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Teopemrl niepeHoca XuHurHa 1 JlaiicoHa MOXHO JIETKO BBIBECTH U3 TeOpeMEI IlepeHoca Majepa. B myib-
TUIUIMKATUBHOM K€ ITOCTAHOBKE BO3ZHUKAET IIPEMSITCTBUE, HE MO3BOJISIONIEE TTOIYYUTh MYIbTUILINKATUB-
HYIO TeOpeMy IepeHOoca HeMOCPEACTBEHHO U3 TeopeMbl Masiepa. TpeGyloTcss HEKOTOPBIE TOMOJIHUTEIbHBIC
COO0OpaxXeHus, HaIIpuMep, UHAYKILIS 10 pa3MepHOCTU. B maHHOI paGoTe MbI IpeiaraeM aHaJIor TEOPEMBbI
Manepa, U3 KOTOPOIro MyJIbTUIUIMKATUBHASI TeOpeMa IepeHoca ClieyeT MTHOBEHHO.
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1. BBEAEHUE
PaccMotpuM MaTpuiry
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o= : . |
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W CUCTEMY JIMHEMHBIX YPAaBHEHU

0,cR, m+n=3,

i

nl nm

Ox =y

CTIEpeEMEHHBIMU X = (X, ..., X,,)€ R", y=(,...,y,)eR".
OmHUM M3 OCHOBHBIX BOIIPOCOB TEOPUM TMO(aHTO-
BBIX IIPUOJVMKEHUI SBIISIETCS BOIPOC O TOM, Ha-
CKOJIBKO MaJIBIM MOXET ObITh BEKTOp OX —y MpU X U

y IIpOBEraLuX HeE3aBUCUMO APYT OT aApyra Z"\{0} u

7" coorBercTBeHHO. CyIIECTBYET HECKOJIBKO KJIac-
CUYECKUX CITOCOOOB U3MEPEHUS “BETUYNHBI” BEKTO-
pa. MoxHO BbIOpaTh HOPMY, HallpUMep, SUP-HOPMY,
MOXHO €€ HECKOJIbKO BUJIOM3MEHUTDb, IPEBPATUB €€
B TaK Ha3bIBA€MYIO B3BEIIEHHYIO HOPMY, WJIA MOXHO
paccMOTpeTh NpOU3BeNeHWe MOAyJAell KOOpauHAT
BeKTopa. J1st Kaxknoi 1mogo0HOI MOCTaHOBKY 3a0aun
CYIIIECTBYIOT meopembl nepeHoca — yTBEPKIEHUS, OT-
paxarolue CBsI3b aNIIPOKCHUMAIIMOHHBIX CBOMCTB
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Matpulbl © 1 Matpuubl O, OHKM 06BIYHO (POPMYITH-
PYIOTCSI B TEpPMUHAX OUOGDAHMOBbIX IKCNOHEHM , KOTO-
pbi€ SBIISIIOTCSI, BO3MOXHO, IPOCTEUIIMMU KOJIUYE-
CTBEHHBIMM XapaKTepUCTUKAMU, OTBEYAIOIINMMU 3a
anmnpoKCcUMallMOHHbIE CBOMCTBA.

s kaxgoro HatypajabHOro K u z = (z;, ...,

k
z;) € R" nonoxum

_ _ 1/k
2] = max ||, Tiz) = []lzl"",
1<i<k :
1<i<k
Vo 1/k
IT'(z) = I | max(1,|z])"".
1<i<k
Onpenenenue 1. Cynpemym eeujecmeentoix uucen v,
MaKux ¥mo cyujecmeyem ckoab yeo0Ho 60avuioe t, npu
KOmMopom cucmema HepageHcmas
X<z, [Ox-y/ <17 (1)
umeeT pereHue (X,y) € Z" @ 7" ¢ HeHyneBbIM X, Ha-
3bIBAETCS QUOGDAHMOB0I IKCnOHeHmOoU MaTpullbl © U
obo3HavaeTcst (0).

Onpenenenue 2. Cynpemym eeujecmeerHbix Hucen vy,
MaKux 4mo cywecmeyem cKoab yeooHo 6oavuioe t, npu
KOMOopom cucmema HepageHcmas

Mx)<t MNOx-y)<t’ 2)
umMmeer peieHue (x,y) € Z" @ 7" ¢ HeHyneBbIM X, Ha-
3bIBAETCS MYAbMUNAUKAMUGHOU OUOGDAHMOBOL IKCNO-

HeHmoll MaTpulibl ©® 1 ob6o3HavaeTcs W, (O).
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st kakzoro z € R* cripaBewtiso
[(z) < |2}
a JuIst Kaxknoro z € Z* cripasemmeo
Iz <T1'(z) < |2}
Crajo ObITh,

n=1

me©) 3)

m/n < &©) < 0 O) < i
+oo  mIpHU

n=2
e IMeEPBOE HEPABEHCTBO CIIEAYET U3 TEOPEMBI MUH-
KOBCKOTO O BBIITYKJIOM TeJIE.

