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PaccMmatpuBaloTcs moBEpXHOCTHbBIE IPAaBUTALIMOHHO-KATIMJLISIPHBIE BOJIHBI HA INIyOOKOi1 BOJIE € MO-
CTOSIHHOI 3aBUXPEHHOCTBIO B 00JIaCTH, OrPaHUYEHHOU CBOOOJHOI MOBEPXHOCTHIO U OECKOHEUYHO
DIyOOKUM TUTIOCKUM JHOM. M3 CCTEMBI TOUHBIX HEJIMHEMHBIX MHTETpO-ArddepeHINAaTbHbBIX YpaB-
HEHU B KOH(DOPMHBIX ITEPEMEHHBIX, 3aIIMCAHHOI B HESIBHOM BUIIE, C YYETOM ITOBEPXHOCTHOI'O Ha-
TSKEHU, BBIBeIeHO HennHeiiHoe ypaBHeHue IlIpenunrepa. [Tpu BeIBoE HEIMHEITHOTO ypaBHEHUS
I penuHrepa yureHa posb cpenHero TedeHusi. HenuneiitHoe ypaBHeHue lllpeauHrepa ucciienoBaHo
Ha MOAYJISILIMOHHYIO HEYCTOMUYMBOCTD. [101y4eHO COIMTOHHOE pellieHIEe HEJTMHEHOTO ypaBHEHUS
IIpenuHrepa, npeacrapiisiioliee co00i COJIMTOH TUIIA “IeBSTHIN BaJl”.
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ITycTb B clloe TSKETOM XUIKOCTH CO CBOOOIHOM ITOBEPXHOCTBIO CYIIECTBYET IByMEPHOE TeUeHHE C
MOCTOSIHHOM 3aBUXPEHHOCTBIO, 1 HA OTOM ITIOTOKE paccMaTpuUBarOTCsA IMOBEPXHOCTHBLIC I'paBUTAllMOH -
HO-KaIWJUISIPHbIE BOJIHLI. [10CKONBKY XapaKTepHble MacCIITa0bl TAKMX BOJIH CYILIECTBEHHO MEHbIIIE
[JTYOWHBI CIIOS, TO JIJISI HUX BBIMOJTHSIIOTCS YCIOBUSI TITyOOKO# BOIBI, U CIIOM XXUAKOCTA MOXET CUNTATh-
cs1 0ECKOHEUHO ITyOOKUM. TeueHue ¢ MOCTOSTHHOM 3aBUXPEHHOCTBIO MPENCTaBIISICT CO00it Ooiee Tpo-
CTYIO MOJIEJIb BOJIH Ha CABUTOBOM MOTOKE.

ITpu n3yyeHr NOBEPXHOCTHBIX BOJIH BaXXHYIO POJIb UTPAET HeJIMHEeHoe ypaBHeHue Llpenunrepa
(HVYII). [Ing rpaBUTAallMOHHBIX BOJH Ha MOBEPXHOCTU OeCKOHEYHO myookoit Bogsl HYIII BnepBbie
noxyuni B.E. 3axapoB B pabdote [1] ¢ moMomipio pa3paboTaHHOIO raMMWJILTOHOBCKOTO (hopMann3ma.
IMoszmuee HYII mirst ciryyast mpon3BOIBHOM IITyOMHBI OBLIIO HE3aBUCUMO TTOIYYeHO B [2, 3] ¢ MCITOIB30-
BaHHWEM METOJa MHOTOMAacCIITaOHbIX Pa3joXeHU B 3ii1epoBbIX KoopauHaTax. Takke B [4] nmpencTaB-
neH BeiBog HY1II ¢ mpuMmeHeHneM MeTona yCpeqHEHHOTO JlarpaHkuaHa. B padorax [1—4] rmpu BeIBoae
HYVIII aBTOpH®! IIpeamnoiiarajy BOJHOBOE IBMKCHME TTOTCHIIMATBHBIM.

Bonpoc nonyuenust HY1II, onuchiBaioiiero 3BoJIOLMIO cJIaOOHEJIMHEWHBIX BOJH HA BOJIE C OCTO-
STHHOI 3aBUXPEHHOCTBIO, paccMaTrpuBaiicsa B padoTax [5—8]. OmHako B myonukanum [9] ykazaHa oLIm-
oouHocts HVY1II, nonyyeHHOTro B [5—8], TTOCKOJBLKY IIPU BHIBOJE YPAaBHEHUS HE YYUTHIBAJIOCh CpEIHEE
TeueHue. B padote [9] oTMeueHo, uTo 3BpucTUUeckuii Meton noayyeHuss HYI u3 HenuHeliHOTO Auc-
MEPCUOHHOTO cooTHolieHus [10] He neicTByeT B IPUCYTCTBUY 3aBUXPEHHOCTH, B TOM YHCJIE, B CIy4yae
O0eckoHeuHo myouHsl. B [9] npenctaieHn BeiBoag HYII m1s1 BoJIH HA BoJie KOHEYHOM ITTyOMHBI C I10-
CTOSIHHOI 3aBUXPEHHOCTBIO U3 CUCTEMbl HEJIMHEWHBIX ypaBHEHUI B IEKapTOBBIX KOOPAMHATAX C MC-
MOJIb30BaHMEM METOJa MHOTHUX MacliTaboOB, U, B MPEAEIbLHOM Cyyae, KoTaa yOuHa BOAbl yCTPEeMIIsi-
ercst kK 6eckoHeuHocTH, u3 HYII nj1s BojiH Ha Boje KOHEUHOI ITyOMHBI C MOCTOSIHHOI 3aBUXPEHHO-
ctbio nonydyeHo HYIII a1 BojH Ha 1TOTOKe O€CKOHEUHOM TITyOUHbBI C TIOCTOSIHHOI 3aBUXPEHHOCTHIO C
YUYETOM CPEIHETO TeUEHMUSI.

