapaKTepU3yIollero paccMarpuBa-
eMBIii 3JIeMeHT. B ¢BsI3u ¢ 3TUM B HacTosIIei padboTe
MpemIaraeTcsl KOJIM4eCTBeHHas OIIeHKAa Ka4eCTBa Tpe-
YIOJIBHOTO 3JIEMEHTA — WHIOEKC BBIPOXICHUS Tpe-
yrojibHUKa. B mpolecce MoIelbHOI TPpUAHTYIISILINNA
3TOT KOJIMYECTBEHHBIN ITOKa3aTellb MOKET 6bITb HncC-
MMOIb30BaH TaKMM 00pa3oMm, YTOOBI TeHEepPUPYyEMbIe
TPEYTOJbHBIE 3JIEMEHTHI UMEIM 3HAaYeHUE MHIEKCA
BBIPOXIECHMS He 00jiee HEKOTOPOIl 3aJaHHOMN BeIn-
YUHDBbI.

2. dnist tpeyroabHuKa ¢ yrmamu o u 3 (o> 0, > 0,
o + B <) paccmoTpuM DYHKIIHIO

sin asin Bsin(o + B)

G(o,B) = 25P~ = ’
(0, B) [sin o + sin B + sin(o + B)]2

(1
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S

Puc. 1. JIunuu yposus I(o,f) = ¢, tae ¢ = 0, 0.01, 0.05,
0.10, 0.25, 0.50, 0.75, 1.00.

rae S v P— mioians v IIepUMETP 3TOTO TPEYTOJIbHU-
Ka cooTBeTCTBeHHO. HeTpynHo ybGemutbea B crpa-
BEJIMBOCTU HEPABEHCTBA

G(0,B) < imin[sin osinB,sin(@+p)] ()

U aCUMIITOTUYECKOTO HepaBeHCTBA TIpH ¢, — 0

éoc+0(oc4) < G(o, B) Sioc+0(oc3). 3)

CrenoBaTeIbHO, COIJIACHO HepaBeHCTBY (3) 3Haue-
Hue GyHkuun G(0o,3), Korma yroi o mpearoiaaracTcs
JIOCTATOYHO MaJibIM U HAUMEHBIIIMM B TPEYTOJbHU-
Ke, SIBJISIETCSI OLIEHKOM TopsiAKa MaJIOCTH 3TOTO Hau-
MEHBIIIETO yIJia.

B o6Gnactu onpenenerust (o0 > 0, >0, o+ <m)
¢yukimsa (1) saBisieTcs CTPOro BBIITYKJIOW BBEpPX U
JIOCTUTAET CBOEr0 EAMHCTBEHHOI0 MakKCUMyMa, paB-

Horo v/3/18, B Touke o, = 1/3, P = /3. Takum o6pa-
30M, HanOoIbIIIee 3HaueHue hyHKIMHU (1) peanusyercs
B Cly4yae MpaBUJIIBLHOTO TpeyrojibHuKa. OTMedyeHHbIe
BhIlle cBoMcTBA yHKIMKU G(O,[3) TO3BOJISIIOT BBECTH
Ha ee OCHOBE XapaKTepUCTUKY BBIPOKIASHHOCTHU pac-
CMaTpUBaEMOTO TPEYTroJlbHUKA

1(0,B) = —1g[6v3G (0, B)1, 4)

KOTOPYKO HA30BE€M WHIEKCOM BBIPOXICHUS Tpe-
YrOJIbHUKA C yIJIaMu O 1 [3.

3ameuanue 1. Bbi6op ocHoBaHus Joraprudma 10 B
(4) oOyciioBJIeH TEM yOO0OCTBOM UHTEPIIpETALIII, YTO
TpY TaKOM BBIOOpE 3HAUEHME MHAEKCA BEIPOXICHUS
XapakTepusyeT MOpsSII0K MaJOCTU Mo KpaliHeit Mepe
OIIHOTO yTIJa TpeyroJbHHKa. Hampumep, 3HadueHHe
uHaekca (4), paBHoe 2, 03Ha4YaeT, YTO B pacCMaTpU-

NOKJIAIbl POCCUMCKOMN AKAJJEMUU HAVK. MATEMATUKA, MH®OPMATHUKA, TTPOLIECCHI YITPABJIEHMUS

BA€MOM TPEYTOJbHUKE €CTh OCTPBI YTOJI C BEJINIM-
Hoit nopsiaka 1072 paguaH.

