Discrete & Continuous Models
& Applied Computational Science

ISSN 2658-7149 (Online), 2658-4670 (Print)

2025, 33 (4) 411-439
http://journals.rudn.ru/miph

)
)
W

Review
UDC 511.84,512.523.282.2,519.711
DOI: 10.22363/2658-4670-2025-33-4-411-439 EDN: HPZRYA

Dual quaternion representation of points, lines and planes

Migran N. Gevorkyan!, Nikita A. Vishnevskiy!, Kirill V. Didus!,
Anna V. Korolkova®, Dmitry S. Kulyabov!:?

1 RUDN University, 6 Miklukho-Maklaya St, Moscow, 117198, Russian Federation
2 Joint Institute for Nuclear Research, 6 Joliot-Curie St, Dubna, 141980, Russian Federation

(received: July 6, 2025; revised: July 25, 2025; accepted: August 10, 2025)

Abstract. Background The bulk of the work on dual quaternions is devoted to their application to describe
helical motion. Little attention is paid to the representation of points, lines, and planes (primitives) using them.
Purpose It is necessary to consistently present the dual quaternion theory of the representation of primitives
and refine the mathematical formalism. Method It uses the algebra of dual numbers, quaternions and dual
quaternions, as well as elements of the theory of screws and sliding vectors. Results Formulas have been obtained
and systematized that use exclusively dual quaternionic operations and notation to solve standard problems
of three-dimensional geometry. Conclusions Dual quaternions can serve as a full-fledged formalism for the
algebraic representation of a three-dimensional projective space.
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1. Introduction

The parabolic biquaternions (dual quaternions) discussed in this paper were first considered by
Clifford. However, they were systematically studied later by E. Studi [1, 2] and A. P. Kotelnikov [3].

The article [4] analyzes a large number of publications and calculates the frequency of mentions of
the term dual quaternion. It can be concluded that less than 100 works mentioning dual quaternions
were published throughout the 20th century, but already in the early 2000s the number of works
increased dramatically. It is worth noting that the authors apparently did not take into account the
theory of screws in the calculation, which is related to dual quaternions, but uses a slightly different
notation [5-9].

The huge boost in the number of publications can be explained by the development of computer
graphics and robotics. It is in these areas that dual quaternions have found their application [10-15],
although they were initially developed in works on mechanics.
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1.1. Structure of the paper

The paper consists of an introduction, four parts, results and conclusion.

- The first part summarizes the theoretical information about dual numbers.

- The second part contains the necessary theory concerning quaternions. We only avoid the
question of using quaternions for rotation in space.

- The third part describes in detail the theory of dual quaternions. The main focus is on notation,
so when calculating scalar and helical products, all calculations are described in great detail (it
may even seem to some that they are overly detailed).

- In the fourth part, the dual quaternion algebra is used to represent points, lines, and planes in
a three-dimensional projective space. Some formulas are derived.

- The main results of the work are summarized in tables, which are given in the section 6.

1.2. Notations and conventions

The following naming conventions are accepted in this article

- Quaternions are indicated by lowercase Latin letters from the end of the alphabet: p, g, r. The
components of the quaternions are indicated by the same letters, but with the indexes p,, p;, etc.

- Dual quaternions are indicated by uppercase Latin letters from the end of the alphabet: P, Q,
R. The components of the quaternions are indicated by the same letters, but with the indexes
R, B, etc.

- Vectors and pure quaternions are indicated by lowercase bold Latin letters: q, v, etc.

- Pure dual quaternions are indicated by uppercase bold Latin letters: Q, V, etc.

- Individual scalars (real numbers) are denoted by the Greek letters a, 3, etc.

To avoid ambiguity in the notation system, we do not use multiple quaternions and dual quaternions
designated by the same letter, but distinguished by an index. The only exceptions are dual quaternions
of points, lines, and planes, the components of which are denoted by letters other than the letters
denoting these dual quaternions.

2. Dual numbers
The dual number z is algebraically defined as follows:
z=a+¢eb, a,beER, 2 =0,c#0.

The number a is called the real or main part, and b — is called the imaginary, dual or moment part.
Numbers with zero real part will be called pure dual numbers. The special symbol ¢ is referred to as
the dual or parabolic imaginary unit. It is also known as Clifford’s complexity symbol [16, p. 43]

2.1. Algebraic form

Using only the definition of the dual unit €2 = 0, basic algebraic operations for dual numbers can be
introduced z, = a; + ¢b, u z, = a, + €b,.

Addition z; + z, = (a; + a,) + &(b; + b,).

Subtraction z; —z, = (a; — a,) + &(b; — by).

Multiplication z, - z, = (a; +¢b;) - (a; + €b,) = a;a, + €a; b, + €ayb; + €2b1b, = aya, + (a1 b, + biay).
Conjugation Z = a —¢h.
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Using the conjugation operation, the squared modulus of a dual number is given by:

2

|z|” = zZ = (a + ¢b) - (a — eb) = a?.

Taking the square root of the real number a?, yields:
Modulus |z| = |a].
The real part of a dual number can be calculated using the formula:
1 _ 1
Rz = E(Z+Z)= z(a+sb+a—£b)= a.
Multiplicative inverse divided by the number z is found by noting that

zZ z
l=—==2z—,
zZz zz
hence B
-1 z a—c¢b
A = — = 5 -
zz a

Division of two dual numbers z; and z, is defined for all z, such that |z,| # 0:

zy _ap+eby _ (a;+eb)(a,—¢by) _ay + bia, — bya;
Z - a, + Ebz - (az + Ebz)(az - Ebz) - a, a% ’

Several important remarks follow from the obtained formulas.

- First, note that the multiplicative inverse is not defined for all nonzero dual numbers z, since
the formula for the inverse is valid only when a # 0.

- It follows from the previous point that the set of dual numbers is not a field, because the
requirement of existence of a multiplicative inverse for every nonzero element is not satisfied.
Thus, all numbers of the form z = ¢b are nonzero but have no inverse, since Rz = 0.

- Dual numbers of the form z = be are nontrivial zero divisors, since for such numbers the equality
holds

() - (bye) = bybye® = 0,

- From the above properties of the algebraic operations, it is clear that in no case do the imaginary
parts of numbers contribute to the real part of the result of these operations.

To complement the remark on zero divisors, consider the following definition. An element of
aring a € Kis called left zero divisor, if there exists an element of the ring 8 # 0y such that a - § = 0.
Similarly, if 8 - a = O, then «a is right zero divisor. It is obvious that the zero element Oy is both a left
and a right zero divisor, since O - f = 8 - 0 = Ok. Therefore, Oy is a trivial zero divisor, and zero
divisors distinct from O are called nontrivial or improper.

2.2. “Trigonometric” and “exponential” forms
A dual number z, such that |z| # 0, can be written in the form:
a+5b=a(1+9£)=a(1+(p£)
a b

where ¢ = Arg z = b/a are called the argument or parameter of the dual number z. This representation
is a kind of analogue of both the trigonometric form and the exponential form of an ordinary complex
number. Hereinafter, this form will be referred to as the exponential form of a dual number
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For the conjugate number z, the exponential form is:
z=a(l - ¢e),

modulus |Z| = |z|, and argument Arg Z = —b/a.
The analogy with the exponential form of a complex number continues for multiplication and
division. For the product of two dual numbers z; and z,:

z=a;(1+¢18) - a,(1 + $2) = a105(1 + (91 + 9,)e),
that is, when multiplying, the arguments are added and the modules are multiplied. For division

zy _ a1+ @ie) _ a1+ @8)ay(1 — e) ai(1+ (g1 — @2)e)

1
= = =—(1+ —@)E),
z;  a(l+@E) a1+ @0)a(1—8)  ay(1— e + pre) az( (@1 = ¢2)e)

that is, when dividing, the arguments are subtracted and the modules are divided. In the case of
division, the number z, must have nonzero modulus |z,| # 0.
In exponential form, raising to a natural power n has a particularly simple expression:

z" = (a(1 + qos))n =a-a-..-al+(@+@+..+9)=a"(1+nge) = a" +ena"'b.
To find V_ = %/a(1 + pe) assume that VE = z;, Then, by definition z = z, hence
al’(1 + nge) = z = a(l + ge),

which yields a; = % and ¢; = ¢/n, and therefore
= k4
"{/_ = K/;(l + ns).