HepaBencrtBa (3) MOXHO Ha3BaThb TPUBUAILHBI-
mu. TeopeMbl iepeHoca, YIIOMSIHYThIE BbIllIE, JAalOT
cleayole HeTpUBUATbHbIC HEpaBEeHCTBA:

T no(®) +n—1 4
0)(8)2(m—1)00(®)+m @

u
0.(O7) > nw(0)+n-—1 ()

(m-1)m(©)+m
HepapenctBo (4) npuHaaiexur Jaiicony [1], Hepa-
BEHCTBO (5) ObLIO JOKa3aHO aBTOpPOM B pabore [2].
MOXHO 3aMeTUTh, YTO 3TU HEPABEHCTBA BBHILISIIST
OIMHAKOBO, OMHAKO, B MX J0Ka3aTeJbCTBAX UMEETCS
cymiectBeHHoe otriamuyue. HepaBeHcTrBo JlaiicoHa
cllenyeT HEIOCPEICTBEHHO M3 TeOpeMbl IIepeHOoca
Mauitepa (cm. [3, 4], a Takxke [5, 6]), Torma Kak Hepa-
BEHCTBO IS MYJIbTUILUIMKATUBHBIX 3KCIIOHEHT, Ha-
psimy ¢ Teopemoii Majepa, TpeOyeT HpHMBICYSCHUS
WHAYKIWUU 110 #. Ipydo roBoOps, IIpUIMHAa 3aKJIro4a-
ercs B ToM, 4yTo pyHkuumoHansl I1(-) u IT'() ominya-
I0TCSI APYT OT Apyra.

Lens gaHHO pabOThl — HAWTH aHAJIOT TEOPEMBI
nepeHoca Maijiepa, U3 KOTOPOro HepaBeHCTBO (5)
BBIBOOUTCS CTOJb K€ HEMOCPEICTBEHHO, KaK U3
KJIaccuueckoi TeopeMbl Majiepa BoIBOIUTCH (4).

OcraBmrasics 4acTh CTaThbM OpraHM30BaHA CIEIY-
oM obpasoM. B maparpade 2 Mbl popMyaupyem
TeopeMy Majiepa U ToKa3biBaeM, KakK U3 Hee BbIBO-
IouTcsl HepaBeHCTBO JlaiicoHa. B maparpade 3 Mbi
dopMypyeM U moKa3blBaeM OCHOBHOM pe3yiabTaT
JIlaHHOM cTaThu. B maparpade 4 Mbl BHIBOIUM U3 Ha-
IIIETO pe3yabTaTa HepaBeHCTBO (5).

2. TEOPEMA MAJIEPA
N HEPABEHCTBO JAMCOHA

IHonoxum
d=m+n.

B cBoeit opurnHanbHoil pabote [7] Maiep chopmy-
JIMPOBAJl CBOIO 3HAMEHUTYIO TEOpEMY B TEPMUHaX
OWIMHENHBIX (OpPM C LEJbIMU Ko3ddUimeHTaMu
(cMm. Takke [3] u [6])). B pabore [6] Teopema Manepa
MPOMHTEPNPETUPOBAHA B TEPMUHAX MCEBAONPUCO-

NOKJIAIbl POCCUMCKOMN AKAJJEMUU HAVK. MATEMATUKA, MH®OPMATHUKA, TTPOLIECCHI YITPABJIEHMUS

€IUMHEHHBIX IapajUleJIeNUIIefOB M IBOMCTBEHHBIX
peuietok. Ham mipeacrasisieTcsl, YTO 3Ta MHTEpIIpe-
Tanus 6ojiee ynooHa a1t mpuiaoxeHuid. [lceBoonpu-
COEMIVMHEHHBIN IapajUuleenulle] — MOHSITHUE, IIpeI-
JnoxkeHHoe B KHure [lIMunra [4], oHO sIBsIeTCSI HEKO-
TOPBLIM YIIPOIIEHWEM TOro, 4ro Majep B CBOUX
pab6orax [8, 9] Ha3biBaeT (d — 1)-M mpucoeaIMHEHHBIM
TEJIOM IS TIapaJuiesienuIena.