B pa6orte [11] pe3ynbpTaThl [9] mpuMeHEHBI K TaKkeTaM rpaBUTALIMOHHO-KATTWJLISIPHBIX BOJIH U BbIBE-
JIeHO HerHelHoe ypaBHeHue [lIpenuHrepa mist orubarolieii AByMepHbIX IPaBUTAllMOHHO-KaMUJLISIP-
HBIX BOJIH, PACIPOCTPAHSIONIUXCS HA CBOOOAHON MOBEPXHOCTU BEPTUKAIBLHOTO CIBUTOBOTO MOTOKA C
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MMOCTOSTHHOM 3aBUXPEeHHOCTHIO. B [11] MccienqoBaHo BIMSHYE 3aBUXPEHHOCTH Ha MOAY/ISIIMOHHYIO He-
YCTOMYUBOCTD CJTA0OHETMHENHBIX TPaBUTALIMOHHO-KAITMJIISIPHBIX BOJTHOBBIX ITAKETOB U ITOKA3aHO, UTO
3aBUXPEHHOCTh CYIIECTBEHHO U3MEHSIET MOAYJISILIMOHHYIO HEYCTOMYMBOCTD IIyTOB IPaBUTALIMOHHO-KA-
MUWIISIPHBIX BOJH, 2 UMEHHO, UHKPEMEHT U LIMPUHY MOJIOCH HEYCTOMYMBOCTM.

Iennio HacTosieil padoTtsl saBisgercs BeiBod HYII misi moBepXHOCTHBIX TpaBUTALIMOHHO-KAIIWJI-
JISIPHBIX BOJIH Ha IJTyOOKO#M BOJIE C IOCTOSTHHO 3aBUXPEHHOCThIO. OTMETUM, YTO C IIOMOIIbIO METOJIOB
TeOpUH (PYHKIIMI KOMIUIEKCHOTO MIEPEMEHHOI0 U TEXHUKN KOH(POPMHBIX IIpeoOpa3oBaHUil U3 CUCTE-
MBI OCHOBHBIX YPaBHEHMI 3BOJIOLMHY ITOBEPXHOCTHBIX BOJIH HA IIOTOKE OCCKOHEYHOI TIIYOUHBI C MO-
CTOSIHHOI 3aBUXPEHHOCTHIO B 00JIACTU CO CBOOOIHOM MOBEPXHOCTHIO 1 OECKOHEYHO TITyOOKUM TLIOC-
KUM JHOM B J€KapTOBBIX KOOpAWHATAX MOJIydeHa CUCTEMA TOYHBIX HETMHENHBIX UHTErpo-auddepeH-
IMATBHBIX YPaBHEHU B KOH(POPMHBIX TepeMeHHBIX [12], pa3penreHHast OTHOCUTEIBHO IIPONU3BOITHOM
110 BpEMEHU.

Crenyet OoTMETUTb, UTO CUCTEMA ypaBHEeHUI [12] siBiisieTcsl 000011eHUeM ypaBHEHU I 1151 TIOTEHIIU -
aJIbHBIX BOJIH Ha ITOBEPXHOCTH MIEaTbHOM XKUIKOCTU, BeIBeneHHBIX B [ 13—20]. B [13] r1pu ucnons3oBa-
HUU KOH(MOPMHBIX MpeoOpa3oBaHMU ISk pellieHUS] HECTAlMOHAPHBIX 3a7a4 TTOJIydeHbl HeCTallMOHap-
Hble MHTErpo-auddepeHInaIbHble YpaBHEHS, OMMCHIBAIOIIE€ MOBEPXHOCTHBIE BOJIHBI MAealbHOM
JKUIKOCTU CO CBOOOIHOI MOBEPXHOCTHIO, a UMEHHO: ypaBHEHUeE 115 KOH(OPMHOTO Mpeodpa3oBaHus U
ypaBHEHMeE JUISI MOTeHIIMaJla Ha rpaHuIe MoayniaockocTu. B [14—20] HalineHbl HOBbIe (pOPMBI ypaBHE-
HUI B KOMIUIEKCHBIX MEPEMEHHBIX, KOTOPbIE OMUCHIBAIOT HEJIMHENWHYIO0 NUMHAMUKY MOBEPXHOCTHBIX
BOJIH.

Cucrema ypaBHeHwuii [12] B [21] cBeneHa, ¢ MCMIOJIB30BaHUEM TeOPUH (PYHKIIMI KOMITJIEKCHOTO TIe-
PEMEHHOTO U METOA0B KOH(MPOPMHBIX MPpeoOpa3oBaHUii, K SKBUBAJIEHTHON CUCTEME TOYHBIX HEJIMHEM -
HBIX UHTerpo-AnuddepeHIIMaIbHbIX YPABHEHUI B KOHMOPMHBIX KOOpAUHATAaX, 3alaHHON B HESIBHOM
BUJIE.

B nmanHoit pa6ote nipu nonydeHuu HYIII K cuctreMe TOYHBIX HEJIMHEWHBIX MHTEerpo-nuddepeHIim-
aJIbHBIX YPaBHEHU I B KOH(OPMHBIX IEPEMEHHbBIX, 3aIaHHOM B HESIBHOM Bue [21] 1 3anucaHHOI ¢ yue-
TOM MOBEPXHOCTHOTO HATSKEHUsI, IPUMEHEH MeTOJ MHOTMX MaciuTtaboB. [Ipu 3ToM B Tipoliecce BbI-
TOJITHEHHBIX Tpeo0pa3oBaHUil yuTeHa poJib cpeHero TedeHus1. HalineHHoe B HacTos el padore HYIII
JUTSI TPAaBUTALIMOHHO-KANMWJUISIPHBIX BOJTH Ha MTOTOKE O€CKOHEYHOI NIYOWHBI C TIOCTOSTHHOU 3aBUXPEH-
HOCTBIO B CJIyyae OTCYTCTBUSI TOBEPXHOCTHOTO HATSKEHUSI COBMAAAET C aHAIOTUYHBIM Pe3yJIbTaTOM pa-
00ThI [9] M1s1 rpaBUTALIMOHHBIX BOJIH Ha ITTyOOKOM BOJIE C MTOCTOSIHHOI 3aBUXPEHHOCTHIO.

