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IMpoBeneHoO KccienoBaHUe yCTOMYMBOCTH (PpPOHTA UCHIAPECHUS B TOPUCTOI cpeae. 1 onmmucaHust TeYeHUs
KUCIIOJNIb3yeTcsl 00001IeHHOe ypaBHeHUe GuiabTpanun bpuHkmana. [IpeacraBieHo cpaBHEHUE MOMYYEH-
HBIX PE3YJIbTaTOB C pe3yJibTaTaMu, HaliIcHHBIMU B pamMKax npuomkeHust Jlapcu. [TokazaHo, 4TO UCIOJIb-
30BaHue NMpuoIKeHus BpHKMaHa ycTpaHgeT HEOTPaHUYEHHOCTh CKOPOCTU POCTa BO3MYILIEHUIA HA Ma-
JIBIX MaciiTabax, 4To MMeeT MecTo B ciydae 3akoHa [lapcu. IloBepXHOCTh pa3nesna CTaHOBUTCS OoJiee
YCTOMUYMBOIA, a B Cllydae HEYCTOMYMBOCTU Hanboiee HEYCTOMUMBAsI MOJAa COOTBETCTBYET KOHEUHOMY 3Ha-

YECHHUIO BOJIHOBOTI'O YHMCJia.
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1. MUzydeHne yCTOMIMBOCTY TEUYCHUIA B TIOPUCTHIX
cpenax mpencraBisieT MHTepec ISt OOJIBIIOrO Yrcia
npunoxeHuii. [Ipobaembl, CBsI3aHHBIE C YCTOMYUBO-
CThl0, BO3HUKAIOT MTPpU UcclienoBaHU M 3((HEKTUBHO-
CTH pa3paboTKN HEMTSIHBIX MECTOPOXKIESHU METO-
IIOM BBITeCHEeHUS [ 1], TIpH pacpocTpaHeHUH 3arpsi3-
HSIOIINX TIpUMeceid B TPYHTOBBIX Bomax [2, 3], mpm
dopMupoBaHNN M pa3pabOTKe TeoTepMaTbHBIX pe-
3epByaposB [4, 5] u T.1o.

BenuyuHa BOJTHOBOTO 4HCJIa, COOTBETCTBYIOIIETO
HauOoJiee HEyCTOMYMBOI MO, ONpeaessieT Xapak-
TEPHBbIA pa3Mep BO3MYIIEHUSI, KOTOPOE pa3BUBAETCS
Ha HEeJIWHEWHOU cTamuu. AHATUTUYECKUE UCCIEN0-
BaHWS JIMHEUHONW yCTOMYMBOCTUA (DUITBTPALTMOHHBIX
TEYEeHUI1 ¢ UCOJb30BaHUEM 3aKoHa Jlapcu mokasa-
JI, 4TO CYIIECTBYET HECKOJbKO Pa3IU4YHBIX TUIIOB
NepexodoB K HEYCTOMUYMBOMY COCTOSIHUIO, XapaKTe-
pU3YyeMbIX 3HaUeHUEM MOJYJISI BOJTHOBOTO uMcia [4—
9]. B pa6ore [1] mmojiydyeH KpUTepuii HEYyCTOMUYNBOCTHU
B BUE JUHENHOI 3aBUCUMOCTHU CKOPOCTH pocTa (3a-
TyXaHUs) BO3MYILLIEHMS OT BOJTHOBOTO YMCJIa, a Iepe-
X0 K HEYCTOMYMBOCTHU IIPOUCXOIUT IIPU CMEHE 3Ha-
Ka Ko3(pGuILeHTa, CTOSIIETO Iepe/] BOTHOBBIM YMC-
JIOM, ¥ peaInu3yeTcs ONHOBPEMEHHO [JIsI BCEX
3HAaYE€HU BOTHOBOTO uuncia. Hanbosee HeycToOMYM-

! Hucmumym npo6aem mexanuku um. A.FO. Hununckozo
Poccuiickoii akademuu nayx, Mockea, Poccus