3ameuanue 2. Bmecto dyHkuuu (1) MOXHO ObLIO
OBI BEIOpATh APYryio (OYHKIWIO, HAIIpUMeEp,

sin a.sin Bsin(o + B)
sino + sin B + sin(o + B)’

G(o,B) = rR) " = (5)

e ¥ 1 R ecTb paaguychl BIMCAHHOW U OMMCAHHOM
OKPY>KHOCTHU COOTBETCTBEHHO JJIsI pacCMaTpUBaeMO-
ro TpeyroibHuKa. O6nacTh onpenencHus GyHKIIUU
(5) coBmagaeTr ¢ 00JacCThIO OIpeaeieHnsT (QYHKIINN
(1). Xots dyHK1M (5) TakKe JOCTUTAaeT MaKCUMyMa
B TOI ke caMoii Touke o = 7/3, B = /3, uto u HyHK-
1us (1), oHa He coxpaHsieT HallpaBJieHUE BbITYKJIO-
CTH B cBoel obnactu onpeneneHns. [ToaTtomy Tormo-
Jjorusi TUHUA ypoBHS yHKIui (1) u (4) seasercs
OoJiee IIPOCTOii 10 CpaBHEHMIO ¢ (pyHKIIMEH (5).

Sameuanue 3. B KayecTBe eCTeCTBEHHOIT MEPhI BBIPOXK-
JIEHWST TPEYTOJIBHOM STYeK MOXKHO OBLTO OBI PacCMOT-

peth uncio obycnornenHoct cond(A)=|A""||- |||, tae
|[A|| — criekTpanbHast HopMa MaTpHIIBI A Tiepexoaa OT
JIOKQJIbHBIX KOOPAMHAT, CBSI3aHHBIX C TPEYTOJbHBIM
2JIEMEHTOM, K IEKapTOBBIM KoopauHatam. OgHaKo
BBIOOp JIOKAJILHOTO 0a3nca B TPEYTroJbHOM siueiike
MOKET OBITh BBITIOJIHEH TPEMsI CIIOCOGAMM, YTO TIPH-
BOIUT K TPEM, BOOGIIE TOBOPSI, Pa3IMYHbIM 3Have-
HUSIM 3TOTO yucia. PasymeeTcsl, MOXHO BBIOpATh
MUHUMaJIbHOE 3HaYeHWEe U3 TPEX IS TAKOH MEpHI,
HO IaHHas Mepa HeyloOHa B MCIOJIb30BaHUU M3-32a
HEIOCTATOYHOM MIAJAKOCTH U CBOMX SKCTPEMAIbHBIX
cBoiictB. TeM He MeHee I MajbiX YIJIIOB O

[cond(A)]”" uMeeT mepBEIii MOPSIOK MAJIOCTH TIO O,
YyTO coryacyetrcsi ¢ HepaBeHcTBOM (3). Takum obGpa-
30M, MEpPBI BBIPOKICHMSI, OCHOBAaHHBIE Ha BBIpaXKe-
HuM (1) 1 0OpaTHOI BEJIMYMHE K YMCITY OOYCJIOBIICH-
HOCTH, XapaKTEePU3YIOTCSI TeM K& CaMbIM ITOPSIIKOM
MaJIOCTU TIpY 00 —> (0 ¥ B 9TOM CMBbICJI€ SKBUBAJIEHTHBI.