1. YPABHEHUW A 5BOJIIOIM K ITOBEPXHOCTHBIX BOJIH HA IJTIYBOKOW BOJAE
C ITOCTOAHHOUN 3ABUXPEHHOCTDBIO

1.1. OcHogHble ypasHeHUs1 8 0eKapmosbix KOOpOUHAmMax

ITycTb nByMepHOE TeueHue uaeaaibHON XKMIKOCTH CYIIECTBYET Ha TTOTOKE C MOCTOSIHHOM 3aBUXPEH-
HOCTBIO @, CBOOOIHOM IpaHulIeit, yOuHbl H,. PaccmMaTpuBaloTcsi BOJIHBI Ha MOBEPXHOCTHU XXKUJIKOCTH,
JUTMHBI KOTOPBIX MHOTO MeHbliie H,. Torna, npyu udy4yeHUU TaKMX BO3MYILIEHUMN XUIKOCTU, CJIOU XKW/~
KOCTH MOXKET CUMTAThCsI OECKOHEUYHO MIyOOKMM. B miockoctu (x, y) uiaeanbHasi HeCXXKUMaeMas KU -
KOCTb 3aHMMAET OrpaHUYEHHYO CBOOOIHON MoBepXHOCThIO F(x,y,t) =0 (f > 0 — Bpems1) obnacts D;
v = {vx, vy, O} — BEKTOP CKOPOCTHU T€UEHUSI KUITKOCTH.

BepTukanbHasi KOMITOHEHTa CKOPOCTHU TEYEHUSI paBHA HYJTIO TIPU y —> —oo

VY|y—>—m

PaCCManI/IBaIOTCH BOJIHBI Ha ITOTOKE C MTOCTOSIHHOM 3aBUXPEHHOCTHIO

o0 =-AY¥Y(x, y,1) (L.1)
rne ¥ = W(x, y,t) — dbyHKIIMS TOKa, TaKasi UToO
_Jd¥ _ ¥
v, =—, V,=—"

X s y =
dy ox
061_[[66 PEIICHUEC YPAaBHCHUA (11), B CUIIY €TO JVHEUHOCTH IIPpU IMTOCTOAHHOM (0 = const, o (bYHK—
IOVHN TOKA MOXKET ObITH npeacTaBJICHO B CJICAYIOLIICM BUAC

2
‘P:—(DTy+<I) (1.2)
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rne ¢pyHkius @ = O(x, y,7) ynopieTBopsieT ypaBHeHuto Jlaraca
AD =0

ITo rapmonunueckoit (yHkuuu D(x,y,r) HaXOAUTCS COINpSKEHHas rapMoHuveckas GyHKIIUS
¢ = @(x,y,1) (C TOUYHOCTBIO IO TOCTOSIHHOTO CJIAraeéMOro, KOTOPOE CUMTAETCS PABHBIM HYJIO), CBSI3aH-
Has ¢ O(x, y,r) ycnoBusmu Komm—Pumana

do_a0  d0_ 00

ox dy  dy ox

@OyHkuwMs @ Ha3bpiBaeTcs 3(pDEeKTUBHBIM MOTeHIIMAaIoM. Torna dyHKIms

W(x,y,1) = §(x, y,1) + iD(x, ,1)

npeacTasisieT coboit aHaTUTUUYECKYI0 (DYHKIIMIO KOMITJIEKCHOTO MEPEMEHHOTO0 7 = X + iy B oonactu D.
Ddyukuust W(z,t) ycIOBHO Ha3bIBaeTCs “KOMIUIEKCHBIM MOTEHIIMAIOM ™.

TpeObyeTcsa HallTU pelleHKe ypaBHeHU Jlamnaca

Ap=0
CO CJIEYIOIMMM FPAHMYHBIMU YCJIOBUAMU Ha CBOGOIHOM MOBEpXHOCTH [12]
9o 1 wy’
R ive-ay-x[ +0|®-=|+L24 g =0 (1.3)
or 2 2 p
F(x,y,H)=0
(B_F+8_(pa_F+a_(pa_F_wa9_F] =0 (1.4)
ot 0dxdx dydy 0X ) p(xpn=0
p|F(x,y,t):0 = Pa

=0

(I")J’|y~>—m

T7ie X, — eMMHUYHBII BEKTOP OCHU aOCIUCC TIIOCKOCTH (X, ¥), V = V@ — @y - X, — BEKTOP CKOPOCTH Teue-
HUSI KUIKOCTHU, TIPU 3TOM V(@ — CKOPOCTb BO3MYIICHUI OTHOCUTEIBHO CPEAHETO TEUSHUS KUIAKOCTH
Oy - Xy, p, — aTMOchepHOe NaBIeHNe Ha CBOOOIHON TTOBEPXHOCTH, P — TUIOTHOCTh XHIKOCTH.

W3 rpanuuHoro ycnosust (1.4) cliemyeT, 4To CBOOOAHASI TOBEPXHOCTh BOIKI SIBIIIETCI JTUHUEH TOKA,
BIIOJIb KOTOPOi1 byHK1Ms Toka ‘¥ (X, y, t) = const, T.e.

Ld)(x,y,t) _o)Tij

Tornoa “KoMILIEKCHast CKOPOCTb”

= const.
F(x,y,1)=0

aW:a_(P+i@—a_(p_ia_(p=aLu+l‘a—\v_O

dz ox ox ox dy Jy ox

CL4
z

oW

IMocKonbKY Pl v, —iv,, TO|v| = = () HA MOBEPXHOCTU XKXUAKOCTH.
Z

1.2. Ypasuenus 6 koHghopmHubix KOOpOUHamax

ITycTh HeCXKMMaeMasi XUIKOCTb B IIOCKOCTH (X, y) 3aHMMAeT OrpaHUYeHHYIO CBOGOIHOIT ITOBEPX-
HOCTBIO 00/1aCTh G = {—c0 < X < +oo, —o0 < y < f(x,1)}. BBeneM kommiekcHyto dynkumo z = z(§, 1, 1) =
= x(&mn,7) + iy (& M,7), ananmuriaeckyio B obact G. BoinonHum KoHdopMHOe 0ToOpaxeHre 061acti G,

3aHSITOM XUAKOCTBIO B IIIOCKOCTH Z = X + [y, B MOJYIUIOCKOCTh —oo < & < +o0, —o0 < 1} < ) B TUIOCKO-
ctu { = & + in ¢ moMomupio GyHKINH

& =C+m+zEnn)=¢+m+xEnn+inEn,)
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e x,(E,M, 1), »(E,n, 1) — byHkumu, rapmoHndeckue B nmonyruiockoct Im { < 0 1 ynoBieTBopsitoline B
9TOi1 MoaymniaockocTu ycinousMm Komu—Pumana