*E-mail: ilichev@mi.ras.ru
** F-mail: tsypkin @ipmnet.ru

30

BOE€ BO3MYIIIEHHE MOXET COOTBETCTBOBATh KOHEU-
HbIM WX HYJIEBBIM BOJIHOBBIM unciam [4, 5]. B [5—9]
OBLIM HaMIEHBI PEXXUMEI IIepexoaa K HEyCTOMYMBO-
CTU IpU 6ECKOHEUHO OOJIBITNX 3HAYEHUSIX BOJTHOBO-
ro 4yucia, Korja JUHEHHBIA pa3zMep HauOoJiee He-
YCTOMYMBOTO BO3MYILICHUSI CTPEMUTCS K HYJIIO.

Ecnu ripu BoJIHOBOM 4nclie K — oo MHHUMAasI 9aCTh
JacTOThl Im® — o [10], To mMpuHIMI TPUYNHHOCTH
Hapymaercsa. Hamumaue mogo0HONM HEYCTOMYMBOCTH
O3HayvaeT, YTo HauboJiee HEYCTOMYNBOE BO3MYILIEHUE
nMeeT 6ECKOHEUYHO MAaJIblii pa3Mep U €ro SBOJIIOLIVS
CO BpeMEHEM He MOXKET OBbITh OIMCcaHa B paMKax Me-
XaHUKU CIUIOLIHOI cpeabl. ECTeCTBEHHO IIPEeaIioio-
KUTh, YTO BO3HUKAIOIIVE TPYAHOCTU OOYCIIOBJIEHBI
BBIOOPOM MaTeMaTU4YECKOM MOJEIIN, KOTOpask He Ja-
eT aJeKBaTHOIo OIMCaHUSI paccMaTpuBaeMoro (u-
3MYECKOTO IIpolIecca.

B nacrogmieit padorte mis 3amauyn yCTOMYMBOCTH
MOBEPXHOCTH MCHApeHUs TIpeniaraeTcsl UCIoab30-
BaTh 0000IIEHHOE ypaBHeHUE uIbTpanuu bpuHk-
MaHa, KoIja B paMKax npuomnkenns Jdapcu Hanbo-
Jiee HEYCTOMUYMBOE BO3MYILICHUE UMeeT OECKOHEUHO
MaJjblii pa3Mep. IlokaszaHo, 4TO IIpUMEeHEHUE ypaB-
HeHnust bpuHkMmana gemaeT Hambosee HEYCTOMYNBOM
MOy, KOTOpasi COOTBETCTBYET KOHEUHOMY BOJTHOBO-
MY YHCITY.

2. PaccmoTrpum 3amaqy o GyHKIIMOHAPOBAHUHY Ta-
KHUX MMOJA3E€MHBIX COOPYKEHMUI, KaK TOPHBIEC BEIPA0OT-
KM, TOHHEIW U T.OI., pacIojaramlirecs II0I BOOO-
HOCHBIM TOPU30HTOM M CJIOEM BOIOHACHIIIEHHBIX
nopon (rpyHta) 0 < z < L (puc. 1). BeHTuisiums co-
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Puc. 1. Cxema 3agaun. I u 2 — HU3KOTIIPOHUIIaeMbIe 00J1a-
cti. I — BBICOKOIIpOHHUIIAeMas 00JIACTb, HACBIILIEHHAS
Bonoii. I/ — BbICOKOTIpOHMIIaeMasi 00J1acTh, HACHIIICH-
Hast BO3IyXOM.

OPYKEHUSI IIPUBOIUT K UCITAPEHUIO BOABI C KPOBIU U
00pa30oBaHUIO O6JACTH, HACBIIICHHON BIIAXKHBIM
Bo3nyxoM h < z <L (obmacte 2), a obmactb [
(0 < z < h) HaceieHa Bopoii. Jlunum z = 0 cooT-
BETCTBYET BHICOKOIIPOHUIIAEMOMY BOJJOHOCHOMY TO-
PU30HTY, a 7 = L. — KpOBJIe TTOA3EMHOTIO COOPYKe-
Hus [9]. Ha moBepxHOCTU pa3aeiia z = A NPOUCXOAUT
UCcHapeHue BOABI C MocaeayomuM 1uddy3nOHHBIM
MepeHOCOM TTapa B 00JIaCTh OTKPHITOIO MPOCTpaH-
ctBaz > L.