ComtacHo BheIpaxkeHMIO (4) IpaBWIBHBIA Tpe-
YTOJIBHUK CPEI BCEX TPEYTOILHUKOB SIBJISIETCS HAW-
MeHee BBIPOXIEHHBIM (UTO COOTBETCTBYET WHTYM-
THUBHBIM TIPEACTABIICHUSIM) M UMEET MUHUMATbHBII
WHAECKC BBIPOXIEHUS, paBHBII Hym0. B yacTHOCTH,
JIOCTATOYHO MaJible 3HAUCHUST MHIIEKCA BBIPOXKICHUS
rapaHTUPYIOT OTCYTCTBHE B pacCMaTpUBacMOM Tpe-
YTOJIbHMKE MaJIbIX U TYMBIX YIJIOB (CM. puc. 1).

Tak, HepaBeHcTBO I(0,3) < 0.0498 oGecnieunBaeT
MPUHAJIEKHOCTh JII0OOrO U3 YIJIOB TPEYrojbHUKA
WHTEpBally (1t/5, ©/2), T.e. BCE TaKu€ TPEYrOJbHUKU
SIBJISIIOTCST OCTPOYTOIbHBIMU. Kak 3T0 BUIHO U3 puc. 1,
Ha KOTOPOM H300paXkeHbl JIMHUM YPOBHSI MHIEKCa
BbIpOXIeHMs (4) TpeyroiabHuKa I(0, ) = ¢, ¢ yBenu-
YeHUEM 3HAUYCHUM ¢ COOTBETCTBYIOIIAS TUHUS YPOB-
HSI CTPEMUTCSI MPUOIU3UTHCS U3HYTPU K TpaHUlle
TpeyrojibHMKa, 3alaBaeMoOro HepaBeHCTBaMu o > 0,
B>0ua+P<m.
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CrenoBaTenbHO, COOMIOIEHNUE B aJITOPUTMAaX TPU-
AHTYJISIIMU YCJIOBUSI HE IPEBBIIICHUS 3aJIaHHOTIO
BEPXHEro ITOpoTra ¢ UHAEKCA BRIPOXKACHUS 00€CIIEUnT
TpebyeMoe KadeCTBO TE€HEPUPYEMBIX TPEYTOJIbHBIX
BJIEMEHTOB.

3. B tex ciygasix, Korma HeoOXOOMMO MPOTECTU-
pOBaTh KaKOM-IUOO YMUCJIEHHBII METOM, Mpearoiaa-
rajomuyii ero ImpuMeHeHUe B TPHAHTYJIMPOBAHHOM
00J1aCTH, €CTECTBEHHO BOCITOJIE30BATHCSI HEKOTOPHIM
SKOHOMMWYHBIM CIIOCOOOM TPMAHTYJISIIMU, B KOTO-
POM KOHTPOJIMPYETCS KAYECTBO IIPOU3BOIUMEIX TPE-
yroapbHUKOB. C 3TOi IeNIbI0 yIOOHO BOCIIOJIH30BaTh-
Cs1 peryJISIpHOM CETKOM Ha MJIOCKOCTU BUIA

X,y = h(2m + n)cos ,
(mne Z),

rmn = (me’H yn) :

. (6)
¥, = hnsin @

rne A > 0 — war cetku, @ € (0,7/2) — yrioBoii napa-

MeTp, Z — MHOXECTBO IETbIX YUCET.

CoenuHsIsT TOYKKU ceTKU (6), Haxomsiuecs Ha
PACCTOSIHUM A WU 24 cOS @ APYT OT APYTa, OTPE3KaAMU
MPSIMBIX, TTOJIy4aeM HEKOTOPYIO TPUAHTYJISILIAIO, CO-
CTOSIIIYIO U3 PaBHOOEAPEHHBIX TPEYTOJIHLHUKOB C 60-
KOBBIMM CTOPOHAMM /1, OCHOBAaHHMEM 2/1 COS () 1 YTJIOM
MeXITy 0OKOBOI CTOPOHOM 1 OCHOBaHUEM (CM. pHC. 2a).
Touku, coenHEHHBbIE OTpPe3KaMU, HA30BEM COCE-
HUMU Toukamu. Jlajiee, B MOJOXEHUS Y3JIOB UCXOI-
HOIT ceTkM (6) BHeCeM CIOBUTU U TIOJIy9UM HOBYIO
BO3MYILIEHHYIO, BOOOIIE TOBOPSI, HEPETYISIPHYIO CET-
Ky C y3JaMu