Note that for odd n the root %/z always exists, whereas for even n it exists only for z with nonnegative
modulus |z| = a # 0. In algebraic form, the formula for the root is:

1—

4/a+bg=%+ba " ¢, BuacTHOCTH Va+bs=\/E+L=\/E(1+£>. (1)
n 2\/5 2a

It is noteworthy that neither raising to a power nor taking a root leads to any contribution of the
dual parts to the real parts of the results.

2.3. Matrix form

All algebraic operations on dual numbers can be reduced to matrix operations by setting

0 1 a b
£ z=a+be .
0 0 0 a
Then, for example

b b b b
Zy - Zy © (al 1) (a2 2) = <a1a2 b2+ 1) < 104, + (albz + azbl)g.

0 a 0 a, 0 a;a,

Theoretically, from a computational point of view, such a reduction can be justified when the
programming language supports vectorized matrix operations. In practice, however, the performance
gain is usually not significant.
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Table 1
Trigonometric and inverse trigonometric functions of dual numbers expressed through functions of a real variable.

be

V1-—a?

be
V1-a?

arctg(a + €b) = arctga + _be

sin(a + eb) = sina + becosa | arcsin(a + eb) = arcsina +

cos(a + eb) = cosa — besina | arccos(a + eb) = arccosa —

tg(a+¢eb) =tga+

cos2a 1+ a?
ctg(a +¢b) = ctga — o arcctg(a + ¢b) = arctga — v
2.4. Taylor expansion
Using the defining property of the dual imaginary unit e? = &3 = ... = ¢" = 0 for any natural power,

consider the Maclaurin series for the exponential of a pure dual number:

n 2.2
(b;') —1abet 5 =140

exp(be) = Z o
n=0 :

exp(a + be) = e%eP® = e%(1 + be).

A more general formula is derived from the formal Taylor series for the function f(z) at the point a:

! |
n: =0 n!

fla+ery= 3 L@@t 5 fO@T
n=0

" 2H2
= f(a) + f'(a)be + % + ... = f(a) + f'(a)be.

This yields an extremely important formula:

fla+eb) = f(a) + f'(a)be,

which provides a method for calculating the values of functions from a dual number, if the value of
the derivative of the real part of the number f’(a) is known. On the other hand, the same formula
allows to calculate the value of the derivative for the value of the argument equal to a, which is used
in automatic differentiation algorithms.

2.5. Elementary Functions of Dual Numbers

The formula f(a + eb) = f(a) + f'(a)be makes it possible to extend elementary functions to the set
of dual numbers, since the right-hand side of the formula contains only the values of the function
f from the real number a. For illustration, a brief summary of some basic elementary functions is
presented in tables 1 and 2.

3. Quaternion algebra

The theory of quaternions is well known. We will highlight the following books [17-19]. Next, we
briefly outline the quaternion algebra in order to coordinate the notation and basic concepts with the
further presentation of the biquaternion algebra.
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Table 2
Power functions, exponent, and logarithm of dual numbers

(a+¢eb)" = a™ + na*'be | exp(a + ¢cb) = e + ebe®
be be
X a+ be = %<1+ n_a) log.(a+eb) =log a+ ——

3.1. Basic concepts of quaternion algebra

3.1.1. Basis elements of a quaternion

Let us denote the neutral element of the quaternion algebra by o (lowercase O). Geometrically, it
is associated with the origin (the center of the coordinate system) in three-dimensional space R3.
Algebraically, it also serves as the scalar unit [19, 20]. Using this notation, a quaternion is written in
the following form:

q=qo0 + qii+ qaj + g3k,
Where qq, q1, ¢», 3 are some real numbers. The quaternion g can also be associated with a point in

projective space, written in homogeneous coordinates (q;, g2, q3 | qo) [20].
In turn, the basis element o is associated with the proper (finite) point of the origin of coordinates,

and the basis elements i, j, k with points at infinity:

0 0=

S o o

o O = O
{

S = O O

A quaternion of the form p = 0+ xi+ yj + zk is associated with an affine point having homogeneous
coordinates (x, y, z | 1) and Cartesian coordinates (x, y, z).

A pure quaternion of the form v = v,i+v,j+v,kis associated with a point at infinity with coordinates
(v, Uy, U7 | 0) or with a free vector v = (vy, vy, v,)T in Cartesian space R°.

3.1.2. Quaternion multiplication

To derive the formula for quaternion multiplication, it is sufficient to derive the multiplication table
for the basis elements (o, 1, j, k). In turn, for this it is sufficient to the axiomatic relation introduced by
Hamilton:
i2=j?=k*>=ijk =-1o = —o.
Let us add the equality 0® = o to it, since algebraically o is a scalar unit. Then the multiplication
table of the quaternion basis elements takes the form (2)

illi|—-o| k | @)
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Now the multiplication of quaternions can be performed using table 2 by expanding the brackets
for the replacement of the products of the basis elements:

pq = (po0 + pri+ paj + p3K)(qoo + qii + qoj + q3K) =
+ P00 + Poqii + Podaj + Poqsk + P1goio + piqiii + p1qoij +
+ P1g3ik + P2qojo + paquji + P2qajj + P2qsjk + p3qoko + paqiki + p3qoKj + paqzkk =
= Poqo0 + Podii + Poqaj + Poqsk + p1qoi — P110 + P1Gak — P1qsj + P2qoj — P2q1K — P2q20 + pagsi+
+ P3qoK + p3q1j — P3qai — P3qsz0.

Next, we will bring similar and group the terms around the basis elements:

pq = (Poqo — P1q1 — P2q2 — P393)0 + (Poq1 + P1qo + P2qs — P3q2)i +
+ (Poq2 — P193 + P2q0 + P3q1)j + (Poq3 + P192 — P2q1 + P3qo)k =
= (Po% - (p1q1 + P2q2 + P3Q3))0 + po(qui + qoj + q5k) +
+ qo(p1i + poj + p3k) + (P2q3 — P3q2)i + (P3q1 — P1G3)i + (P1q2 — P2q )k

A more concise form can be written using the scalar and vector products:

pq = (Poqo — (P, )0 + Poq + qoP + P X q.

Particularly, for pure quaternions p = 0o + p and q = 0o + q, the formula simplifies to:

pq=—(p,q)o+pxq.

Using quaternion multiplication, let us compute the square of a quaternion:

p* = pp = (p3 — Ipl*) + pop + PoP + P X P = (p3 — [PI*)o + 2pop. 3)

The square of a pure quaternion coincides with the square of its norm taken with a minus sign and
is a scalar number:

p’> = pp = —|pl’o

For pure quaternions, the scalar and vector products can be expressed through quaternion
multiplication. Consider two pure quaternions p and q and write

pq=—-(p.qQo+pxgq,
qp = —(q,p)o+q X p=—(q,p)o—q X p.