JBuxxeHue Bolibl B 00J1acTU / OMUCHIBAETCS ypaB-
HEHUEM HEepa3pblBHOCTU U 3aKOHOM (UIbTpallUU
bpuHKMaHa ¢ y4eTOM MacCOBOW CUJIbI

divv =0, v= —ﬁgrad (B —p,g2)+ ﬁueWAV, (1
w w
2 2
rie A = — + — — oneparop Jlanaca.
ox~ 0z
VpaBHeHUs1 B obOjacTu 2 TIPEACTaBISIOT COOOI
ypaBHEHME HEpPa3pbIBHOCTU 1 3aKOH bprHkMaHa s

BO3IyXa

divw=0, w=-Xgradp+Xu Aw, ()
I, M,

ypaBHeHMe TudPy3un nmapa, a IJist ra30B CIIPaBeIJIn -
Bo ypaBHeHue KialiiepoHa

P: = divDgradp,. B, =p,RT. B, =p,RT. ()

3mech V,W — BEKTOPBI CKOpOCTeil (hMIbTpaluu
BOIIbI U BO31yXa, M — MOPUCTOCTh, k — MpOHUIIAe-
MOCTb, [l — BA3KOCTb, P — 1aBiieHUE, g — YCKOPEHUE
CBOOOIHOIO MaaeHusl, p — INIOTHOCTb, D — K03 du-
nueHT nuddysum napa. MHIEKCH v, w, a OTBEYaloT
BeJIMUYMHAM [IJIST 1apa, BOABI WM BO3Iyxa, COOTBET-
CTBEHHO, UHIEKCHI ew, ea 0003HAYal0T 3 HEeKTUB-
HYIO BSI3KOCTh BOJIBI M BO3MIyXa COOTBETCTBEHHO. D(-
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¢dexTuBHAas BI3KOCTb OIPENEJISIeTCSI COOTHOIIEHEM
W, = w/m [11, 12].

BMmecto ypaBHeHus auddy3um misi TIOTHOCTU
napa yaioOHO MCIIOJb30BaTh aHAJOTMYHOE ypaBHe-

HUeE 111 PYHKLIMU BIaXHOCTU V = p, /(p, + p,). DTO
ypaBHeHHE cienyeT u3 (3) ¥ IIpU YCIOBUU MAJIOCTU
MapuraJbHOIO AABJICHUS Mapa Mo CpaBHEHUIO C aT-
MocdepHbIM TaBJIeHUEM U UMEET BULT

v _ D Av. 4)
ot
ITockonbKy cKopocTh (hpoOHTa Majsia, TO MpPoliecc
Inddy3n MOXHO pacCMaTpUBaTh KaK KBa3UCTAlIM-
oHapubiii. Torma us (1), (2) u (4) moiryyaem

Av=0, APR,=0. (5)

PaccmarpuBaemast 3amadya copmysmpoBaHa B
N30TEPMUYECKOM NPUOIIVKEHUU, TIOCKOJIBKY TTOTJIO-
LIIEHWEM TeIla IPU UCIapeHuU, KOrga TeMreparypa
HMKE TOYKW KMIIEHHMSI, MOXHO MpeHeoOpeusb [8]. Ha
MOBEPXHOCTH paszeia B 00JacTu 2 map HaXOIUTCS B
COCTOSTHUM HACBIIICHUS, BIIAKHOCTb Vi SIBISETCS
dyHKILIMEeH TeEMITEpaTypbl 1 HAXOAUTCS U3 COOTHOIIIE-
Hus [13]

o _ RE)
k RV Pa )
FT)=10° exp[—7226.6(l __1 ) 4
T 373.16

+ 8.2ln% ~0.0057(373.16 — T)}.