Xig = Vs Xim = Ve

ITpu aToM PyHKIIMKU ¥ U X; CBSI3aHBI MEXIY COOOM COOTHOLLIEHUEM

y=H(x)
rne H — nHTerpaibHblil onepatop — npeodpa3oBaHue [wibdepTa
+oo
u')du'
Hfw) =1pyx —f(' )
T Jou—u

AxobuaH oToOpaxkeHuUsI
J = xg + yé #0

Oyukumu GE,1,7) u PE, 1M, 1) — rapmonunyeckue B nosymiockoctu Im{ < 0 ({ = € + in) u ynosie-
TBOPSIOT ycinoBusM Komm—Pumana

P =Dy, @y =D
CnenoBaTenbHO, “KOMIUIEKCHBII noteHuuan” W = @ + i® spisieTcss aHaIUTU4YECKO (pyHKIMEH B
nosyrutockoct Im { < 0. Tlpu aTOM Ha AeiCTBUTEIBHOM OCH

W =¢+iH(9)

Torna umeem mnosiydyeHHy1o B [ 12] cucTemy ypaBHeHU, pa3pellIeHHYI0 OTHOCUTEIBHO TTPOMU3BOIHOM
o BpemeHu (npu n = 0)

b, —w
Z = —izg(l-l-l'H)(—i yy’@j
J
(l)yXé 1

D — wyy, 2 2
+gy+ 00 +2e = g H| = ij + -— (@
¢, +gy+w 0 03 ( K r; 03 2J(((Pe;) (®:)")

e p, — atMoc(epPHOE AABJIEHUE HA CBOOOJHOI NOBEPXHOCTHU, P — MJIOTHOCTD KUJIKOCTH.

(1.5)

CrnenyeT OTMETUTD, UTO JUISI BOJIH Ha MOTOKE KOHEYHOM IITyOMHBI YpaBHEeHUSI, aHajoruuHbie (1.5),
MOJIy4eHBHI B [22].

2. HEJIMHEMHOE YPABHEHUE IIPEJUHIEPA .
I TPABUTAIMOHHO-KAITWIAPHBIX BOJIH HA ITTTYBOKOUM BOIE
C ITOCTOSAHHOM 3ABUXPEHHOCTbBIO
Cuuras B nanbHeiem p, = 0, 3anuiiemM cucteMy ypaBHeHui (1.5) B Buie 9KBUBaJIEHTHOI eit cucrte-

Mbl YPaBHEHUI, 3aaHHO B HesiBHOM BUze [21] (mpu 1 = 0), yuuThiBas Npu 3ToM KO3 OULUEHT NO-
BE€PXHOCTHOI'O HATS2KEHU A BOAbBI O

i (L4 xig) = yexi, —0yye + H(gp) =0
2
G d
0, (1+ xz) = @y, + [g - Ea_ézjy +gyxig + O(H (@) (1+ xig) — @) — @2.1)
—H(@.y: — @y, + gyy: + ©H(9) y:) = 0

rne y = y(&,¢) — BbI3BaHHOE BOJIHOBBIM JBMXEHHMEM BO3BbILLIEHUE (OrnbdarolLiast) CBOOGOIHOM MTOBEpX-
HOCTHU HaJl CTallMOHapHOit ToBepxHOocThIo M (&, 1) = 0; (&, #) — moTeHIMal oJIst CKOPOCTeii, co3naBae-
MOTIO BOJIHOIT Ha MOBEPXHOCTU KMUIAKOCTHU.

IMonyyum HenuHeliHoe ypaBHeHue IllpenuHrepa mis orubaroleii KBa3UrapMOHUYECKOro MakeTa
rpaBUTALIMOHHO-KAMWLISPHBIX BOJH, pACIPOCTPAHSIOLINXCS Ha CABUTOBOM ITIOTOKE C IOCTOSIHHOI 3a-
BUXPEHHOCTBIO ® BIOJIb 0cy O 101 AeHCTBUEM BHEIITHUX CHJI, TIOJyYEHHBIX OT TIOTEHIIMAIa CKOPOCTH (@
(ock On HampaBJieHa BEPTUKATBLHO BBEPX).

[Mpenronoxum, uto &, ¢ B cucteMe (2.1) — MpoCcTpaHCTBEHHAS U BpeMEHHasI [IepeMEHHBIE ISl HECY-
et BoHbI. BBegem Habop “MemIeHHBIX” IMTPOCTPAHCTBEHHBIX M BPEMEHHBIX MMEPEMEHHBIX, KOTOPHIC
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OIIMCHIBAIOT ABIKECHME OrM0Oaro1eii BOTHOBOTO MMakeTa, M pACCMOTPUM 3TH TIepeMeHHbIC KaK He3aBU-
cumble. UMeeMm

2 2
E, =& & =¢ &, =¢€€.., =t tH=¢ HL=¢1,..
rae MaJiblid mapaMeTp € — KpyTU3Ha BOJIHBI.
Omneparopsl 1udGepeHIMPOBAHUS 110 & U f 3aAMEHSIOTCH Ha CIIEYIOIIIe

0,0 0D 00

9 08, 0F 0%,
9,0 40 420,

+...

ot o, Ea_tl TE ot,
3 9 9’ 2 98 29
— > —=+2¢ +2¢e +&€ 5 +...
08" 0& 080G 95aE, &}

B cooTBeTCTBMU ¢ METOIOM MHOTHX MAacIITabOB pellieHne cucTeMsl (2.1) uieM B BUAe pa3IoXKeHUS
B aCUMIITOTUYCCKUI PSIII IO MAJIBIM CTETICHSIM € (PYHKIIMI
_ 2 3

O =€Q +E¢, +E¢; +...