Fon = o Ens Vo F M) = G + Moy S EH. (7)

CoxpaHuM B HOBOI ceTKe (7) OTHOIIIEHUST COCE-
CTBa B TOM CMBbICJIE, YTO €CJI1U TOYKHA r,, u l',»j ABJISAIOT -

Csl COCENIIMU, TO HOBbIE TOYKH F,, U T; TaKKe OyayT
cocensIMM, T.€. OHM TIO-TIPEXHEMY CUMTAIOTCS CO-
€IMHEHHBIMU MeXIy cO00il OTPE3KOM MPSIMOiA (CM.
puc. 26). HetpynHo npoBepuTtsh, 4TO IpU

0<e< %min(sin ,sin 2¢) (8)

MOCTPOEHHBIE BBIIIIE OTPE3KU HE OyIyT UMETh OOIIINX
BHYTPEHHUX TOYEK APYT C APYTOM U B COBOKYITHOCTU
00pa3yloT HOBYIO TPUAHTYJISLINIO, COCTOSIIYIO, BO-
00l1le TOBOPSI, M3 HEMPABUJIBHBIX M HE PABHBIX IPYT
JIPYTy TPEYroJbHUKOB. OTMETUM, YTO MaKCUMAJIbLHO
BO3MOXHOE 3HAYEHME MPaBOil YaCTU ABOMHOIO He-
paBeHcTBa (8) JOoCTUraeTcs pu @ = 1/3 1 cocTaBIsi-

er \3 /4. TpuaHryjisiiyoo, MOJydeHHYI0 Ha OCHOBE
cetku (7), eCTECTBEHHO Ha3BaTh YHACJIETOBAaHHOM OT
TPUAHTYJISILIMK OPOXICHHOM CeTKOi (6) pu yKa3aH-
HOM BBIIIIC BBIOOpPE COCETHUX ToueK. B cirydae Hapyiie-
HUSI IIPAaBOTo HepaBeHCTBA (8) BO3MOXHO BOZBHUKHOBE-
HUE y pa3IMYHbIX OTPE3KOB OOIIMX BHYTPEHHUX TOUEK,
YTO, BOOOIIIE TOBOPSI, MTOITYyCKAeT MOSIBIICHUE BBIPOXK-
NIEHHBIX TPEYTOJIbHUKOB.

JOKJIAJIbI POCCUMCKOW AKAJEMUU HAVK. MATEMATUKA, UH®OPMATHUKA, TTPOLIECCHI YITPABJIEHMUSA

Y (a)

(m, n)

Puc. 2. PerynsipHast 1 HeperyJsipHast TPUAHTYJISIIUU: ()
TPUAHTYJISLIMS, TTOpOXIaeMasi PeryIsipHOi ceTKoil (6);
(6) TpuaHryssiuus, nopoxnaemasi cetkoit (7) (ysen, co-
OTBETCTBYIOLIWA TTape UHIEKCOB M U 1, TIOMEUYEH KPYyXK-
KoM). TpeyrosibHbIe 2J1eMeHTbI ceTKU (7) ouepueHbI KUp-
HbIMU JIUHUSIMU. TOHKME JIMHUM COECOMHSIOT coceneit
cetku (6).

PaccmorprM MakcuMalibHOE 3HAaYe€HUE WHACKCA
BBIPOXKIEHUST TPEYTOJIBHOTO 2JIEMEHTa B YHACJEI0-
BaHHOM TPUAHTYJISIINT

J(g,0) = max I(o, ), )