From which stems:
Pq+qp=-2(p,q)o and pq—gp=pXxXq+pXxgq,
1 1
—(P.9)0 = 5(pq+qp) and pxq=>(pq—qp)
The expression for the vector product remains valid for quaternions of general form:

pq = (Poqo — (P, @)0 + Poq + qoP + P X q

>PpPXq—qXp=2pXq=pqg—qp,
qp = (Poqo — (P, 4))0 + GoP + Poq + q X P

1
Pxq=5(pq—qp).
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Let us compute the triple quaternion product of pure quaternions qpq, which we will also call the
sandwich formula without conjugation.

apq=q(—(p.qQ)0+p xq) =
=-P.Pq+qpxq) =—-P.Qq—-(q,pxX Qo+ qXx(px q) =
= —(p.q)q + (4, 9)p — (p.9)q = —2(p.q)q + (¢, Q)p = |q|’p — 2(p. 9)q.

apq = [q/°p — 2(p. @)q. )

Formula (4) will allow simplifying calculations when computing the reflection of a point relative to
a plane[1][2].

3.1.3. Quaternion conjugation

Let us introduce the operation of quaternion conjugation. If a quaternion p = pyo + p is given, then
its conjugate is defined by the following formula:

P* = Po0 — P = Po0 — p1i — paj — p3k.
To follow up, we compute:
pp* = (Po0 + P)(Po0 — P) = P30 — PoP + PoP — PP = P30 — PP
Where pp = —(p,p)o + p X p = —(p, p)o, which allows us to write:
pp* = pgo + (p,p)o = (p + (P P))o = (P} + Pi + p3 + p)o.

The module of a quaternion is the expression

Ipl = vV pp* =/ P + Pt + D3 + D3»

and the norm of a pure quaternion is the expression

Il =+/@.p) = Nt
Let us show that
(p@®* = q*p*,

using the formula of quaternion multiplication:

(p)* = [(Pogo — (P, @)0 + Poq + Gop +P X q] =
= (Poqo = (P-@))0 — Poq — qoP —P X q =
= (Poqo — (=P, —@)0 + po(—q) + qo(—p) — (—p) X (—q) =
= (Poqo — (=4, —P))0 + po(—q) + qo(—p) + (—q) X (—p) = ¢*p*.

Using the expression (pq)* = q*p* we prove the property of the module of the product of
quaternions:

Ipql =/ (pa)(p@)* = \/Paq p* = \/ plal’p* = \/ IpPlal* = Ipllal = Ipql = Ipllql-
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3.1.4. Scalar product of quaternions

Following [20] we introduce the operation of scalar product of two quaternions of general form.
Consider two quaternions p = pgo + p1i+ p,j + pskand g = o0 + q1i + q,j + gsk. We compute:

pq* = (Podo + (P-@))0 — Poq + qQoP — P X q,
qp* = (poqo + (P, @))0 + Poq — GoP — g X P = (Poqo + (P, @))0 + Pod — GoP + P X q.
We calculate the sum of the products

. 1 .
Pq" +qp" = 2(podo + (P, D)0 = (Podo + (P, @)o = 5(Pq* + qp*).

Let us define the scalar product of quaternions by the following formula

1
(P.@) = 5(pq" +qp") = (Podo + (P, )0 = Podo + P11 + P2dz + P30s-

It is easy to see that the definition of the scalar product of quaternions is consistent with the
definition of the module of a quaternion:

Ipl> = (p. p) = (P3 + IpI?).
3.1.5. Unit quaternion

Consider a quaternion q = qy0 + q;i + q,j + g3k with a unit module lql* = q + lql? = 1. Always there
is such a value 0 that g3 = cos? 6 and lql* = sin® 6 due to the basic trigonometric identity

lql* = @3 + |q)* = cos?6 + sin* 6 = 1.

Let us note that the vector part q may not be a unit vector, but it can always be expressed through
a unit vector u as follows:

— =u=>q=u = sin Bu,
T q=ulq|

Where u = u;i + u,j + uzk and |u|| = 1. The unit quaternion can then be written in the trigonometric
form: g = cos 6 + sin Ou.

The following terminology is sometimes used. The module of an arbitrary quaternion |q] is called
the tensor of the quaternion, and the normalized quaternion

q
I

9 _9 ., 4

gl lal * lal’

is called the versor of the quaternion q. Also, if the quaternion is a unit quaternion to begin with, it
can be simply called a versor.
Let us denote the unit quaternion as u and write it in the following form:

u = cos 6 + sin Bu = cos 6 + u; sin 6i + u, sin 6j + u; sin Ok.

Any non-unit quaternion can be expressed through its module and versor by dividing both sides of
the equation |q|2 =q3+ ||q||2 =1by |q|2, we get:
la’ _ 4 |, lal®

1="5 = =% 4+ =5 = g3 =lql’ cos?6, |lql* = |qI* sin”6.
lgl” lql lql
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Now we normalize the vector part of the quaternion q and write:

4 _ u = q=|q|u=|q|sinbu.

lal

Therefore, any quaternion can be expressed through its module |q| and versor u as follows:
q=qo+q=|q|cosf+|q| cosBu = |q|(cos 6 + sin Bu) = |q|(cos 6 + u; sin 6i + u, sin 6j + u; sin k).
Using the formula (3) we compute the square of a unit quaternion:
u? = uu = (ug — sin” 6|lu|) + 2u, sin 6u = (cos? 6 — sin® 0) + 2 cos 6sin Bu = cos 26 + sin 26u.

It turns out that to square a unit quaternion it is enough to double the parameter 6.
Let us compute the product of two unit quaternions u; = cos 6; + sin 6;u; and u, = cos 6, + sin 6,u,

uyu, = ((cos 6 cos 6, — sin 6, sin 6,(uy, uy)) + cos 6, sin G,u, + cos 6, sin Oyu; + u; X u, sin 6, sin 6.

If the unit quaternions differ only by the parameter 6 and have the same unit vector part, that is
u; = u,, then the multiplication formula simplifies significantly:

uu, = (cos 6, cos B, — sin 6; sin 6,) + (cos 6, sin 6, + cos 6, sin 6, )u = cos(6; + 6,) + sin(6; + 6,)u.

From this formula it follows that the unit quaternions u; = cos 6; + sin 6;u and u, = cos 6, + sin ,u
commute when multiplied. It also allows calculating an arbitrary power of a unit quaternion:

u”" = cos nf + sin nbu.
And write an analogue of the formula of Moivre for an arbitrary quaternion with a versor u:
q" = |q|"(cos né + sin néu).

Let us consider a unit pure quaternion u = u,i + u,j + uzk and compute its square:

2

w=uu=—(wu)+uxu=—ul’=-1

We obtained that a unit pure quaternion has a property that defines the elliptic imaginary unit.

Let us prove the following formulas for an arbitrary quaternion q, pure quaternions u, v and a unit
pure quaternion n.

The formula g(u X v)q=! = (qug™!) x (qvq™!), is valid due to the following chain of equalities:

- quxv)gt = (qug ) x (qvg™h),

- q(u,v)q' = (quq~',qvq "),

- n(u X v)n = —(nun) X (nvn),

- (uxXv)*=—-uxv.

The formula g(u,v)q~! = (qug~!, qvq™!) is valid, because:

1 1
quxv)q™! = squv —vu)g' = S(quvq~! — qvug™!) =

2 2
1, o _ _
=5 (quq'qvq™! — qvq~'quq) = (qug™") X (qvq ).

Formula q(u,v)q~! = (quq~!, gvq™!) is valid because:
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q(u.v)q"' = —%q(uv +vu)g! = —%(quvq‘1 +qvug™!) =
= —%(cz'uq‘lqvq‘1 +qvq~'quqg™) = (quq~',qvg ).
For a unit pure quaternion n the equality holds:
n(u X v)n = —(nun) X (nvn),

To prove this, we will use the fact that nn = —1 and perform a series of transformations:

1 1 1
n(uxvn= nz(uv —vu)n = z(nuvn —nvun) = 5(—nunnvn + nvnnun) =
1
= E(nvnnun —nunnvn) = (nvn) X (nun) = —(nun) X (nvn).
The formula (u X v)* = —u X v can be derived using the fact that u* = —u:

(uxv)* = %(uv —vu)* = %((uv)* - (vu)*) = %(V*u* —u'v) = —%(u*v* —viu*) = —uxv.