IToncrasuB B cucteMy (2.1) BMECTO y M (0 MX PA3JIOKEHUS, BBIAEIUM WIEHBI ONMHAKOBBIX IIOPSIAKOB
MajiocTd. B mopsiake € moinydyuM JIMHeapU30BaHHBIN BapuaHT cUcTeMBbl (2.1), a MUMEHHO

% + H(%J =0
o, d&,

%0 52 2.2)
D oH(g)+|g-%Z |y, =0
Pemrenue nuHeHOTO MPUONMIKEHUS ¥, BBIOEPEM B BULIE

W= %(A (ELEt0)e” + . c.) (2.3)

rae A — KOMIUIEKCHAas aMILTUTYIa Orubarolieil BOJHOBOIO maketa, 0 = Qf) — k&, K.C. — KOMIUIEKCHO-
COIIpsizKeHHOE BhIpaxkeHUe. M3 cuctemsl (2.2) HaX0aUM, UTO

0 = ;iz(A (ELEntnty) e +K.C) (2.4)

C TOYHOCTBIO JO IMOCTOAHHOTIO CJlara€Moro, KoTopo€ IioJjiara€M paBHBIM HYJIO, IMIPHUYEM YacCcTOTa
BOJIHEI {2 ¥ BOJTHOBOE YUCJIO kK CBSI3aHBI JUCITEPCUOHHBIM COOTHOIICHUEM

2
Qz—Qm—(ng%jk:o (2.5)
p
Hckimouas y; u3 cucteMsl (2.2), rojyyaeM UHTErpo-guddepeHalbHOe YpaBHEHUE IS @
50 von(G)-(e -2 )
L =l toH H|-|g-2=—=H|=|=0 (2.6)
@) =5 M) ¢ ez ),

e oreparop

o) (s ()
L=—+oH|—|-|g—-—==— |H| —=—
atg ot 8 Paﬁ(z) a&,

Perenne ypasHeHust (2.6) uMeeT Buz (2.4).
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Ynensl nopsaaka €2 B cucreMe (2.1) UMEIOT BULL:

9, + W _ EMH(%j + @H(@j -y, ! + H(a(pl + a(pzj
dty ot dt, \d§,) 9§, \o 9, g, &,

a(Pz c 0 o azyl ¢,  J¢, (ahj
+oH 09 |, 209N 90 Iy oy
3, T OH®) T (g p 3, jy pOEDE, | O ofy  \0&

99 a)ﬁ) (a)ﬁ j ( (ayl j a(Plj
+—H| = |-gyyH = |- H
98, [afo . 98, o\ Hle)H 98, . 98,
dy 99, 9y a(Pl aJ/l 9y J
-H=— —F*-— + gy, +o—=—H(o 0
g e R
Hckirouas y, u3 cucteMsl (2.7), IpUXOIUM K UHTETPO-IUDEPEHIUAUIBHOMY YPABHEHUIO IS (O,

L(g) +2 2090 09 —%H(%j +%H(%j ) H(aylj
ot,| p dEWE, df, o, &, ) dE, \or JE,

W a(Plj (ayl 9,y a(Pl aJ’l W ﬂ
+y—+—|-H =/ —F*f-—- + H - 2.8
( ()H (aéoJ g 9§, dg, 9t d 9, T, a&, maéo (@) @9

c 0 (a)ﬁ W (ayl j W (aylj ayl (a(Pl jj
—lg-——|| = -=H| = |+ =LH| = +H 0
[ P aﬁon o dt, \d§,) 9E, \o1 aE.»o )

IMoncrasnsis B ypasHeHue (2.8) cooTHoweHust (2.3), (2.4) nist y; 1 @, U yIUTHIBASI AUCHIEPCUOHHOE
cooTHoueHue (2.5), mociie mpeodpa3oBaHU TToTydYaeM

2
L((pz)_Ma_Aefe_(ﬂ (Q—w)+onJa_A o

2.7)

e +
2k ot 2k’ g, 2.9)
2 2 3 ’
+I.(Q(4Q —iQw+(o ) (40 +43co)csk J 2 e =0
p

[MpupaBHMUBas K HYJIIO WICHBI, IPOIIOPLIOHATBHBIE eXp (/0), KOTOpble GyIyT IPUBOIUTh PELICHUE
ypaBHeHUS (2.9) K CEKYIIPHOMY POCTY, HAXOIMM, YTO aMIIUTyIa A yIOBIETBOPSIET YpaBHEHUIO

(2Q - w)g’? ( (Qk_ w)+20k2j§—g:

KOTOPO€ MOXHO IIEPEIMUCATh B BUIC

94, 94 _ (2.10)

o, s oE,

_Q(Q-w) 26k?>
e ¢, = + — IpynIoBast CKOPOCTb.
k2Q-w) p(2Q- )
VYpasHeHue (2.10) o3HayaeT, YTO BO3MYILEHHST OrMOaoIeil BOTHOBOIO MaKeTa B IEPBOM ITPUOIIIKE-
HUM paCIIPOCTPAHSIOTCS C TPYIIIOBOI CKOPOCTBIO, ITOCKOJBKY, KaK CIEAYET U3 JUCTIEPCUMOHHOTO COOT-
HolueHus (2.5)

_0Q _ Q(Q-m) n 20k’

“T% k(20-0) p2Q-0)

Taxkum obpazom, ypaBHeHHE (2.9) IIPpUHUMAET BUI

2 2 3 A
L(g,)+ i[g(m = 39“” o) _ (4 +43m) ok jAZezle +xC =0
P

N3BECTHUA PAH. MEXAHUKA XKUAKOCTU U TABA  Ne2 2023



26 HIMIITNHA

Pemenwne atoro YpaBHCHUMA MOXKHO 3aIincarhb CJIICOYIOIINM 06p330M

. 2 2 3 ]
0, = i (9(49 -3Qu+ o) (4Q + 3w)ck JAzem 4

Q” 30k’ p 8 8
+ B(&b&z,h,tz)to + K.C.

(2.11)

1€ BCIIECCTBCHHAsA (pYHKL[I/ISI B— Cp€AHEC TCUCHUEC, MTHAYLHHTMPOBAHHOC LIYTOM ITOBE€PXHOCTHLBIX BOJIH.