IJ1e MaKCUMYM OIpeneisieTcsl HA MHOXECTBE BCEBO3-
MOXHBIX MOJOXEHUI BEpIIMH paccMaTpPUBaEMOIO
TPEYroJIbHUKA, OIpeAcasieMbIX IIPaBbIM HEpaBeH-
ctBoM (7). OueBuaHO, 4yTO BeJuynHa (9) COOTBET-
CTBYEeT CIIydal0 MaKCHUMAJIbHO BBIPOXKIEHHOTO Tpe-
YIoJIbHMKa B CMbIC/Ie KpuTepus (4), DOIycKaeMoro
yHacjenoBaHHOM TpuaHryiasuuein. Ha puc. 3 noka-
3aHBl 3aBUCUMOCTH MaKCUMAJIbHOTO WHAEKCA BHI-
poxneHus (9) oT € njisd pa3IMYHbIX 3HAYEHU YIJIO-
Boro napameTpa ¢ B (6). Kaxxnast 3 npeacraBieHHBIX
3aBUCUMOCTEI OIlpeieJieHa B ITOJIyOTKPBITOM MHTEP-
BaJie (8) 1 UMeeT BEPTUKAIbHYIO aCUMITOTY
1 .

€= Emln(sm ,sin 20). (10)

OOpaTtuM BHUMAaHUE, 4TO [JIs1 3HAYEHU @ = /6

U @ = 5m/12 (xpuBble 2 U 3 COOTBETCTBEHHO) BEPTHU-
KaJIbHbI€ aCUMIITOTBI COBMNAAAIOT U UMEIOT ypaBHe-
Hue € = 1/4. KpuBas 2 ieXXUT BbIllIe KPUBOi1 3, UTO
CBUIETEIIBCTBYET O OOJIBbIIEH BHIPOXICHHOCTH COOT-
BETCTBYIOILIETO TPEYrOJbHOTO B3JIEMEHTAa B CiIyyae
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0 0.1 0.2 0.3 04 ¢

Puc. 3. MakcumanbHblii UHAEKC BbIpoxaeHus (9) Kak
(yHkuMsa napameTpa € 1151 GUKCUPOBAHHBIX 3HAYEHU :
I—0o=n/12;2—@=n/6;3—@=51/12; 4 — ¢ = w/4;
S5—o=mn/3.

¢ = /6 O cpaBHEHUIO co cayyaeM @ = 5m/12. Ot-
METHUM, YTO HaMeHEee BbIPOXIEHHBIMU IPY OHOM U
TOM 3X€ 3HaYEHUHU € SIBJISIIOTCS TPEYTOJIbHBIE 2JIEMEH-
TBI TIPU @ = T/3, KOTAa UCXOnHas TPUAHTYJISLHAS, TO-
poxnaemasi ceTKoil (6), COCTOUT M3 MNPaBMJIBHBIX
TPEYTOJTbHUKOB.

4. 1151 OLIeHKW KadyecTBa TPHAHTYJISIIMU, OCHO-
BaHHOM Ha IIPMMEHEHUM MHAEKCa BHIpOXIeHUs (4),
MOCTPOUM BMITMPUYECKYIO (DYHKIIMIO pacmpesese-
Husi F(I) 3HaueHUil (4) Ha TPEYTOJIbHBIX 3JeMEHTaX
yXe CylIeCTBYIOllel TpUaHTYJISA1UU, CHOPMUPOBAH-
HOI TeM WM WHBIM criocoooM. Ilycte HeKoTopas
TPUAHTYJISIIUS BCETO CONEPXKUT N TPEyrojibHUKOB,
N; 13 KOTOpBIX UMEIOT 3HaUeHue uHaekca (4), MeHb-
miee 1. Torna

F()=N"'N,. (11)

s wimocTpaluMy MOpeaiaraeMoro Ioaxoaa BocC-
noyib3yemMcs ceTkoii (7), BbIOpaB 3HaUeHUS MapaMeT-
poB B (6) u (7) paBHBIMU

h=0.001, €=02 ©¢=n/6m/4mr/35%/12. (12)