4. Dual quaternions

4.1. Definition of dual dual quaternions

Consider a dual number of the form:
Q=q+q°%,

where the coefficients q and q° are quaternions. The quaternion q = qo + q = qo + 11 + q2j + g3k
is called the main part, and the quaternion ¢° = q§ + q° = q + q%1i + q5j + g5k is moment part.
A hypercomplex number Q constructed in this way is called a parabolic or dual dual quaternion [21,
p. 38,22, p. 124, 16, p. 66, 20].

If both quaternions q and ¢° are pure, that is, have zero scalar parts g, = pJ = 0, then the dual
quaternion Q = q+ q°¢ is also called a pure dual quaternion and coincides with the notion of a motor in
screw theory [22, p. 84, 16, p. 169]. The terms dyad, bivector [16], dual vector, and line vector [6, p. 5]
are also used. The term “bivector” is currently used in the literature to denote an object of a different

type.
A dual quaternion Q can be written as a hypercomplex number with eight components:

Q = qo + qii + @oj + g3k + qge + qfie + qyje + g3k,

with eight basis elements (1,1, ], k, , i¢, je, ke).

To define the dual quaternion product, a multiplication table for the basis elements is required. To
do this, in addition to the associativity axiom and the axiomatic relations i? = j> = k? = ijk = —1 and
€2 = 0, it is necessary to define the commutativity of quaternion imaginary units with the dual unit ¢,
that is

ie =€, je = ¢j, ke = k.
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The full 8 x 8 multiplication table for the basis elements of a dual quaternion then has the form
shown in table (5).

1 i j k | ¢ i je ke

111 i j k | ¢ i je ke

i|i -1 k —j|ie —-e ke —je

ili -k -1 i |j -ke —-eg ie

k| k j - -1|ke je —ic -—¢ ©)

e | ¢ i je ke

je | je —ke —e @ ic

0 0 0 0
ie |ig — ke —je| 0O O 0 0
0 0 0 0
0 0 0 0

ke | ke je —ie —¢

Two additional remarks are in order. Firstly, assuming anticommutativity of imaginary units
instead of commutativity leads to a contradiction. For example, if € is presumed to anticommute with
iandj, this entails commutativity between ¢ and k, since

ie = —¢i, je = —¢j = ek = ¢ij = —i¢j = ije = ke.

Secondly, it is possible not to introduce the requirement for commutativity between ¢ and i, j, k,
However, in that case, it will be necessary to write the dual unit on the left in all the relations. For
example, the dual quaternion Q will have to be defined exclusively as q+¢q°® and permutations leading
to expressions of the type ¢q°¢ must not be allowed anywhere. This rule is followed, for example,
in [16], but it complicates the calculations and does not provide any particular advantage.

Another way to define dual quaternions involves applying the Cayley-Dickson doubling
procedure [23-25], generalized to an arbitrary type of complex numbers.

The quaternion q = qo + q11 + qj + g3k undergoes transformation wherein the real coefficients
Qo> 91> 92- q3 are substituted with dual numbers Qy, Q;, Q,, Q; through the application of the doubling
procedure.

Q=Q+Qi+Qj+Qk=Q+Q Q=g +q5qq €ER, i=0,1,2,3,

where Qg — scalar part (dual number), and Q — screw part. The screw part is also called a dual vector,
a screw or pure dual quaternion. This representation will be called the dual representation. In dual
representation, all dual quaternion formulas coincide in form with the corresponding quaternion
relations, with real numbers replaced by dual numbers.

Terminological remarks. The term biquaternion covers three subtypes [20]:

- if the coefficients of the quaternion are elliptic complex numbers with imaginary uniti? = —1,
the biquaternion is called an elliptic biquaternion;

- In the case of parabolic coefficients (dual numbers with imaginary unit ¢2 = 0, ¢ # 0) the
biquaternion is called a parabolic or dual biquaternion;

- For hyperbolic complex numbers with imaginary unit h? = 1, h # 0, the biquaternion is called
a hyperbolic biquaternion.
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A dual biquaternion is sometimes called a Clifford biquaternion, and a hyperbolic biquaternion
is sometimes referred to as a Hamilton biquaternion [11]. In english-language sources, a dual
biquaternion is more commonly called a dual quaternion [10, 20]. In english version of our paper we
use the term dual quaternion and in russian version we use biquaternion as short name for parabolic
biquaternion.

The term motor is a syllabic abbreviation formed from the words mement and vector.

4.2. Operations on dual quaternions

4.2.1. Addition

Introduce two dual quaternions P and Q and write them in quaternion and dual form
P=p+pe=R+Ri+Bj+Bk=R+P.Q=q+q%=Q+Qi+Qj+Qk=0+0
Addition (and subtraction) is defined by formula:
PxQ=pxq+(P°=q°)e=R+Q+B +Q)i+BxQ)j+B+tQQk=R+Q+PxQ.
The consequence of this formula is the associativity and commutativity of addition.:
P+Q=Q+PandP+(Q+R)=(P+Q)+R,
where R is some third dual quaternion.
4.2.2. Multiplication by a number
The rule of multiplying a dual quaternion by a real number « is trivial and is determined by the ratio:
aQ = aq + aq’s = aQy + aQ.
Multiplication by a dual number A = a + a°¢ is somewhat more complicated:
(a +a®)(q + q°%) = aq + (aq® + a®q)e.
Similarly, in the dual representation Q = Qg + Qi + Q;j + Q3k, Q; = q; + qf¢, i = 0,1, 2, 3 yields:
AQ; = (a+a%)(q; + qfe) = aq; + (aqf + a®qy)e.
4.2.3. Dual quaternion product
The dual quaternion product of P and Q is defined by
PQ = (p+ p°)(q+q°) = pq + (pq° + p°qe,

where pq, pq°, and p°q are quaternion products. In dual representation the formula reproduces the
quaternion product, in which all real numbers are replaced by dual components of dual quaternions:

PQ = (R)Qo -(RQ +BQ, + P3Q3)) + B(Qyi + Qyj + Q3k) + Qo(Ri + Bj + Bk) +
+(BQ; — BQy)i+ (BQ, — BQy)j + (RQ, — BQy k.
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This expression is conveniently written in the more compact form:
PQ=RQ —(P,Q) +RHQ+ QP+PxQ,
where (P, Q) = BQ, + BQ, + BQs is the scalar product, and
PxQ=(BQ;—RQ)i+ (BQ —ARQ)j+ (BQ, —BQ)k

is the screw product of pure dual quaternions P and Q.
For pure dual quaternions:

PQ=—(P,Q)+PXxQ,QP=—(P,Q) —PXxQ,

(P,Q) = —%(PQ + Qp),p X Q= %(PQ - Qp).

4.2.4. Conjugation operations

Since both ordinary (elliptic) and dual complex numbers are present in the definition of a dual
quaternion, three conjugation operations are introduced.

- Q* =(q+ q°)* = q* + q°*c is quaternion conjugation, which can also be called complex.
- Q= q+ q° = q — q° is dual conjugation.
- Q" = (g + q%)* = q* — q°*c is biquaternion conjugation.

