KAJIHUH P. B., JAJJOHKHUHA M. E., MACST'UH B. ®., TULLIKUH B. ®.
O IPUMEHEHWMH PA3PBIBHOI'O METOJIA TAJTEPKUHA JIJISI PEHIEHUA 3ATAY
OTHO®A3ZHOU ®UJILTPAIIUN B AHU3OTPOITHBIX CPEJAX!
AHHOTanus. B crarbe onucaHa yuciIeHHas METOOUKA JJIs perieHust oaHoda3zHol 3amadu
HEeCTallMOHAPHON (UIIBTPALIMU KUJIKOCTH B aHM30TPOITHOM cpefie Ha ocHOBe MeTona ['anépkuna c
paspbIBHBIME  0a3uCHBIMM (YHKIMSMU Ha HECTPYKTYpPHpPOBAaHHOW ceTke. YucineHHas cxema
paccMaTpuBaeTCcsi Ha TMpHMEpPE HAYAIbHO-KPAcBOW 3amavd JJIs ABYMEPHOW 3amadd OJHO(A3HOM
¢bunbTpanuu. Pe3ynbTaThl pacyeToOB TECTOBBIX 3aJady IMOKa3bIBAIOT XOPOUIYI0 TOYHOCTh
MpejaraéMoro MeToja.
KiroueBble cjioBa: HecTtanmoHapHas (QWIBTpAIKs, YpaBHCHUs Napa0OJUYecKOro THIIA,

TpEyroJIbHbIE CETKH, pa3pbIBHBIN MeTox ["anépkuna.

ZHALNIN R. V., LADONKINA M. E., MASYAGIN V. F., TISHKIN V. F.
APPLICATION OF DISCONTINUOUS GALERKIN METHOD FOR SOLVING
ONE-PHASE FILTRATION PROBLEM IN ANISOTROPIC MEDIA

Abstract. The article considers the application of discontinuous Galerkin method for one-
phase filtration problem in anisotropic media. For the numerical experiment the initial-boundary
problem for two-dimensional one-phase filtration is chosen. Calculations of the modeling problems
demonstrate a high degree accuracy of the offered method.

Keywords: unsteady filtration, parabolic equations, triangle grid, discontinuous Galerkin

method.

1. IlocranoBka 3axaumn

PaccmoTpuM B 00111eM ciydae GUIBTPAIMIO KUAKOCTH B aHM30TPOIHOM cpene. B padote [4]
ObUIO TOKa3aHO, YTO aOCOJIIOTHYIO IMPOHHUIIAEMOCTh MOYKHO IPEICTaBUTh KaK TEH30p BTOPOTO
paHra, ero CBepTKa C TPaJUCHTOM JaBIIEHUS — €CTh CKOPOCTh (UIBTpAIMH, C TOYHOCTHIO [0
MHOKHUTENS (BSI3KOCTh JKUKOCTH):

kij op

=0 1
s €

rae K; — TeH30p NPOHHUIAEMOCTH.

! Pa6ota BeImoONHEHA IIpU puHAHCOBOH Hoanepkke PODU (mpoext 14-01-31260 mon_a).
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YuuteiBas ypaBHEHHE HEPa3pbIBHOCTH IS JKUAKOCTH B mopucroit cpeme [2; 5] u (1)

MOy YUM:

K.
alpm) o f ki), @)
ot OX; U 0X;

rae p — [aBJICHUE, m:m(p) — IIOPUCTOCTb, p = p(p) — IUIOTHOCTb JKMIKOCTH, W —
pacupeneneHHbl UCTOYHUK Macchl. [IyCcTh IIIOTHOCTB KUAKOCTM M IIOPUCTOCTH CBS3aHbI C

10 om
JIABJICHUEM CJIEAYIOIIUMU COOTHOLICHUSIMU: 9P _ const=C,, 8_ =const=C, , rue Cf , Cm -

pop
koahdunmenTsl u3orepmMuueckor ¢GunpTpanuu. Torma ypaBHeHue (1) MOXHO TmepenucaTh
OTHOCHTEIJILHO JaBiieHuii [6]:
op 0 op

,U(Cm"'mcf)a_& i oy =W. 3)

VYpaBuenue (3) sBasieTcss B 0OIIEeM ciydyae HEITWHEWHBIM B CBSI3U C 3aBUCHUMOCTHIO

IOPHUCTOCTH OT [AaBJICHHA, OAHAKO B [6] IIOKa3aHoO, 4YTO €CJIM B KadYCCTBC IOPUCTOCTU

paccMaTrpuBaTh MOPUCTOCTh MPH HAyalbHOM IIJIACTOBOM JIaBJIEHUU M, KOTOpas HE 3aBUCUT OT
JIABJICHUS, TO 3TO HE BHECET OOJILIINX MOTPEIIHOCTEN, a ypaBHEHHE (3) CTAHOBUTCS JTMHEWHBIM.