Omnpenenenne 3. [lycmb 3adanbt nosocumenvhovle

geujecmeentble yucaa N,...,MN,. Paccmompum napan-
neaenuneod

P={z=(z..2)€R|<n,i=1,...d. (6)

IMapannenenunen

d
P*r=22=(q,....20) € R'[[g)| < LHnj,

i j=1

Haszbleaemces NcegdonpucoeOuHenHbiM st P.
HanmoMHuM, 4yTo, eciim A — pellIeTKa MOJIHOTO

d .
panraBR", ee nBoiicTBeHHas pereTka A* orpenesi-
eTcs Kak

A*={ze R'|(z,2') € Z mnst kaxxzoro z' € A},

e (-,-) 0003HayaeT CKalIsIpHOE MPOU3BEICHMUE.

Crnenyroniast Bepcusl TeopeMbl TiepeHoca Manepa
npemioxeHa B padore [6].

Teopema 1. Ilycmbs A — pewemka noanoeo pavea 6
R? ¢ onpedeaumenem 1. [lycmv P — napanneaenuneo c

UEHMPOM 8 Hauale KOOPOUHAM U 2PAHAMU, NAPANLeNb-
HblMU KOOpOUHamHuiM naockocmsam. Toeda

P* A A* 210} = P A A = {0},

edec = (\/5)1/@71).

Teopema 1 Ha caMoM JieJie SIBJISIETCSI HEKOTOPBIM
YCUJIIEHUEM OpUTMHaJIbHOU TeopeMbl Masiepa. Ma-
Jiep GopMyJIMpOBal CBOIO TEOPEMY C KOHCTAaHTOM
d —1 BMecTo c¢. OTMeTUM, OTHAKO, YTO C TOUYKHU 3pe-
HUST 1MOGaHTOBBIX SKCIIOHEHT FOAUTCS J100ast KOH-
cTaHTa (3aBUCSIIAS JIUIIb OT d).

ITokaxxem, Kak HepaBeHCTBO (4) BBIBOAMTCS U3
Teopewmsr 1. HanmomMHuMm, yto d = m + n.

PaccMoTtpuM pettieTkn
T

I, © 74
L, (7)

SlcHo, uTo penreTka A* ABJIsIeTCS IBOMCTBEHHOM K A.

Hanee, st KaXKIbIX TTOJIOXUTETbHBIX £, 7, 5, O ONpe-
JIeJINM TapaJijie/IeTuIe bl

I
A=AO)| " |Z°

* — AX
oL A* = A*(©)
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P(t,y) =

D P i<t j=1,...m (8)
Iseee9%gd |zm+i|St7Y,i=1,__,’n 5

9(s,0) =
:{Z = (Z] Zd)E Rd |zj|Ss76’j= 17'“5’"}. (9)

|zm+i| < S,i = 1,---,’1

Torma
o(®) = sup{yzm‘ Vt,eR At>1,: @(t,y)mA;t{O}},
n

0" =
= sup{ﬁ > ﬂ‘ Vs, € R 3s>s,: Sl(s,S)mA*;t{O}}.
m

(10)

Ecnutz, vy, s, O cBSI3aHbI COOTHOLICHUSIMU
md+m—1
(n-Dd+n’

To mapamnenenunen (s, 0) ABISIETCS MCEBIOMPUCO-
enMHeHHbIM st P(2,Y), T.e. A(s,d) = P@,v)*. Ilo
Teopeme 1 mTomygaem, 9TO

9(s,8) N A* £ {0} = cP(t,y) N A # {0}.

Craino owITh, BBUY (10),

= mD8m/@-

s Y= (1)

md+m—1

T =
O >2d= wO) >y D5 in

Takum obpazoM,

) > O(mO") + m—1
T (-D)@)+n

Mensia Tpoiiky (©,m,n) Ha (O, n,m), IPUXOAUM K
HepaBeHCTBY (4).