Cusuru B (7) Ar,,, = (€, Mimm) OYAEM CUUTATH CITY-
YyalfHbIMM BEKTOpaMM, PaBHOMEPHO pacIipeaeIeHHbI-
MU B KpyTe, OIpeIeIieMOM ITpaBbIM HEpaBeHCTBOM (7).
DdopMurpoBaHUEe COOTBETCTBYIONIEH TICEBIOCTYYaHOM

nocrenoBarebHOCTH KoopauHar (§,,,,1,,,) OCYIIECTB-
JISIETCSI METOIOM, OINMMCAaHHBLIM B MoOHorpadum [12],
MO3BOJISIIOIIMM T€HEPUPOBaTh IICEBOOCIyYailHEIC
YKCJia C IPOU3BOJIBHBIM pacrapenencHueM. st Bbi-
YUCJICHUS SMITUPUYIECKON (DYHKIIUU pacIpeaesieHus
F(I) orpaHMYMMCSl paCCMOTPEHHUEM TOJBKO TeX y3-
J10B ceTKM (7), KOTOphIe pacIiojlaraloTcs B eIUHNY-

HOM Kpyre (X, + &) + (¥, ¥ M) < 1. Ykazan-

NOKJIAIbl POCCUMCKOMN AKAJJEMUU HAVK. MATEMATUKA, MH®OPMATHUKA, TTPOLIECCHI YITPABJIEHMUS

K

0.4 0.6 0.8 1.07

Puc. 4. Ovmnupuueckue dyHkuuun pacnpeneiaeHus (11)
npu € = (0.2 U pa3IUYHBIX 3HAYEHUSIX YTIIOBOTO NTapamMeT-
pag: ] —oo=mn/3;2—@=mn/4; 3 — o=5n/12; 4 —
¢ =m/6.

HBII KPYT cOmepXUT N TPEYTOJIbHBIX 3JIeMEHTOB, TIe

N > 6x10° wis m060i TPUAHTYJISILIUU, TTOPOXKIECH-
Ho ceTkamu (6) ¥ (7) ommMcaHHBIM BBIIIIE CITOCOOOM
co 3HauyeHusiMu napameTpos (12). Illar nuckperusa-
muu 1o I cocrasisier Al = 0.01. Pe3ynbraT BRIYKCTIC-
HMS IIpECTaBjIeH Ha puc. 4.

HaunmMeHee BbIpOXIEHHBIMU SIBIISIFOTCS TPEYTOJIb-
HUKU UIS1 3HAYEHUs YIJIOBOro mnapamerpa ¢ = /3.
CooTtBeTcTBYyIOIIas QYHKIIMS pacnpeneyieHuss UMeeT
HamnboJiee KPyToil (ppOHT MO CPaBHEHUIO CO BCEMU
IPYTUMU TIPEACTAaBIEHHBIMU (QYHKUUSIMU. BTopoe
MECTO M0 KaueCTBY TPEYTrOJIbHUKOB 3aHUMAaeT TpUaH-
TyJIsILys, OTBedyalolas 3HayeHuto ¢ = /4. Tperbe
MECTO COOTBETCTBYET cilyyato ¢ = 5rt/12. U, Hako-
Hell, MocJieaHee YeTBEPTOe MECTO OTHOCUTCS K 3Ha-
YEHUIO (P = Tt/6, UTO BIOJHE MTOHSITHO, TaK KaK COOT-
BETCTBYIOIIII€ TPEYTrOJbHBIC BJIEMEHTHI SIBJISIIOTCS
MPEUMYIIECTBEHHO TYIOYTOJILHBIMU.

B 3akiioueHue mnomuyepkHeM, 4TO IJjs1 J000it
WHOI TPUAHTYJSLIUKA SMITMpUYecKast (DYHKLIUS pac-
npeneaeHus (11) MoxkeT OBITh JISTKO TTOCTpPOEHAa, ec-
JIV U3BECTHBI Y3JIbl TPUAHTYJISILIUU. TakuM o6pa3om,
KauyecTBO IPOMU3BOJIbHON TPUAHTYJISLIMU JOIYyCKAaeT
KOJIMYECTBEHHYIO OLIEHKY Ha OCHOBE MHIEKCA BbI-
poxaeHusi (4) ¢ MOMOIIBIO BBIYMCIEHUS COOTBET-
CTBYIOIIEM SMMOMPUYECKON (YHKIUM pacapenese-
Hus (11).

ABTOpBI 3asBIISIIOT 00 OTCYTCTBMM KOH(MIMKTA
WHTEPECOB.