VYcioBre coXpaHEHMSI MAacChl Ha IOBEPXHOCTU
paznelia UMeeT BUIL

(1—&jV~n=v~n—&w~n+D&gradv~n, (6)
Py o P

rae V — BEKTOp CKOPOCTH TOBEPXHOCTH MCIIApEHUSI.

I[I/IHB.MI/I‘ICCKI/IC yCi10BHMA Ha IMOBEPXHOCTU HUCIIA-
p€HUA NMECIOT BU

(_E + 2Mew %) n + Mew (% + %sz) n =

= (_PZ - Pc + 2Hea aa%) m+ U, (a":cz + a%) n,

dv, v dv
Hew(ax + az)nl "'( 1+ 2l azjnz

ow, ow ow
= oo | 22+ D |y + | =P, — P+ 20, 2% |y,
uea(ax az jnl [ 2 c uea aZ jn2

T
rmen = (n13n2) s

-1
l’llza—n 1+(a_n) 5 }’12:—1.
ox ox
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I'panmaHEbIe yeiroBUS Ha BepxHel rpanuiie z = 0 1
Ha HIKHel rpaHulle Z = L, coBNagalollieii ¢ KpoBiei
KOHCTPYKLMHU, 3aIUCHIBAIOTCS B BUIE

=0 A=FhR; z=L: B=F, v=v,. ()

IIpy ITOCTOAHHBIX TPAHWYHBIX YCIOBUSAX 3a7ada
MMeEET CTallMOHAapHOE PEeLICHUE C JIMHEHHBIMU pac-
IIpeeIeHUAMU NaBJICHNAS U BIaXXHOCTH, KOTOPOE Oy-
JET UCCIENOoBaTbCd HAa YCTOWYMBOCTBL. JIuHamuye-
CKO€ YCJIOBUE Ha HETIOABUXXHON MOBEPXHOCTU = /i
nmeet Bung B, = P, + P. = P, + P.. TlonoxeHnue rpa-
HUIIBI pa3fesia HaXOAWTCA U3 KBaJpaTHOIO ypaBHE-
HU4 18 6e3pa3MepHoro napamerpa H = h/L

H,, ——-([3 o-1)t 1\/B o-1> 40, (8)

e

a=Brhoh g Dby, _y,) M
pw&gL kp,, pwgL

3. Ilycts 8A 5, 6v, M, Ov, . dw, . 06O3HAYAIOT BO3-
MYILIEHHSI JABJIEHUSI, BIIAXXHOCTHU, MOJIOXEHUS TIO-
BEPXHOCTHU (pa30BOro Mepexoaa U KOMIOHEHT CKOPO-
cTeil BOAbI M BO3IyXa HAa MOBEPXHOCTU Z = /i COOT-
BETCTBEHHO.

JIuneapn3zoBanHag ¢opma 3aKOHA COXpaHEHUS
Macchl (6) UMeeT BU

M gy, —Legw, + pLaV oy (g
ot Py P, 07
.]]I/IHCapI/I?:OBaHHLIC JMHaAMWUYCCKUE YCITIOBUA UMEC-
10T BU
[aﬁvx BSVZ] _ (aﬁwx aﬁwzj
ew - + I - + -
dz ox dz ox
op — By gy, OO (10)
dz 0z
=-SP + 2uea88$, Z=h
0z

JIuHeapn30BaHHOE YCJIOBUE IOCTOSIHCTBA BJIAXK-
HOCTH Ha MOBEPXHOCTU (ha30BOro Mepexoaa IMpuBo-
IINTCA K COOTHOILIEHUIO:
z=nh

8v+%n=0, (11)

4
VYCTOMYMBOCTh pellieHUs B BUIe OEryIleil BOJTHBI
HccielyeM METONOM HopMalbHbiXx mon. Miuem pe-
menune ypasHeHuit (9)—(11) B Bume {3P, ,, Ov, 1,
OV, o» Oy o} = {R,1(2),V(2), 1,7 2(2), W 5(2)}exp(oT +
+ ixx),
1N = fiexp(ikz + 6f), T = const.