op O op
C +m.C,)——-——|ki— [=w. 4
,U( m 0 f)ﬁt 8Xi ij an ( )

I[aHHOG YPaBHCHUEC MPUHATO HA3bIBATH YPABHCHHUEM IIbC30IPOBOJHOCTH. OHO OMHUCHIBAET
M30TEPMHUUYECKYIO QUIIBTPALIUIO OJTHO(DA3HOM KUIAKOCTH HA YIIPYTOM PEXUME. Y paBHEHHE, BIIEPBbIE
MOJIyYEHHOE JIJIsl OJJHOPOTHOTO ciiydast B [6] 1m0 BHIy COBMAJaeT ¢ ypaBHEHHEM, OMHCHIBAOIIHUM
pacnpocTtpaHeHue Temia. Knaccudeckue  MOJENM  MHTEPHPETALMH  THAPOJAMHAMHUYECKUX
UCCIICIOBaHHI CKBAXKUHBI [7] CBSI3aHBI C PEIICHUEM UMEHHO 3TOTO YPaBHEHHUSI.

2. OnncaHue YHCJIEHHOTO AJIrOPUTMA HA OCHOBE Pa3pbIBHOT0 MeToaa ["anépkuna

3ajanuM MHOXECTBO TOYEK @), ={Pi =(Xi,yi,zi),i=1,2,...,N} B o0jacTH pacyeTa,

KOTOPOC COACPKUT BHYTPCHHHC U T'PAaHHUYHBIC TOYKHU o0JacTH. I[HH a)p MMPOU3BCACM

TPUAHTYIISAIUIO Jenone: T(a)p) ={T, :T(Tkl,Tkz,Tf),Tkl,Tkz,Tk3 ea)p,k =12,...M}.
B Ttpeyronbhuke T, ¢ BepmMHAMU B TO4kax T, : {Xl, A }, T :{XZ, Y, }, TS {Xg, y3} OIIpeeIuM

mentp (X, Y, ): X, =%' Y, =W.



[Ipou3BoaHBIE BTOPOTO MOpsiAKA HE MOTYT OBITH COIVIACOBaHbI HANpPSMYIO B Ci1aboii
BapHAIIMOHHON (OPMYITUPOBKE, UCIIOIB3Ys MTPOCTPAHCTBO PA3phIBHBIX (GyHKIUH. Cle10BaTeNbHO,
Ui pemieHust ypaBHeHHs (4) C mOMOIIBI0 pa3pbiBHOro Merona [anépkmra [3] BBemem

BCIIOMOTaTeIbHbIE TIepeMennbie [9]:

0, = —(kxx P +K @}

ox Yoy
op op
Wy = _(kyx & + kyy Ej’

Torna ypaBaenue (4) MOXKHO Mepenucarh B BUE:

op op
o, = _(kxx & + kxy 5} (5)

op op
C()y = _(kyx & + kyy a—yJ

B kax1oM TpeyroipHuke T, eT(a)p) npubmwkennoe perrenue (5) OyaeM uCKaTh B BUJIE

IPOCKIIMM [P MU BCIIOMOIaTCIbHBIX NEPEMEHHBIX Ha MPOCTPAHCTBO ITIOJJMHOMOB Pl(X, y) nepBoﬁ

—F X=X Y—=Y.

CTeNeHu B Oa3uce {@i}e PY, i=02 ¢,=1 ¢ = Q, = , T7ie (XC, yc) — LEHTP

TpeyroipHuka T,, AX, Ay — IPOEKIIMH TPEYTroJbHIKA Ha OCH KOOPIUHAT.

B kaxmoil sueiike nuHeilHas KomMOuHanus 0a3ucHBIX (QYHKIUN OyoeT omnpenensiTh

peuieHue:

X=X, — e s A9
Pc = Pox plk( Ax )+ Pax (yAyy )1pik = pik(t)v (X, y)eT,,i=0.2,

Wy = Dy + Oyyy (X_—XC)"'a’xzk (y;—yyC)1 Wyix = Oy (t)’ (X,y)eT,,i=0,2

X —X - R
Wy = Oyo + Dy (TC)”L’m (yA_yyc)’ Wy = a’yik(t)’ (x,y) €T, =02,

OmnpenennM KOIQPHUIMEHTB PA3NOKEHUST Py, @y, @, W3 YCIOBUS OPTOrOHAIBHOCTH

HEBSI3KU MPOOHBIM QYHKIHSIM @; Ha KaxaoM Tpeyrosbauke T, [10]:

2
[ﬂ(Cm +m,C, )]k Zag—tn(fgoi(pmdS + j:nxa”)x(pmdl + §ny(?)y¢)md| - wak %ds _
=0 T oy T, T,

(6)

- '[a)yk ag;m ds = IWk¢mdS, m=0,2

Tk Tk



2

wa.kjco.comds—— fr.k,, podl - fn k, pp,di+ [ p, —kx;‘”m)dwjpk —a(kgf”m)ds,

=0 Tk oTy aT, T, T
m=02, @)
y oK, ) ok, o)
Zwy.kI¢,¢mdS— §nx PPl — §ny yyp(pdeJrJ-pk a—dS Ip éyy ds,
Ty Ty Ty T,
=02 8)

[ToTOKOBBIE 3HaUEHUS BEIMYMH HA TPAHULE SIYEUKHU MTPEAJIaracTCsl BBIYMCIISITh aHAJTOTUYHO
TOMY, KaK 3TO CJIEJIaHO JJIsl YpaBHEHHs TEIUIONPOBOAHOCTHU [8§], MCIONB3ysl CTAaOMIM3UPYIOIIUE
no0aBku. JJi BBIYMCIEHUS IOTOKOBBIX 3HAUEHUIH BHYTPHU PAaCUE€THOM 00JIaCTH UMEEM:

aA)X(erva) P o, ’n):@_cl(w_p_)nw

+ _
Ct)y +Cl)y

d)y(p+’a)y+’ p_’wyi’n): —Cl(p+ - p_)ny’

Ha TpaHUIle pacueTHOI 061acTi Opaliuch CIeIyIOIINe 3HAYCHUS:
+
(p C() ,n)= X ( g)nxa
0", )0} ~Clp ~oh
a)yp,a)y, =0y~ Ci\p -9 y
pP=4a,
rae p ,o,,®, — 3HAYCHUS BEIMYMH M3 SYCHKH, JUIL KOTOPOHM HOpMaiab N sBISIETCS

BHYTpEHHEH, P, @) ,; — 3Ha4YeHUs BEIMYMH W3 s4YelKu, AT KOTOPOH HOpManb N sABISETCS

BHEIIHEH, § — rpaHn4Hoe ycioBue [upuxine, C, Opanmu mopsiaka O(l/h), rae h — muamerp
STYCUKH.

3. IIpumepsl pacueToB

brr1a paCCMOTpCHa l'[epBaSI KpaeBaﬂ 3aJa4a.
ou .
EerIVW =0, rebD,

W =KWV,

ul,_, =sin(=)sin(zy), ul_ =0,

b
rac obmacts D MMpEACTABJIACT coboit €IMHUYIHBIN KBaJpaT Ha IJIOCKOCTHU OXY ¢ KOOpAuHaTaMn

sepmmn  (0;0), (0:1), (£0), (1;1). Marpuna TeH30pa NPOHHIAEMOCTH CHMMETPHYHAs

0 b

n a 0
MOJIOKUTEIBHO-OMpeieNIeHHas. TeH30p MPOHUIIAEMOCTH UMEET AUaroHaibHbI Bu K :[ j,
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riae @ u b mocTossHHBI Ha Beel obnact D . MeToioM pasneneHus MepeMEHHBIX MOXHO HaHTH

Tounoe pemenne 3amaun: U = sin(zx)sin(zy)exp [— (a+b)7rzt]. B nepBom ciyyae koaddunment

.~ (1 0 . (2 0
npoHunaemoctu Opanmm K =(0 lj, BO BTOpOM paBHbIM K =(0 J. Ha pucynkax nokazan

MOAYJIb PA3HOCTH MEXAY YHNCJICHHBIM U TOYHBIM PEIICHUEM B HEHTPE AYCCK pvaeTHOﬁ obmnacTH.

Puc. 1. Cnyuait 1, t =0.1

Puc. 2. Cinywait 1, t =1.0
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Puc. 3. Cnyuait 2, t =0.1

Error

Puc. 4. Cnyuaii 2, t =1.0

BriBoabl
Pe3ynbrathl pacueToB moka3aau BO3MOXKHOCTh MTPUMEHEHHUS OIMUCAHHOTO B JAHHOW paboTe
YUCIIEHHOTO allTOPUTMA ISl pelleHusl 3a1ad oMHO(pa3HON (MIBTpaAIlii B aHU30TPOITHBIX CPEeIax

pa3pbIBHBIM MeToI0M ['anépkuna.
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