Haiinem y, u3 cucremsl ypaBHeHuii (2.7). [loactasisisi B ypaBHeHuUs (2.7) cooTHoweHust (2.3), (2.4),

(2.11) nns y,, @, ®, C Y4ETOM IUCIEPCUOHHOIO COOTHOIIEHUS (2.5) u ypaBHeHus (2.10), nocne npeood-
pa3oBaHUi MONYYUM

@+;[98_A+26kza_f1jem_ ok (2Q-0 k') pw ., o g
a 2Q-w)\ o4 p 05 Q* -30k’fpl 4 P

c 9 ( 94  26k> 8A]

—=—5 | ht | Q=+ = e (2.12)

[g aaojyz %o p og,

_ P 3 )
_Q(Q2 co)+336k fo(e-0) ok £ B B e =0

Q’ - 30k’/p 8 2p 2

Pemienue cucremsi (2.12) uiiieM B BUae

»n =8B (ﬁl,ﬁz,tl,tz)eie + B, (ib&z»flatz)ezie + By (§,8,1,1) (2.13)
IMoncranss (2.13) B (2.12) 1 yuuThiBass AMCIIEPCUOHHOE COOTHOIIeHUE (2.5), HaxoauMm
. 2
B =- i 094 | 20k” 04
2Q(Q-w)\ 9y p d§
_k 2Q-0) ok’ ,
B, == 3 -—— |4
@’ -30k’fpl 8 2
B =-54-1p
2 g
CiieqgoBaTebHO,
; 26k -0) ok A
yy = — i LQBA_'_ o 8AJ +— k i [(29 0 o jAzezle_
20Q-0) o p ) Q-3ckfpl 8 2p 2.14)
——|A| — lB + K.C.
2 g

st onipeesieHusI CpelHeTo TeUeHUST, MHAYLIMPOBAHHOIO BOJIHOM 3a CYET MOAYJISIIUU OoTrubalonieit
BOJTHOBOTO MAaKeTa, OCPEIHUM MCXOOHbIe YpaBHeHU (2.1) mo mepruoay BOJHEI BO BTOPOM MOPSIIKE Ma-
JIOCTU O KPYTU3HE BOJIHBI (ITpu 1 = 0)

LA T i -
ot pog’

re y, — cpenHue Mo Neproay BOJHBI OTKJIIOHEHMS OBEPXHOCTH U noteHumana. M3 (2.15) cuenyer,
YTO CPETHSISI CKOPOCTh MHIYIIMPOBAHHOTO TeUSHMS paBHA HYJIIO BO BTOPOM TOPSIAKE TI0 €, HO HE paBHA

2
HYJTIO B TPETHEM MOPSLIKE 10 € ¥ MPOMOPLMOHATbHA €00 0 4] /8&1 , TIe 0 = 0/Q.
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HakoHel, BbIIEIUM B cUcTeMe ypaBHeHMi (2.1) uieHbl nopsaka €3, Mmeem

%+@+%_[%+QJH(QJ_%H(@+%)+
o, ot o, \df, o 05,) df, \dE, 0§,

W a)bj (aylj W (aJﬁ a)hj ( (ayl ayzj a)ﬁj
+l—+==|H = |+=H/ =—+—=|-0 + + ¥, + (2.16)
(agl 98, dt,) 9§, \d4 9 d 9 98,
+ H[% +99 %j =0
98, 9dE g,

a(p3+u)H((P3)+(g—ga—2} 20 0y, 20 0y Gazy1+

oty 92)7 p 0EDE,  p 0505, poE

o 000,052
’ ot ’ ot ' dg, +8§0 e 98,
_%H(%.Faﬁj_[%4_8&)1—1[%}4_%[—1(%4_%}4_
ot, \9§ dE, oy, di, 05,) 9§, \o o,
9, a(PzJ [a%j ( (a)ﬁ a)bj (ayﬁj
+| =2+ =2 |H| == |- H(e,))H| ==L+ =2 |+ H(@,) H| == |+ (2.17)
(5252 (52 o{niam (S G2 - nioan[ 32
Lo a‘sz a‘PlJ (ayl (a‘Pl a(sz a(Pl (aJﬁ a)bj
+y| TR+ TR2 |4y, —~
‘£a&1 &) o, 0\ 0 Ity ) 0 \9E, 9,
_%[%+%j_%£%+%)+g( ayl+ay2j+y28yl)+
0\ g,  9E,) 9E\ oy I 9, 9&,
dy,  dy 9y
ol o]
o[+ 5o nea

Ucxkmouas y, u3 cucreMbl ypaBHeHUi (2.16), (2.17), monyuaem unterpo-nuddepeHmaibsHoe ypas-
HEHUE IS (5

L((P3)+i{—2—G 0, 20 Oy 09y, 0% 90 _
oty p 9§0E,  p 9E L, Paélz J, oy

o ) B )
g, dg, a&, dty \d§, 9§,
oy, di, 05,) 09§, \o o, 0§, 9, ot
dy a)bj (a)ﬁj (a(Pl a(sz a(le
-o|H(e (1+ +H(o % + 2 \|+y, -
o[ St o 5252 2
_H(%(%_Fa&j+%(%+%J_%(%+%j_%[%+%j+
G\ dny ) 01, \9§ 9E,) I\d§ dE,) dE\dy I
9y, a)hj a)ﬁ] ( (a% a)h) 9y, JH
+gln|l=+ +y ol H(g)| = +==|+H(o
(oS e rof e B S e mien R
T s e
pag,’ )\ o, o, \dy 9 dg) dry \d§ I 9§, 9§ oty
+@H(%+%]—m(y (ayl +8y2]+y2 ay‘j+H(a(pl +8(p2]j 0
&, \oy 9 9, g, &, &, o,

IMoncrasnsis B 3T0 ypaBHEHUE cooTHolueHUs (2.3), (2.4), (2.11), (2.14) nas y,, @, Q,, y, U yYATHIBAs
CBSI3b CPEMHETO TEYSHMS C 3aBUXPEHHOCTHIO M, TTOCTIe TpeoOpa3oBaHuii IoydyaeM
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— ) _ 2 ] .
L(gy)—222=0)oA o _Q(Q(Q ®) , 20k ja_Ae,e +@(c 30kj8 Ao
2k ot 2k k 08, 2k 3‘51
- 1 (9(494 ~18Q'0+19Q°0" - 80’ + ') |
(Q — )(Q° - 30k’ /p) )
N (32Q° - 32Q%w + 23Qw’ —3wh)ok’ _ 3(6Q + w)o’k" \o(A’e™)
8p 4p° ot
_ 1 Q' (2Q - 0)(4Q° - 3Qw + o) L2020 -w) (40’ - 19Qw + 1 10’)ck’ .\
e ’ o @.18)
(89 —Qu+30)0’k’ _ 3(4Q+3w)c'k" |9(4%™) .
20° (Q - ) p°QQ-w) ) &
3ik Q6Q° —4Qu+ )  (3Q+40)ok’ |((2Q - w)’ ok’ a0,
Q’ - 30k’ /p 2 N 8 2p
. _ 3 _ 2 2 _ 3 _ 3
b 1Ok [(29 ©)(4Q° - 6Q0 + 6Qw’ - ) ©(8Q-50)ck’ j|A| e
Q* — 30k’ /p 16 8 2p
N iQO(2Q - ) BAC® + g(2§2 ® 8|A| N 2 ke =0
2g 4 9E,