Kpowme toro, u3 3akoHa bpunkmana (1), (2) umeem

2~
[1+K2 k “ew}ﬁl_iuew%z_nc k 131’

M, 2 mu,,

w

TIOKJIAZIBI POCCUMCKOM AKAIIEMUU HAYK.

2. ~
(1 + Kziuewjf/} _iuewd V22 = _Lﬁa
I, w, " d?  mp, dz

- (12)

2~
[1 + KZKMeVle _ﬁuev% = _iKmL f)b

v L, Z L,
2. -
{1 + Kz&uevjﬁb _ﬁuev d M;Z = _L@
[ W, dz my, dz

M3 rpaHnyHbIX ycaoBuii (7) HaXoAUM BbIpaXKeHUsI
JUIST aMIUTATYM, JaBJICHUS U BJIAXKHOCTH

5o _ pshkz _p shx(L —2)
A@ P‘shxh’ B = shK(L hy’ 3
WD) =9 shx(L — z) ()
¢ “shi(L - z)

B cuny Toro o6¢cTosiTenbCTBA, UTO IIPU OTCYTCTBUM
JaBJICHUSI NBWXKCHUSI HET, OJHOPOJHOE pEIIeHHE
ypaBHeHM (12) mosaraeTcsi paBHbIM HYJIIO, a €IUH-
CTBEHHOE HEOOTHOPOTHOE pellleHIEe UMEET BU/I

n sh
7(2) = —iP K T
mp,, shxh
(14)
. k _chkz
Vy(z) = —P.—— ,
mp,, shxh
n shx(L -z
(2) = i, K 2D
mu, shx(L —h)
N chk(L -z
() = B,y L= D)
mu, shx(L —h)

MHBIMMU CJIOBAMH, BOSMYIICHHUEC CKOPOCTHU OAHO3HAa4Y-
HO BOCCTaHaBJIMBACTCA 11O BOSMYILICHWIO JaBJICHUSI.

IMoncrapnsisi monydyeHHble pemeHus (13), (14) B
YCJIOBUSI HA TIOBEPXHOCTU pa3ieiia, MoJiydaeM CUCTE-
MY OJHOPOMHBIX YpaBHEHU UIS1 aMIJIUTY, KOTOpast
B MaTpU4YHOM (popmMe MMeEET BU/I

My =0, y={P 2", o} ,
a, aq, 0 0
0 (15)
M = 4y Gy o3 ’

a3 Gy A3z A3y

0 0 ay 1
rae
a, = —2iMer s 2cthion,
mu,,

2ikMer \ 20 th (L — iy,
mu,

a12=_
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0.0005

—0.0005

—-0.0010

—-0.0015

Puc. 2. [JducriepcuoHHble KpUBBIC: [ — TMpUOIMKEHUE
Hapcu, 2 — npubmuxenue bpunkmana. L =10 wm,

k=10""7 M2 B, =10’ Ta, By = 0.45 x 10° a.

ay = —1-28Ber i g gy Kl

my,, mu,
L __h+P-nR
23 h ’
a, = LKCthKh,
my,,
_ _kp, _
ay, = ——xcthk(L - h), a3 =0,
pwmy,

ay, = DPaxcthx(L - h),
w
v¥—v,
L-h’
OnmHoponaHas cucteMa ypaBHeHui (15) umeeT He-
TPUBUAJIBHOE PEIICHNE, €CIIN €€ JeTePMUHAHT paBeH
HYJIIO:

a43 = a44 = 1

1205305 — Q10303 — Q1051033 +
+ Q1A 033 + G0y G343 — GG aasdy; = 0.