3. AHAJIOTI TEOPEMBI MAJIEPA
s kaxnoro Ha6opa (A, p) = (A, ..., A,

W,...,u,) € R? onpenennm napamnenenumnen P(A, p)
KakK

P, p) =
-S?\,~,'=1"”, 12
={z=(z,...,z,) e R’ 2 fj. m (12)
|Zm+i|SH,-,l=1,...,n

ITonoxum Takxke

2 = x;lf[xkf[uk, j=1,..m,
k=1 k=1

wr = u]IHkkHuk, i=1,...,n
k=1 k=1

OueBunHo, 4yto Torga P(A,p)* = P(A*,p*). Hako-

(13)

Hell, onpeaeJuM Habop A= (il,...,im) CJIENYIOIIUM

JOKJIAJIbI POCCUMCKOW AKAJEMUU HAVK. MATEMATUKA, UH®OPMATHUKA, TTPOLIECCHI YITPABJIEHMUSA

obOpa3oM. YmopsimouymM 3JIeMEHTHI A II0 BO3pacTa-
Huto: A, <...< A, . Ecmm A; 21, nonoxum A = A.
Ecau xe A 5 <1, obo3HauMM yepes p HaAMOOIbLINIA
MHJIEKC, Takodh uyTo A, -...-A j,<l, u omnpenennm
Ap... A, Kak

~

Ao=1, i=1,..,p

A " (14)
Ay =k, ljk)l/( 2

i=p+1,..,m

Crenyloniasi TeopeMa sIBJISIETCSI IJIaBHBIM pe3Yiib-
TaTOM JAHHOI paGOTEHI.

Teopema 2. [lycmb pewemxu A u A* 3ad0anot coom-
Howernusmu (7). Paccmompum npouseonvHvie Habopwvl

A=A,.. A)e R up=(,...,n,) € R} Iycmo
o) > 1. (15)

Ilycme nabopwr \*, p* onpedenernvi cOOMHOUWEHUAMU

(13), a nabop A — coommuouenusmu (14). Toeoa

min A, =1, TTG) = TG = T (16)
u
POSp*) N A* £ {0} = PO, p) N A £ {0}, (17)

edec, = (Nn+1)"".

Jokazamenscmeo. He orpaHmumBasi OOIITHOCTH,
OyJeM CUuTaTh, YTO

A< S,

Eciu A, > 1, T0 A = L, (16) oueBnnHo, a (17) crenyer
u3 TeopemMsl 1 BBUILY TOrO, YTO ¢ < ¢;. [Ipennonoxum,

4TO Xl < 1. Toraga p KOpPpEKTHO oIpenesieHo U p < m,
MOCKOJIBKY cripaBeasinBo (15). OTcroga HEMEAIeHHO
caenyer (16).

PaccMOTpUM yKOpOYEHHBIE HAGOPLI
A =R A,), AT =0, A,
;\.\L = (7bp+1,...,7\4m).
Torma
POy, w* =
dpl S %N j=p+1,....m
|2l S W E=1,...,n

= {(Z,,H,---,zd) eR

e x = (A -...- 7\.,,)_1/('"_”). IMockoabKy % > 1, cripa-
BEITMBO
POS,0) Pl (18)
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PaccMoTpuM Takske MaTpUILy
elp+1 elm

O, =| ¢ .ot

0 -0

MOJIyUEeHHYIO U3 MaTpulbl © ynajeHUeM IEepBbIX p
CTOJIOIIOB, W PEIIETKHU

| _ I 0T,
A, = "2 |z, Ax = Tme L 7e,
! (_Gi Inj ’ ! ( I J

np+l "7 nm

n

CaenaeM JIBa KJIIOUEBBIX HAOJIOACHUS: BO-TICPBLIX,
MHOXECTBO

{0,040, Zpe1e s 2) € R Zporsn2) € Ay

SIBJISIETCS TIOAPEIIETKON pelIeTKU A; BO-BTOPBIX,
MHOXECTBO

{00,..,0,2p11r 0, 20) € R |2 150 24) € AT}
SIBJISIETCSI OPTOTOHAJIBLHOI MpoeKiueil pemeTku A*
Ha IUIOCKOCTb KOOPIWHAT Z,,.,...,%4- Orclona mnoiy-
qaceM, 4TO

PO, %) N A* % {0) = PO, %) N AT = {0},

Py ) VA # {0} = PGhp) N A = {0).

Haxkonen, mo Teopeme 1

(19)

P, w)* O AT £ {0} = PGy, m) N AL £ {0}, (20)
e ¢, = (Jd — p)/“ "™V, Cobupas Bmecre (18)—(20)

M YYUTBIBasA TOT (PaKT, 4TO ¢, < ¢, OJIy4yaeM cleny-
IOIYIO LIETIOYKY UMILUIUKALIUA:
POF pF) N AR £ {0) = POS,p%) N AT = {0} =
= PO, w* N AT £ 0=

= P0,p) N Ay # {0} =
= .20, p) N A £ {0} = ¢PGp) N A = {0},
oTKyna u cienyert (17).