A dual quaternion conjugation is a combination of two other conjugations. The following properties
are valid for the introduced conjugation operations:

(PQ)* = Q*P*,QP = PQ,(PQ)" = QPT.
4.2.,5. Scalar product

Scalar product of two arbitrary dual quaternions P = p + p°ec and Q = q + ¢°¢ is determined by the
following formula [20, p. 15]:

1, .
P,Q) = E(PQ* + QP*),
where * is quaternion conjugation
PQ* = (p+ p°e)(q" +q°"¢) = pq* + [pq°* + p°q*e,
QP* = (q+ q°e)(p* + p°*e) = qp* + [qp°* + q°p”e

hence:
1 1 ) 1
(P,Q) = z(pq* +qp*) + 5(pq°* +q°p*)e+ 5(p°q* +qp°)e = (p, @ +[(p,q°) + (p°, @le.

where (p,q) = poqo+ P11+ P2G2 + P3q3, (P°> @) = P3qo+ P11 + P39z + P3q3 and (p, 4°) = poqo + P47 +
P>q5 + p3q8 are quaternion scalar products [20, p. 15], which can be written as (p, q) = poqo + (P, 9)-

If dual quaternions are written in dual representation as P = B + P and Q = Q + Q, the formula
can be written as follows:

PQ*=(R+P)Q—Q =hQ -hQ+ QP+ (P,Q) —PXQ,
QP* =(Q + QR —P) = hQy — QP+ KQ +(Q,P)-Q xQ,
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P,Q) = %(ZPOQO_R)Q"'QOP_QOP+R)Q+2(P’Q)_PXQ+PXQ)=R)Q0+(PyQ),

which results in a general formula for the dual quaternion scalar product:

3
(P.Q) = (p.q) + [(p.q°) + (p° P)e = BQ, + (P,Q) = Y, BQ;.
i=0

Some simple but important consequences can be immediately derived from the definition of the
scalar product.

- The scalar product is a dual number.

- The scalar product of dual quaternions is symmetric (P, Q) = (Q, P), since the scalar products of
quaternions are symmetric and (p, q) + [(p, ¢°) + (p°. q@)le = (g, p) + [(q, P°) + (¢°, p)]e.

- The scalar product is bilinear. So, for dual quaternions P, Q, R and dual numbers «, § the
equalities are fulfilled:

(P,aQ + BR) = a(P, Q) + B(P,R), (aP + Q,R) = a(P,R) + B(Q, R).

Indeed:

(P,aQ + BR) = %(P(ocQ +BR)* + (aQ + BR)P*) = %(ocPQ* + BPR* + aQP* + BRP*) =
- %oc(PQ* +QPY) + %/3(131{* +RP*) = a(P, Q) + B(P, R),

and the second identity follows from symmetry.
- Written in quaternion form, the dual quaternion scalar product reproduces the dual number
multiplication rule; written in dual form, it reproduces the quaternion scalar product formula.
- If P=0+Pand Q = 0+ Q are pure dual quaternions, then:

P, Q) =P +[(P.q°) + (P°. Ple,

where (p, q°) + (p°, q) = mom(P, Q) is the mutual moment of P and Q.

- If P = p+0¢, Q = q+ O¢g, then the scalar product of dual quaternions reduces to the scalar
product of quaternions (P, Q) = (p, q).

- If P = p°% and Q = q°, despite the fact that both dual quaternions are nonzero, their scalar
product turns to zero: (P,Q) = (0+ 0,0+ 0) + [(0 + 0, p°) + (0 + 0,¢°)]e = 0.

For calculations of the scalar product of dual quaternions written in quaternion form, calculations
by hand are often easier “on paper” if the terms are slightly rearranged.

(P,Q) = (po + P + pge + P%, qo + 4 + qoe + q°) = poqo + (P, @) + [Poqf + (P, 4°) + P3qo + (P°, De,

which leads to:
(P, Q) = poqo + [Poqs + P3dole + (B, @) + [(P. q°) + (P°, P]e. (6)

The concept of orthogonality of two dual quaternions can be introduced as follows: two dual
quaternions P = p + ep® and Q = q + €q° are called orthogonal if (p, q) = 0, which is equivalent to the
condition of orthogonality of their main parts.

Consider a special case of basis quaternions, for example, P = i and Q = j, then, according to
formula (6), hence

(P,Q)=0-0+[0-0+0-0]e+(1,j)+ [(i,0)+ (0,j)]le = (i,j) = 0.
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All members of the formula are specifically listed here to demonstrate how the symbols work. The
result is the orthogonality of the basis elements i and j.
Now let P = ic and Q = j, then

(P,Q)=0-0+[0-0+0-0]c+(0,j) + [(0,0) + (ic,)]e = (i,j)e* = 0.

In the same way, it is possible to prove the mutual orthogonality of the basis elements
<15iajak5£,if,j£,k5>.

4.2.6. Absolute value of a dual quaternion and angle between dual quaternions
The squared absolute value of a dual quaternion is defined by:
Q= (Q.Q) = QQ",
hence the following
QI* = QQ* = (g + 4°e)(q* + 4°*e) = qq* + (aq”* + 4°q")e = lal” + 2(q. ¢")e.

where (g, q°) is the quaternion scalar product of g and g°. It can be seen from the resulting expression
that the square of the absolute value |Q|® is a dual number.
The absolute value of a dual quaternion Q is obtained by taking the square root of the dual number

Qs
01=VQ@ =/ laf* + 2(q.a0% = lal + L8e = g |(1+(q"”)

lqI®
in accordance with formula (1) for the square root of a dual number.
The following consequences can be proved.
- [PQ| = |PI|Q] Tak xax (PQ,PQ) = (PQ)(PQ)* = PQQ*P* = P|QI"P* = |QI’PP* = |Q’|P|” hence,
the desired equality is obtained.
- For any three dual quaternions P, Q, R the following equality holds

(PQ.PR) = |PI*(P, R),
which follows from
(PQ,PR) = %(PQ(PR)* + PR(PQ)*) = %(PQR*P* + PRQ*P*) =
= P%(QR* +RQ*)P* = P(Q,R)P* = |P*(Q.R).

The scalar product of the main and moment parts (g, q°) is called the invariant of the dual quater-
(g 4 ) .

nion [16, p. 71], and the real number k = is called the parameter of the dual quaternion. The
absolute value can then be written as |Q| = |q|(1 + ke).

For a pure dual quaternion (motor) Q = q+ q°¢ the parameter k =

I| H
product of the vector q with its moment ¢°. If (q, q°) = 0, the motor is called a screw. More details of

this type of dual quaternions will be discussed below.

Note that the expression for the dual quaternion modulus loses its meaning if the absolute value of
the main part is equal to zero |q| = 0, since in this case the denominator of the fraction turns to zero.
The existence of a singularity at a nonzero value of the square of the absolute value distinguishes
a dual quaternion from an ordinary quaternion. The square of the module retains its meaning.
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Using the scalar product, the cosine of the dual angle between two dual quaternions is defined by:

®. Q)
IPlIQI”

Here cos © is a dual number, and, hence, O is also a dual number. The geometric meaning of this
angle is discussed later, and note that for pure dual quaternions, the formula takes the form:

cos £(P,Q) = cos O =

(P,Q) _ (.9 +mom(P,Q)
P[] PQ '

cos® =

Unlike QQ*, the products QQ and QQ' are not dual numbers. Consider QQF
QQ" = (q+ ¢°)(q" + ¢°*¢) = qq* + (¢°q* — qq°")e = |q|* + (¢°q" — q3°")e,

q°q" — qq°* = q5q0 — 989 + 909° — 4°d — qoqs + 9°q° — qqg + qq° = 2(q0q° — q5q) + 29 X q°,
QQ" = |q” +[2(q0q° — q3q) + 29 X ¢°e.
For Qaz

QQ = (q+q°)(q—q°) = ¢* + (¢°q — qq°)e = % + 29° X q¢ = @} — (9. Q) + 2qoq + 2q° X Qe
4.2.7. Screw product

The screw product [22, p. 102] is defined only for pure dual quaternions and coincides with the vector
product of vectors with dual components. For P = p + p° and Q = q + q° are two pure dual
quaternions, then

PxQ=pxq+(pxq’+p°Xxqk.