BbluncieHusi MpPOBOAUIUCH TIPU XapaKTEPHBIX
3HaueHMsIX (usnmueckoir cucrembl [9]. Ha puc. 2
MpeACTaBleHbl AUCIIEPCUOHHBIE KPUBBIE, MOJIyYeH-
Hble B npubakeHuu Jlapcu (kpusasi 1) u mpuoIu-
xenuun bpuHkmana (xpuBas 2). BugHo, 4yTo mipu Ma-
JIBIX 3HauyeHMUsIX 0e3pa3MEPHOro BOJHOBOIO 4uciia
K = kL, COOTBETCTBYIOIIUX OOJBIIUM JIMHEHHBIM
MacirabaMm pu3mdeckoii 3amayn, 00a IpuOIKEeHUS
JIalOT O9eHBb OJIM3KME pe3ysbTaThl. [1pn yBeamuyeHumn
BOJIHOBOTO YMCJIa AUCIIEPCUOHHBIE KPUBBIE PacXo-
ISTCs, a IIpu OoJiblinX K HaOGM0gaeTCsd KauyeCTBEH-
HOE pa3IMuure pe3ybTaToB. B paMkax mpuOmomkeHns
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)y
0.4

0.2

-0.2

5x 10°
K

0 1x10° 2x10° 3x10° 4x10°

Puc. 3. DBooLust UCIIEPCUOHHBIX KPUBBIX IIPU Mepe-
Xolle K HEYCTOMYMBOCTM B paMKaX IPUOJIVKEHUS

Bputikmana. L =10 M, k =107 M2, By = 10° TTa. Kpu-
Bbie /—3: P. = 0.5955,0.5957,0.5958 X 10° Ia.

Hdapcu cKopoCTh pOCTa MaJIbIX BO3MYIIIEHUIT Heorpa-
HUYEHHO BO3pacTacT, a UCIIOJb30BaHNEe YPaBHECHUS
BpuakMaHa gaeT 3aTyXaHue MaJIbIX BO3MYIICHUIA.

3aTryxaHue MaJIbIX BO3MYIIEHMII B paMKax IMpu-
omxeHus1 bpruHkMmaHa 1pu K — oo MOXHO TMOKa-
3aTh aHAJIUTUYECKU. PacCMOTpUM acUMIITOTUKY TTO-
JIYYEHHOTO TUCTIEPCUOHHOTO ypaBHeHUs. OcTaBiss
[JIaBHbIE YIEHBI, MTOJydyaeM

* _
s~ PaY TVa gt ok,
Pyw 1-H (16)
L2
K —> oo, X=0—7.
D

M3 (16) cnenyet, 4TO OjIs1 OY€Hb KOPOTKUX BOJIH
2 < 0 1 Bo3MyllleHUs YObIBAIOT MpU K —> oo MPU JIO-
OBbIX IONMYCTMMBIX 3HAYCHUSIX IapaMeTpOB Kak B
YCTOMYMBOM, TaK U B HEYCTOMUMBOM cirydasx. OTcro-
Ila MOXHO CHENIaTh BBIBOH, YTO TIepeXon K HEeyCTOM-
YUBOCTA PEATM3YeTCST TIPU KOHEUHBIX 3HAYCHUSIX
BOJIHOBOTO YHMCJIa, KaK MOKa3aHo Ha puC. 3.

BJIIATOOJAPHOCTHA

ABTOpPBI BBIpaxKaloT ITyOOKYIO OJIarogapHOCTh aKaie-
muky PAH A.I. KynnkoBckoMy 3a mojie3HBIE OOCyxKIe-
HUSL.
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COMPARATIVE ANALYSIS OF THE DARCY AND BRINKMAN
APPROXIMATIONS FOR THE TRANSITION TO INSTABILITY
IN A POROUS MEDIUM

A. T. Il’ichev* and G. G. Tsypkin®

¢ Ishlinsky Institute for Problems in Mechanics of the Russian Academy of Sciences, Moscow, Russia
Presented by Academician of the RAS A.G. Kulikovsky

We studied the stability of the evaporation front in a porous media. To describe the flow, the generalized
Brinkman equation is used. Comparison of the obtained results with the results found within the framework
of the Darcy approximation is presented. It is shown, that the use of the Brinkman approximation eliminates
the unboundedness of the perturbation growth rate at small scales arising in the case of Darcy’s law. Interface
becomes more stable, and in the case of instability the most unstable mode corresponds to the finite value of

the wave number.
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