HcknounM cekynsapHble cinaraembie. B ypaBHeHun (2.18) TakoBbIM1 6y,I[YT KakK cjaraeMeple, IIporop-
LIMOHAIbHBIE exp (i0), TaK U c1araeMble, 3aBUCSIIME TOJIBKO OT MEIUICHHBIX IIepeMeHHBIX. [IprpaBHu-
Basl K HyJIIO WICHBI, TPOMOPIMOHaNBHBIE exp (i0), 1 yunThiBast ypaBHeHue (2.10), momyyaem

,(afu aA]+_1 ( M]B_A+@BA+

ot Ki 0, 2Q-w a&l g (2.19)
b K [10'-60'0+600’ o' 0BQ-S0)oK Gk ) e, |
Q> 30k’ /p 8 Pp2Q-0)  p’(2Q- o)

Broinenss B ypaBHeHuu (2.18) MeaieHHO MEHSIIOIIMECsS] ciaraeMble, TMIPUXOAMM K YPaBHEHUIO JUTIS
¢yHKUMU B

28 , 50,00 @) 4]

=0
ot 8 0§,
Otcrona, ¢ yuetom ypaBHeHus (2.10), HaXooum, 4TO
2Q —
B:_gwl( 0))|A|2
8c

8
B utore ypaBHeHue (2.19) npuHUMaeT BUL

2 2 _
on %, ) T a-w 3, 8Qc,
N k’ 4Q° - 6Q%0 + Q' — ' B8R -50)ok’  g%® P A =0
Q> 30k’ /p 8 Pp2Q-0) p’(2Q-0)

Ilepexons B cucteMy oTcueTa, IBMKYIIYIOCS C TPYIIIOBOI cKOpocThio, mpuxoanM K HYIII njst orm-
Oaroleil c1ab0-MOIYJIMPOBAHHOTO IIyTa BOJIH HEOONbIION KPYTU3HBI

2.2 2
id, +—1 (cz—ﬂj i — k2°’(29 0’)3 Al 4+
2Q —® p 8Q(Q" - Qw+ 20k™/p)
LK 40’ - 6Q%0 + 6Q0’ — @ _©(BQ-5w)ok’ %’ P A=0
Q° — 30k’ /p 8 Pp2Q-0) p(2Q-0)
et =t, §=E,.

(2.20)

MN3BECTUA PAH. MEXAHUKA )KUAKOCTU U TABA Ne 2 2023



HEJIMHEMHOE YPABHEHUE HIPEJVUHTEPA 29

W3 nucnepcuoHHOro cootHoueHus (2.5) ciaenyet, uto o, < 1. CnenoBaTenbHO, Ha OECKOHEYHOMI
nyOuHe Bcerna , # 2.
B yactHocTu, npu ¢ = 0 ypaBHeHue (2.20) npruHUMAET BUI

L2Q-0) Ko'(2Q-o) AP A+ k(42" - 6Q°0 + 6Q0° + o)
E2Q-0) & 802 (Q-w) 8Q°

OTMeTHM, YTO aHAJIOTUYHOE YpaBHEHHE IS BOJIH Ha INIyOOKOM BOAe MOJIydyeHo B [9].

|4 4=0

1

B ciyyae ® = 0, 6 = 0 ypaBHeHue (2.20) riepexoIuT B KJlaccuueckoe HeJinHeliHoe ypaBHeHue Ilpe-

JVHTepa JIJisl BOJIH Ha ITyooKoii Boae [1]

. 1Q 1242

A +="5Ar +=Qk"|A"A=0
t e €8 2 | |

3. MOAVIIALIMOHHAS HEYCTOMYNBOCTH
INepenuiem ypaBHeHue (2.20) B Buae
iA, + 0A +BlA A =0 3.1)
rae

19°Q 1
2062 2Q-w

(c; - 3ok/p)

Ko’ (2Q - 0)’ LK (493 —6Q%0+ 6Qw° — &
Q(Q2—Q(,0+26K3/p) 92—3<5K3/p 8
_ 0(8Q - 5m) ok’ ok’ |A|2 4
4p2Q-0) p(2Q-o)

VpaBHeHue (3.1) DoIycKaeT ciaeayionliee pelieHue

A = Ayexp (Bl 4’ 1) (3.2)

P=-3

aHayjormyHoe BojiHe CToKca.
HCCJ’ICZ[YCM 9TO PCIICHUEC Ha YCTOﬁQHBOCTb. PaCCMOTpI/IM 0ECKOHEYHO MaJIbie BO3MYIIICHUA pCLIC-

Hus (3.2)
A= Ay (1+8,) expB| 4|’ 1 +5,)) (3.3)

IMoncraBnsas Beipaxkenue (3.3) B ypaBHeHue (3.1) 1 IMHeapu3ysI OTHOCUTEIbHO OECKOHEYHO MaJIbIX
BO3MYIICHUH O, U §,, MoydaeM

.00, 090, 8281 . 8282 2
SO T 222 | 1 2BATS, =0 3.4
i 5 o +o{agz + i 8&2 + 24,9, (3.4)

Paznenss B ypaBHeHuu (3.4) BelleCTBEHHBICE 1 MHMMBIC YacTU, MPUXOAUM K CUCTEME JIMHEMHBIX
IrddepeHInaIbHBIX YPABHEHU C TOCTOSHHBIMUY KO3(hPUIIEHTaMU