BJIATOOJAPHOCTHU

PaGora BeimoTHEHA € MCITOJIb30BaHUEM 000PYIOBaHUSI
LleHTpa KOJUIEKTUBHOTO MOJIb30BaHUSI CBEPXBBICOKOITPO-
U3BOIUTEILHBIMU BBIYUCIUTEIBHBIMU pecypcamu MIY
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KPUKCHWH, TUILIKNH

nMmeHun M.B. JlomoHocoBa. ABTOpHI Takke OJlaromapsit
LIEHTP MH(OPMAILIMOHHBIX TeXHOJIOTU [POHMHTEHCKOTO
yHuBepcuteTa (HunmepnaHmsl) 3a nMpenocTaBaIeHHYIO BO3-
MOXXHOCTb IPOBEICHMST PACUETOB.

CIIMCOK JIMTEPATYPbI

. Henone b.H. O nycrore chepnt // N3B. AH CCCP.

OMEH. 1934. Ne 4. C. 793—800.

Gallagher R.H. Finite Element Analysis: Fundamen-
tals. Berlin, Heidelberg: Springer-Verlag 1976. 396 c.

Fletcher C.A.J. Computational Galerkin methods. NY,
Berlin, Heidelberg, Tokio: Springer-Verlag, 1984.
309 c.

Preparata F.P., Shamos M.I. Computational Geometry:
An introduction. NY, Berlin, Heidelberg, Tokio:
Springer-Verlag, 1985. 400 c.

Edelsbrunner H., Seidel R. Voronoi diagrams and ar-
rangements // Discrete and Computational Geometry.
1986. V. 8. Ne 1. C. 25—44.
https://doi.org/10.1007/BF02187681

6.

10.

11.

12.

Lee D.T., Lin A.K. Generalized Delaunay triangulation
for planar graphs // Discrete and Computational Ge-
ometry. 1986. Ne 1. C. 201-217.
https://doi.org/10.1007/BF02187695

Paul Chew L. Constrained Delaunay triangulations //
Algorithmica. 1989. V. 4. Ne 1. C. 97—108.
https://doi.org/10.1007/BF01553881

Cikeopuyoe A.B., Mupza H.C. AITOpUTMEI ITIOCTPOCSHUSI
U aHanu3a TpuaHrysinuu. Tomck: M3a-Bo ToMckoro
yHupepcurteta, 2006. 167 c.

Pournin L., Liebling Th.M. Constrained paths in the
flip-graph of regular triangulations // Computational
Geometry. 2007. V. 37. C. 134—140.
https://doi.org/10.1016/j.comgeo.2006.07.001

Hjelle 0., Daehlen M. Triangulations and Applications.
Berlin: Heidelberg: Springer, 2006. 240 c.

De Loera J.A., Rambau J., Santos F. Triangulations:
Structures for Algorithms and Applications (Algo-
rithms and Computation in Mathematics, Vol. 25) 1st
Edition. Berlin, Heidelberg, Springer, 2010, 548 c.
Cobonv H.M. Yucnennrsie Metombl Monte-Kapio.
Mocksa: Hayka, 1973. 312 c.

ON ONE APPROACH TO THE ASSESSMENT
OF A TRIANGULAR ELEMENT DEGENERATION IN A TRIANGULATION

Yu. A. Kriksin® and Corresponding Member of the RAS V. F. Tishkin“
¢ Keldysh Institute of Applied Mathematics of Russian Academy of Sciences, Moscow, Russia

A quantitative estimate of a triangular element quality is proposed - the triangle degeneration index. To apply
this estimate, the simplest model triangulation is constructed, in which the coordinates of the nodes are
formed as the sum of the corresponding coordinates of the nodes of some given regular grid and random in-
crements to them. For different values of the parameters, the empirical distribution function of the triangle
degeneration index is calculated, which is considered as a quantitative characteristic of the quality of triangu-

lar elements in the constructed triangulation.

Keywords: regular grid, random vector, triangulation, degeneracy index, empirical distribution function
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