For dual representation, the screw product formula has already been written above, but it can be
rewritten in a more compact form using a formal determinant:

i ok
PxQ=|p p B|=BQE-RARQ)I+{BQ —AQ)+(HQ-BQk
QA Q& @

The operation X can be extended by setting « X P = aP, for « € R. This extension allows for more
compact notation in some formulas.

4.2.8. Unit dual quaternion and trigonometric representation

A Unit dual quaternion, is a dual quaternion U = u + u°¢ satisfying (U, U) = 1 or |U| = 1, which is
equivalent to u|? + 2(u, u°)e = 1, so |u| = 1 and (u, u®) = 0. Therefore, a unit dual quaternion has zero
parameter and zero invariant.

From (PQ,PR) = |P|2(P, R), multiplication of two dual quaternions by a unit dual quaternion
preserves their scalar product: (UQ, UP) = |U|2(P, Q). Consequently, the dual angle © between dual
quaternions is preserved.

Consider a unit dual quaternion U in dual representation:

U=U+ Ui+ Uj+ Uk U=u+ule, i=01,23, [U’=0U+|U=1
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By virtue of the fundamental trigonometric identity sin® © + cos? © = 1, which is also true for dual
numbers, there is always a dual angle © such that

Ug =cos?0,||U)* =sin@= U2+ |U|* = 1.

The screw part U of the dual quaternion U need not be a unit pure dual quaternion, but it can be
normalized: U U U
U = |[U)|( =i + =) + =k
(o * 1o * o
rge E is a unit pure dual quaternion (a unit screw).
Thus, any unit dual quaternion U = U, + Uji + U,j + Usk can be written in trigonometric form:

) = IU|IE = sin GF,

U=-cos®+sinOE, E=Ei+Ej+Ek |E|=1,

where the dual angle © is also called the dual argument of the dual quaternion.
An arbitrary dual quaternion P can always be decomposed into the product of a modulus and a unit
dual quaternion as follows:

_ _ A T | 4 A .
P=R+P= |1>|(m + m) = |P|<|?I + WE) = [P|(cos © + sin @F),

where cos2@ = (B/|P|)? and sin’ @ = (|P|/|P|)?, and the unit dual quaternion cos ® + sin OF is
sometimes called the versor of the dual quaternion P, and the modulus |P| is called the tensor (this
term will not be used).

4.2.9. Dualization Operation

Introduce an algebraic operation closely related to the principle of duality in projective geometry.
This connection will become apparent later; here only algebraic properties are considered.
Define the dualization operation + acting on the basis elements by

1" =¢get =1,
it =ig,(ie)t =1,
i* = jeGo* =,
kt = ke,(ke)t = k.
Additionally, linearity is required: (P + Q)* = P* + Q*. Then:

Pt =(p+ p°e)* = p° + pe.

The scalar product of a dualized dual quaternion with itself is given by:

(P*,P*) = |p°* +2(p, p°)e.

5. Dual quaternion representation of points, lines and planes

We consider the three-dimensional projective space PR* modeled by the four-dimensional Cartesian
space R* (see article [26]). In this space, each point can be defined by homogeneous coordinates
(x,¥,z | w), also written as x : y : z : w. The fourth coordinate w is called the weight coordinate or
weight. All points are divided into two classes:
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proper points are finite points for which w # 0, corresponding to affine points P with coordinates
(x/w,y/w, z/w);

improper points are points at infinity for which w = 0, corresponding to free vectors specifying
direction v = (vy, Uy, U,)-

The German mathematician A. Mobius (Mdbius, August Ferdinand, 1790-1868) introduced

a mechanical interpretation of homogeneous coordinates by associating the fourth coordinate not

with spatial dimension but with the mass of a point, i.e., an additional attribute inherent to each

point in space. Such a point is called a mass point [27]. Further, for brevity, we will refer to a point

with non-unit w coordinate as a mass point, and a point with unit w coordinate as an affine point.

5.1. Quaternion representation of points

To each mass point B, with coordinates (x, y, z | w) we assign a dual quaternion of the following form:
P=p+p’ce=w+p°%, p=w+0, p°=p°=xi+yj+zk

The scalar part of the quaternion p consists only of the scalar unit, and the vector part p° is pure
and corresponds to the radius vector of the point p° = (x, y, z)T. Here we write the radius vector with
the symbol o to emphasize the dual quaternion representation. This symbol in this context does not
carry any additional geometric meaning.

To each mass point P, corresponds an affine point with coordinates P = (x/w, y/w, z/w) or in dual
quaternion representation:

1 . .
P=1+—p°£=1+£1£+ l_]8+ 2 ke.
w w w w

If w =1, then we get P = 1 + p°.
Free vectors or improper points, which specify direction in space, can also be represented in dual
quaternion form as
V = ve = v,ie + vyje + v ke.

This is a specific pure dual quaternion V with zero vector part but non-zero moment part.
If given two points P and Q, then the free vector PQ, which specifies the direction from point P to
point Q, can be calculated using dual quaternions as follows:

PQ=Q—-P=1+q%—1-p°%=(q°—p°e.

The notations of quaternions well agree with the notations of points and vectors, so from now on
“point P” should be interpreted as “dual quaternion P associated with an affine point”.

Note that the dual quaternion O = w + 0 + (0 + 0)¢ = w is associated with the point of the origin
(0,0,0 ] 1), so for any point P we can write P — O = 1 + p° — 1 = p°¢ and geometrically interpret the
result as a free vector p°. This way of denoting free vectors is accepted in the book [20], however, in
our opinion this notation is too cumbersome and we will introduce a more compact notation. We
will say that to each point P = 1 + p°¢ corresponds a pure dual quaternion P = p°e which specifies
a free vector, which, when plotted from the origin, will set the point P. The last sentence algebraically
expressed in the notation P=0+P=1+P.

. . e 1 .
If given a mass point B, = w + p°, then it will also correspond to a free vector P = Ep”s, which,

when added to the dual quaternion O = 1, will again give an affine point P =1 + %pos, which can
then be converted into a mass point by multiplying by w:

w
wP=Pw=w+Ep°£=w+p°z.
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Any dual quaternion B, representing a mass point, when multiplied by a real number m will
represent the same affine point as before multiplication, because

mP, = mw + mp°e & P = wm/wm + mp°e/mw = 1 + p°/w.

From this it follows that the dual quaternion representation of an affine point is homogeneous, which
is consistent with homogeneous coordinates x : y : z : w.

5.2. Operations over points

By associating an algebraic object with a point, we will explain the geometric meaning of some dual
quaternion operations. In most cases we will give the geometric interpretation to an affine point,
even if the calculations were performed over a mass point.

If given an affine point P = 1 + p°¢, then the conjugation operations have the following meaning:

- P* =1 — p° s central symmetry relative to the origin;

- P =P* =1-p°%isalso central symmetry;

- P' = Pisidentity transformation.

The dual quaternions B, = w; + p° and Q, = w, + p° commute under dual quaternion
multiplication:

B,Qy = (wy + p°e)(w, + p°e) = wyw;, + (W1q° + w,p°)e,
QuR, = (W, + p%e)(w; + pe) = wow; + (W,p° + wiq°)e.

Therefore B,Q,, = Q,B, = wyw, + (w,p° + wq°)e and PQ = 1 + (p°/w; + q°/w,)e. The result of
multiplication gave an affine point in Cartesian space, the radius vector of which is the sum of the
radius vectors of the two multiplied points.

If we perform the addition of dual quaternions B, + Q,, = w; + w, + (p° + q°)¢, then the geometric
meaning is only for the sum of affine points (P + Q),, = 2+ (p° + q°)¢, therefore P+ Q =1 + @s
is the midpoint of the segment PQ.