2
oca—szl+ 2BA,’S, _9%
0§ ot
25, 9% -2
—+a—3=0
ot a&

Pemenue cucreMsl ypaBHeHMI (3.5) ullieM B Bue
81 — dlextfikéj 82 — d2e7\,t7i[(§

N3BECTHUA PAH. MEXAHUKA XKUAKOCTU U TABA  Ne2 2023



30 HIMIITNHA

[Moncrapnsisa 3To pemieHUe B ypaBHEeHUSI CUCTeMBI (3.5), moirygaem

—0K* +2BA)d, —\d, = 0
( 2P40)cs =1, (3.6)
A, — aK’d, =0
OTKY/Za CJIEAYET XapaKTEPUCTUUECKOE YPABHEHUE
A = oK (2BA; — oK?) (3.7)

rae A — MHKPEMEHT MOAYJISILIMOHHOM HEYCTOMYNBOCTA, K — BOJTHOBOE YMCJIO MOIYJISLIVN.
Kopuu ypaBaenust (3.7)

Ay = 2K QoA — 0’ K7)

KopeHb A, OyneT BelleCTBEHHBIM U MOJOXHUTEIbHBIM TIPU ycaoBuH, 4To o > 0. CienoBarenbHoO,
BO3MYILIEHUSI HEOTPaHUYEHHBI, U peleHue (3.2) HeyCTOHYUBO.

" 2
W HKpeMeHT HeyCTOMYMBOCTU TOCTUTaeT MaKcuMyma A, = BAy npu

K=K = BA’
o

max

¥ oOpamaeTcst B HyJIb IIpU
2
K =k =24
o

Taxum 06pa30M, ITPU BBITIOJTHEHUU YCJIOBUA
of >0 (3.8)

2 2 "
BO3MYIIIEHNsI, BOJTHOBBIE YKCIIa KOTOPBHIX JiexXaT B nuamna3oHe K~ < K, HeycToiunBbl. YcimoBue (3.8)
WUTpaeT poJib Kputepwus JlaiTxwmia.

4. YEAUHEHHBIE BOJIHbI U COTUTOHHOE PELLIEHUE HEJIMHENHOIO
YPABHEHUA IIPEANHIEPA

Haiinem mipocreiimue peiieHus1 HeauHeiiHoro ypaBHeHuUs1 [llpenunrepa (3.1) mpu yciaoBUM, YTO
oa<0uP<o.
Pemenue ypaBHenus (3.1) OyneM uckaTh B BUAE IIPOU3BEACHUS IBYX (DYHKIIMI

AN =" (C), (=E-bi @.1)
rie p,q,b — nocrosiueie, V ({) — HemsBecTHast hyHKIMS.
IMoncrapnss (4.1) B ypaBHeHue (3.1), moaydaem

av . dv 2 3
0Ll —i(b+209)LL —(0g® + pV +BV> =0 (4.2)
IMonaras B (4.2)
b+20g=0, og’+p=-a (4.3)
MIPUXOIUM K YPABHEHUIO
2
dV ay By
i o o

VYMHOXKas1 00€ 4acTH TOCIeIHEr0 YpaBHEHUSI HA TPOU3BOIHYIO ﬂ, nMeeM

dg
i[l(ﬂj2+iV2+£V4j=0
ac|2\at) 20 4o
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WHTerpupyst 570 BHIpaXeHUe Py YCI0BuH, 4To a > 0, o = —|of < 0, B = —|B| < 0 mpuxonum K ypas-
HEHUIO
2
(d—Vj _apr By, e (4.4)
dg) lof 2o

rae C — TOCTOsTHHAsI MHTETPUPOBAHMSI, KOTOPYIO TTojlaraeM paBHOM HYJIIO.
HuTterpupys ypaBHeHUE (4.4), TIOJTydaeM ypaBHEHNE YeIMHEHHOMN BOJTHEI

_ 2a a
V(€)= \/ﬁsech (\/ﬁ(&—bt)] (4.5)

(C TOYHOCTbBIO JO ITOCTOAHHOIO CJ1aracMoro, KOTopoe€ moJiara€M paBHbIM HYJ'[IO)

Haiinennoe pemenue (4.5) Bmecte ¢ (4.1) u (4.3) IpUBOAUT K COJIMTOHHOMY PEIICHUIO HEJIMHEITHO-
ro ypaBHeHus LllpenuHrepa, KOTOpoe 3aMuUILIETCs CIeayIOIIUM 00pa3oM:

A= \/%exp {i {%g - (g + a) r}} ch™! [ \/é((: - bt)j (4.6)

rmeaub— IIPOM3BOJILHBIC ITOCTOAHHLBIC.

Ocuuvpyloiias 4acTh pelieHus (4.6) uMeer orubarmlInyio B ¢opMme runepOoIMIeCcKOro CeKaHea;
orudarolas ImepeMeIaeTcs B IpOCTPaHCTBE C IIOCTOSIHHOM CKOpOCThIO b. Pemmenne ypaBHeHus (2.20)
TIPEACTaBIIsIeT COOOM COMUTOH TUNA “AeBATHIN Bal”.

SAK/IIOYEHHUE

IIpencrasieH BEIBOA HeJIMHETHOTO ypaBHeHUs Ll penrHrepa mist IOBEpXHOCTHBIX TPaBUTALIMOHHO-
KaWUISIPHBIX BOJTH HA CBOOOMTHOM TpaHMIIE ITOTOKA OECKOHEYHOMN TITyOUHbBI C MOCTOSHHOI 3aBUXPEH-
HOCTBIO M3 CUCTEMBI TOYHBIX HETMHEMHBIX UHTETrpO-anuddepeHIINATbHBIX YPABHEHIM B KOH(MOPMHBIX
IIEPEMEHHbIX C YUETOM ITOBEPXHOCTHOIO HATSKEHUS, 3alICAaHHOI B HesIBHOM Bujie. I1pu BeIBOIIE ypaB-
HeHus lllpeauHrepa ydteHa pojib CpEIHETO TEUCHUSI.

Pemienne HenuHeitHoro ypaBHeHus IllpenuHrepa ucciienoBaHO Ha MOAYJISIIIUOHHYIO HEYCTOMYM-
BOCTb.
Haiinerno pemenue HeanHeltHOTO ypaBHeHM LlpennHrepa B Buae COMUTOHA TUTIA “IeBATHINA Bal”.

ABTOp BhIpaxaeT nyookyto omaromapHocthb FO. M. Tpouiikoii 3a mocToSTHHOE BHUMaHUE K paboTe 1
noJsie3HOe OOCyXAeHe MOJTYYEHHBIX PE3YIbTaTOB.
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