4. IOKA3ATEJIbCTBO
MVIIbTUTUIMKATHUBHOTI'O
HEPABEHCTBA ITEPEHOCA

IMoxazkem, Kak BeIBeCTH HepaBeHCTBO (5) u3 Teo-

pembl 2. JIsi KaXAbIX MOJOXHUTEIbHBIX £, Y, 5, O
oIpeAeauM CAeAyIolIre IBa CeMecTBa mapajee-
MUTEIO0B:

F(t.y) = (PG| = 1w = ", mink; 21},
<jSm
4(s.8) = (POLWITIG) = 57T = s,mink,; 2 1).

Kaxnpiit mapamnenenunen P(h, 1), yIOBIETBOPSIIO-
LM YCITOBUSIM

NOKJIAIbl POCCUMCKOMN AKAJJEMUU HAVK. MATEMATUKA, MH®OPMATHUKA, TTPOLIECCHI YITPABJIEHMUS
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o) <t, I <17, (21)

COJIEPXXUTCS B HEKOTOPOM TIapaJUIeJIEITUTIECIE U3 Ce-
MeiictBa F(¢,y). Hao60opoT, Kaxmplili mapaieiaenu-
men P(h,p) u3 cemeiictBa F(z,7) yIOBIETBOPSIET
yciaoBusM (21). AHaJIOTMYHO, KaXXIblii Tapajelie-
nunen P(h, n),, yIOBJIETBOPSIOINI YCIOBUSIM

M) <s°, ') < s, (22)

COIEPKUTCS B HEKOTOPOM Tapasuiejenuneae us3 ce-
MmerictBa 4(s,d). 1 HAaoOOPOT, KaxIblil Mapajuiesie-
nurien; P(A,p) u3 cemeiictBa 4(s,0) yIOBIECTBOPSICT
yeaoBusiM (22). TakuM o6pa3zoM, It MyJIbTUILIAKA -
TUBHBIX 9KCITIOHEHT CIPaBEIJIMB CJIEIYIOIIMI aHAIOT
paBeHcTB (10):

0 (0) = sup{y > ﬂ‘ Vi, e R 3t > 1
n

AP e FEt,y): PNA# {0}},

(23)

® (0" = sup{8 > ﬂ‘ Vs, € R s > s,:
m

3P € Y(s,8): P N A* £ {0}}.

[Mpennonoxum onsiTh, 4TO £, Y, 5, O CBSI3aHBI COOT-
HomeHusMH (11). PaccMoTpuM mpou3BOIbHBIN Ha-
pauteneniunen P(h, ), Takoii uto P(L*, u*) € 4(s,d).
Torma

)=+ T@=r"

MblI HE MOXEM TapaHTHUPOBaTh, YTO B Habope A HeT
KOMITOHEHT, CTPOTO MEHBIINX 1, TT03TOMY, BOOOIIIE TO-
BOpsi, HEBEpHO, uTo P(A,pn) € F(r,7). Tem He MeHee,

ecnu ¢t > 1, mo Teopeme 2 CIpaBelIMBO 97’(2, ne F(t,Y)
u, 6ojee Toro,

POF, p*) N A* £ {0} = 01973():, p) N A = {0}.
Craino ObITh, BBULY (23)

n—-1¥+n
Takmm obpazomM,
MmO +m -1

®,
w(0) > .
(n-1)w(O7) +n
MeHsist Tpoiiky (©,m,n) Ha (O, n,m), NpUXOAUM K
HepaBeHCTBY (5).

NCTOYHUK OPMHAHCUPOBAHUA

HccnenoBanue BBINOJIHEHO 3a cyeT rpaHTa Poccuiickoro
HayyHoro ¢oHma Ne 22-21-00079, https://rscf.ru/project/22-
21-00079/.
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AN ANALOGUE OF MAHLER’S TRANSFERENCE THEOREM
FOR MULTIPLICATIVE DIOPHANTINE APPROXIMATION

O. N. German*?
4 Moscow Lomonosov State University, Moscow, Russian Federation
b Moscow Center of Fundamental and Applied Mathematics, Moscow, Russian Federation
Presented by Academician of the RAS A.L. Semenov

Khintchine’s and Dyson’s transference theorems can be very easily deduced from Mahler’s transference the-
orem. In the multiplicative setting an obstacle appears, which does not allow deducing the multiplicative
transference theorem immediately from Mahler’s theorem. Some extra considerations are required, for in-
stance, induction by the dimension. In this paper we propose an analogue of Mahler’s theorem which implies

the multiplicative transference theorem immediately.

Keywords: multiplicative Diophantine approximation, multiplicative Diophantine exponents, transference

principle, Mahler’s theorem
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