Let’s find the scalar product of two mass points B, and Q,,

(By, Q) = (w1 +0+(0+p°)e, w, +0+(0+q°)e) = wyw,+[0-0+0-0]e+(0,0)+[(0,q°) + (0, p°)]e = wyw,,

From this it follows that the square of the module of a mass point and an affine point:

Note that the module of a dual quaternion gives the value of the weight coordinate, not the length
of the radius vector. However, using the dualization operation, we can obtain the radius vector of
a point:

[Bul® = [p°1° +2(1 40,0+ p%)e = [p°* = [p°I,

And also the norm of a free vector V = ve as [V*| = |v]|.
5.3. Dual quaternion representation of planes

To uniquely define a plane as in three-dimensional Cartesian space and in three-dimensional
projective space, it is sufficient to define a linear equation of the following form:

nex+nyy+n,z+d=0< (n,p)+d=0,
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Where p = (x,y,z)T is the radius vector of an arbitrary point of the plane, n = (n,, ny, n;) is the
direction vector of the normal to the plane, not necessarily unit, and d is a parameter whose geometric
meaning is revealed by the relation d = §||n||, where § is the directed distance from the plane to the
origin.

The unit normal vector will be denoted as n. With its help, the equation of the plane can be written
in the simplest form: (n, p) + § = 0. However, we also note that any vector n = knand parameter
d = 8|n| = k& will define the same plane as the pair [n| §].

The plane given by the pair [n | d] has the following dual quaternion representation:

II=n+n°=n+de thatisn=0+n, n°=d+0,

In this case, in accordance with the reasoning of the previous paragraph, the dual quaternion
kII, where k € R corresponds to the same plane as the dual quaternion II. In other words, the
dual quaternion representation is homogeneous and for any dual quaternion we can perform
normalization:
~ 1 n d .
=-—I=-—+ -—e=n+0¢c
[l [l [n

Let’s calculate the module for the plane dual quaternion IT:
\[T)> = IIT* = (n + de)(—n + de) = —nn + dne — dne = d%* = —(—(n,n) + n X n) = |n|* = |1I] = |n].

The module |I1| allows us to obtain the length of the normal vector of the plane, so the normalization

process can be written as:
= % =n+ .
From this it follows that the dual quaternion IT is a unit dual quaternion.
Note that unlike the module of a point, the module of a plane dual quaternion equals the norm of
a vector, not a scalar parameter. As in the case of a point, applying the dualization operation and
calculating: ,
|

T+ = |d + ne|* = d? = |[T*] = d.

Now the module of the dual quaternion equals the scalar parameter. This is easily explained by
the fact that when applying the dualization operation IT* we get the dual quaternion d + ne, which
exactly corresponds to the dual quaternion representation of a point with a weight coordinate d and
radius vector n. This is an algebraic expression of the fundamental principle of duality of projective
geometry.

Let’s prove a simple but important statement. The point P = 1+ p°c belongs to the plane IT = n+de
if and only if the equality:

(P,IT) = 0. 7

To prove this, we use the formula (6) for calculating the scalar product:
(P, I)=1-0+[1-d+0-0]e+(0,n) +[(0,0) + (p°,n)]e = (d + (p°, m))e,

From this it follows that the condition (P, IT) = 0 is equivalent to the condition d + (p°,n) = 0, i.e.,
the point P satisfies the equation of the plane and therefore belongs to this plane.

Let’s also prove that if a point P = 1 + p°c and a vector n are given, then the plane with the normal
vector n, passing through the point P, is given by the following equality:

II=n-(P,n)
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The scalar product of two dual quaternions is understood as follows:
Pn)=(1+0+(0+p°)e,0+n+(0+0))=1-0+[(p°mn)+(1+0,0+0)]c=(p° n)e.
Let’s also calculate the scalar product (P, (P, n)):
(P,(P,n)) = (P, (p°,n)c) = (p°,m)(P,&) = (p°,n)((1 + 0,0 + 0) + [(p°,0) + (1 + 0,1 + 0)])e = (p°, n)e.

Now we subtract (P,n) — (P,(P,n)) = (P,n— (P,n)) = (p°,n)e — (p°, n)e = 0 from where, according
to condition (7), it follows that the expression n — (P, n) must be a dual quaternion representing
a plane, because the point P belongs to the plane by the condition of the problem.

The condition (7) also allows us to prove that if two points P and Q belong to a plane, then the free
vector PQ also belongs to it. To prove this, we need to calculate

We also show that the projection of the origin O onto the plane IT is given by the point O’ = 1 + ne.
This is obvious from the above reasoning, but we will prove it using condition (7). We write:

(0,I1) =(1+0+(0+6m)e,0+ 0+ (d + 0)) =
(14+0,0+n)+[(1+0,d+0)+(0+5m,0+mn)|e =0+ [d + 5(n,m)]e.

Now the condition (O’, IT) = 0 is equivalent to d + 6(n, ) = 0 or d = §||n||(n; ) = §||n|, but this is
the geometric meaning of the parameter d, so the point O’ indeed belongs to the plane.
Let’s prove another formula. There are 8 possible mutual arrangements of three planes:

II; = n; — (p?, n)e, i=1,2,3.

One of these arrangements is the intersection of the planes in a single point. The dual quaternion
corresponding to this point can be calculated by the formula [20, p. 23, 28, p. 56]:

P

-1+ (ny, B)n, X n3 + (ny, B)n; X ny + (03, B)n; X n,
(ny,n,,n3)

To prove this, we need to use the same condition (7) of belonging of a point to a plane by sequentially
multiplying P by IT,, IT,, II; and verifying the condition.

A line, or more precisely an axis (a line with a specified direction on it) is represented by a pure
dual quaternion of the following form:

The coordinates of the Pliicker line, which are the six components {v | m} = {v,, vy, v, | my, my, m,},
were introduced by the German physicist and mathematician Julius Pliicker in a way that is completely
unrelated to dual quaternions. The condition (v,m) = 0 was also obtained by Pliicker and is known
as the Pliicker condition.

A straight line, or rather an axis (a straight line with the direction indicated on it) is given by a pure
dual quaternion of the following form:

L=v+meg,

with the mandatory condition (v,m) = 0. The vector v = v,i + v,j + vk is the guiding vector of the
straight line, the vector m = m,i + m,j + m;k is called the moment of the straight line.

Using the dualization operation allows us to rewrite many formulas in dual quaternion notation.
For example, let’s say we have a dual quaternion point P = 1 + pe¢ = 1 + P and a pure dual quaternion
representing a free vector V = ve. We define the moment of the line passing through the point P in
the direction V by the following formula:
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This formula completely coincides with the vector definition of the moment. This notation allows
us to define the dual quaternion form of a line as the sum of

M=PXxVI=0+0)XO0+v)+[(0+0)x(0+0)+(0+p) X (0+V)]ec=pXve=me.
The last form of writing will be valid if we additionally put & X V* = aV*, where « € R
L=V*+M=V*+PXVt=(1+P)XV*=PxV.

The points of a straight line can be calculated using a parametric representation of a straight line

in dual quaternion form:
vXm
P(t)=R)+VtE, H)=1+WE.
v

The nearest point to the origin on the line is calculated by the formula:

vm

—.
vl

Po =

The dual object to a line is another line: L* = (v + me)* = m + ve = M* + V, which is consistent
with the principle of duality of projective geometry.

Since a line is represented by a pure dual quaternion, we will say not about the module, but about
the norm of a pure dual quaternion. We calculate the norm of the line L = v + me having in mind the
Pliicker condition (v,m) = 0.

LL* = —(v+me)(v+me) = —(VV+vme+mve) = —(—(v, v)+vxv—((v, m)+v><m—(m,v)+m><v)£) =

2 2 2 2
= —(=[vl" = 2(v,m)e) = |v|* = LL* =|L|" = |v]".

The normalization process for a line reduces to dividing the vectors v and m by the norm |jv|.

5.4. Calculation of distances

For dual quaternions representing points B, = w + pg, lines L = v + em and planes IT = n + de¢ we
have found formulas for their scalar products:

(BpBy) =w?, (LL)=|v|’, (LI)=|n|’.
Now let’s find the scalar products of the dual objects
BE B =Ipl>, @*L*)=|m|? @I+ 00*)=d>

It turns out that the formulas for calculating the distance § from the origin O to the point B, the
line L and the plane IT will have the same form for each of these objects:
L]

_ IR _ _

|IT*]
)

6. Results

The main results of the work are summarized in several tables.
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- In the table 3, the notation of points, vectors, lines, and planes from different geometries is
compared: Euclidean, projective, and dual quaternion representations of projective geometry.

- Table 4 is the main result of our work. The table from the book [29] was taken as a basis (a
shorter version of it is also in the book [30]), which has been completely rewritten in the dual
quaternion formalism.

- Thetable 5 contains formulas for normalization of dual quaternions representing points, vectors,
lines and planes.

- The table 6 contains a summary of terms that actually refer to the same geometric entity.

As far as the authors can tell, most of the formulas from the table 4 are original results and are not
found in publications, although their vector and geometric algebra variants are known.

6.1. Tables

Table 3
Comparison of algebraic representations of points, lines and planes
Geometric Biquaternion Homogeneous Three-dimensional
object representation coordinates Cartesian space
Affine point P=1+pe,
p=xi+yj+zk pP=@ID=xyz|l p=(xy2"
1
Point mass P=w+pe p=p@lw=0xyz| p=&wyw,z/w)
w)
Vector V =ve,
V=04 +0yj + 0k V. = (v | 00 = v=(,0,0)"
(Ux, Uy, Uz | 0)
Line L=v+me f:{v|m} p(t) = po + vt
- 2
p=(xm|[v|])
Plane IT =n+de, " =[n|d] ax+by+cz+d=0
n = n,i+ nyj +ngk
Table 4

Summary of biquaternion formulas for points, lines, and planes

Formula Description
A (Qu—B)T+PxQt Line through two point masses B, and Q,,
B (Q-P)r+PxQ* Line through two affine points P and Q
C Vit 4+PxV* Line defined by free vector V and affine point P
D P—-0)t+0¢ Line through the origin O = 1 and point P

Continued on next page
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Table 4

Summary of biquaternion formulas for points, lines, and planes (Continued)

Formula

Description

W

X

(V¥ X P— wM)* — (L*,B,)
(V+ x P)* — (L*, P)
(VH x U)* — (L*,U)

M
I, X I,
L* X IT* — dM* — (IT*, L)
P xII — (P, IT*)*

(V x II)* — (IT+,L*)
(VX P)* — (L,P)

(L,L) + (L X L*)*
(IT, IT*) — IT X IT*
(L, LY)* +L* X L

(P,P*) — P x P*

|Pw|Qw — |Qw|Pw
(By» Qu)
(L1, Ly)*|
Ly X Ly
By X L)
| By IL]
L]
L
|UT, Ry)™|
| Byl 1]
[T}
|1
RS |

|Ro|

Plane containing line L and point mass E,,
Plane containing line L and affine point P
Plane containing line L and free vector U

Plane containing a line and the origin

Line of intersection of two planes

Point mass of the intersection of line and plane

Line through the point mass B,
perpendicular to line L

Plane containing line L,
and perpendicular to plane IT

Plane containing point mass B,
and perpendicular to line L

Point mass on line L, the closest to the origin
Point mass on plane IT, the closest to the origin

The farthest plane from the origin
containing line L

The farthest plane from the origin
containing point P

Distance between point masses
Distance between lines

Distance from line to point mass B,
Distance from line to the origin
Distance from plane to point mass B,
Distance from plane to the origin

Distance from point mass to the origin

Remark: Point mass B, = w + pe, affine point P = 1 + pe, free vector V= vg, lineL = v+ me = V¥ + M,
plane IT = n + de.
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Table 5
Normalization of points, lines, and planes

General form Normalized form

. N E 1
Pointmass P, =w + pe P=|—w|=1+aps
w
. N L
Line L=v+me L=—=—+ —¢
Il vl vl
~ 1T n
Plane II=n+de = —=7—+—¢
[ nf| " |nl
Table 6
Correlation of terms of different geometries of space
Affine point Vector Point mass Pure Biquaternion
- finite point - point at infinity - finite point - screw with zero
- proper point - improper point withw # 1 parameter
- position vector - free vector - quaternion - dual vector
- bound vector - direction vector with qg # 1 - dyad
- vector point - pure quaternion - null system
- quaternion
withgy =1

7. Conclusion

We have consistently outlined the basics of the algebra of dual numbers, quaternions, and dual
quaternions. We have considered the dual quaternion representation of points, lines and planes. The
issues of using dual quaternions to describe helical motion were beyond the scope of consideration.
We plan to consider these issues in the future. The topic of using dual quaternions to describe helical
motion is voluminous, since almost all publications on the topic of dual quaternions are devoted to it.
This is because this area is the main, if not the only, application area for dual quaternions.
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BUKBaTepHUOHHOE NpeACcTaB/ieHNe ToUYEeK, NPAMbIX
U NJIOCKOCTEMN

M. H. TeBopksin!, H. A. BuwHesckuitl, K. B. inayck?, A. B. KoponbkoBsal, I. C. Kyns6os'2

L Poccuniicknii yuueepcuTeT apyx6bl Hapoaos um. MaTpuca Jlymym6bl, yn. Muknyxo-Maknas, a. 6, Mocksa,
117198, Poccuinckas depepavus

2 06beMHEHHbIN MHCTUTYT SAEPHbIX UCCNefoBaHwii, yn. Xonvo-Kiopu, a. 6, y6Ha, 141980, Poccuiickas
depepaymsa

AHHoTauus. IIpednocviaku OCHOBHas Macca paboT 1o GMKBaTePHHUOHAM, IIOCBSIIEeHa UX NPUMEHEHUIO AJI
OIMCaHUs BUHTOBOTO /IBIDKeHN. [IpeZicTaBIeHUIO C UX IIOMOIIIBIO TOUEK, IPSIMBIX U IIJIOCKOCTEH (IIPIMUTHUBOB)
yAenseTcs Majuo BHUMaHUA. [[env Heo6X0AMMO [OC/IE0BATENbHO M3I0KUTh OUKBATEPHUOHHYIO TEOPHIO
[peZicTaBIeHUs IPUMUTHUBOB U ZopaboTaTh MaTeMaTHuecKuit popmannsm. Memodut VicrionbsyeTcs anreGpa
AyaJIbHBIX YMCeJl, KBATEPHUOHOB M OMKBAaTEPHUOHOB, a TaKXKe 3JIeMEeHThl TEOPUU BUHTOB U CKOJIB3SIINX
BEKTOPOB. Pezyavmamet IToydeHbl M CUCTEMAaTU3UPOBAHEI (POPMY/IBI KOTOPbIE UCIIOIb3YIO UCKIIUUTENbHO
OGUKBaTepHUOHHBIE Ollepaliy 1 0003HAYeHNs [JIs1 PellleHUsI CTaHAaPTHBIX 3aZad TPEXMEePHOI reOMeTpUH.
Bu1800b. BUKBaT€PHUOHBI MOTYT CJIY’KUTb ITOJHOLIEHHBIM GOPMaTN3MOM anrebpandecKoro npejcTaBleHus
TPEXMEPHOT0 IIPOEKTUBHOTO IIPOCTPAHCTBA.

KniouesBblie cnoBa: AyaJlbHbI€ YMCJla, KBATEPHNOHBI, JyaJlbHbl€ KBATEPHNOHBI, IIPOEKTHBHOE IIPOCTPAHCTBO



