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PaccmarpuBaeTcst 3ajaua 0 BEIHYXXIEHHBIX KOJIeOaHUSIX COCTABHOM 000JIOYKU CO CBOOO/I -
HBIMU KPaeBbIMU YCIIOBUSIMU, TTOTPYKEHHOU B XXUIKOCTh. KOHCTPYKIIMS COCTOUT U3 COEAU-
HEHHBIX MEXIy COOO0 LHMIMHAPUYECKUX 000JI0UEK U YIIPYTMX KOJell, BO30yX1aeMbIX IUC-
KPETHOM U pacripeieJIEeHHON Harpy3kom.

3anaua 0 BBIHYXXIEHHBIX KOJEOaHUSIX COCTaBHBIX 000JIOUEK B XXKUIAKOCTA MOXET UMEThb
KaK CaMOCTOSITEIbHOE 3HAaUYeHNE B 00J1aCTH aKyCTUYECKOTO IMPOEKTUPOBAHUST OOBEKTOB, TaK
U OBITh YaCThIO OoJiee CIOXKHBIX 3a1a4. O00I0UeUHbIe KOHCTPYKIIMY IIMPOKO MTPUMEHSIOTCS
B TexHUKe. BormpocaM kojebaHuii TUIMHAPUYIECKUX 000JI0UeK MOCBsIeHa OOIIMpHast JIn-
teparypa [1—11]. B 601bIIMHCTBE cllydaeB paccMaTpUBaIUCh O€CKOHEYHbIE 000I0YKU WU C
KpaeBbiMU ycinoBusiMu Haswe. Hampumep, B pabote [1] ipu pemieHnn 3agadyu 1M pakiiin
Ha UWIMHAPUYECKON 000JI0uKe /ISl onpeaeiaeHus aedopMannii UCIoJb30BaTUCh ypaBHE-
HUS KosiebaHuii obosiouku. OmHAKO pelraiach IiocKas 3anada, T.e. paguaibHbie TiepeMe-
IIEHUST 000JI0YKH OIPENSIISTINCh TOIBKO B IUIOCKOCTH ITOIIepeYHOro ceueHus. B padore [2]
paccMaTpuBajach OeCKOHeYHasl LIWJIMHApUYEecKass 000j0YKa, KoTopas Bo30yXaajaach CO-
CpeIOTOYEHHOI CUJION, BRIpaXKeHHOI yepe3 neiabra-¢yHkiuo dupaka. [Ipu aTom peliieHne
IUJTSI paIvajbHBIX TIepeMeIleHU ObLIO TIPEICTaBICHO B BUIE

1 oo 2 )
w= ;EZ: I we' k.,

e k, — 0CEBOE BOJHOBOE YMCJIO BOJIHbBI M3rMOHBIX Aedopmanmii 060m0uku. Takue pele-
HUS HEe TIPUTOAHbI ISl TIPAKTUYECKUX PACUETOB KOHEYHBIX [IUJIMHIPUYECKUX 000JI0UeK CO
CBOOOIHBIMU KPAaeBbIMU YCIIOBUSIMU.

3anaua BIHYXIEHHBIX KOJIE0aHUIT COCTAaBHOM 000JI0UY€YHOI KOHCTPYKIIMY TIPU COBMECT-
HOM JICICTBUU AUCKPETHOM U pacCIpeeIEeHHON Harpy3Ku SIBJISIETCS aKTyaJbHOM U, CyIs IO
0030py nyoaukauuii [1—11], perreHue ee B HacTosIIee BPEMsI OTCYTCTBYET.

Hacrosimas ctaThst 1ipeactasisieT codoit pa3BuTre U 000011IeHe MeTona pacyeTa [3] wist
clyyasi COBMECTHOTO JEMCTBUsI TUCKPETHOM M pacripelne/ieHHON Harpy3ku. B patGote [3]
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Puc. 1. JlunaMmudeckast MOZIeb COCTaBHOM 00OJIOUKH.

paccMOTpeHBl KOJIeOaHMsI COCTaBHOM O0OJIOUKM, BO30YyKIaeMble TUCKPETHBIMU CUJIAMM,
MPIJIOXKEHHBIMU K KoJibllaM. B oTimume ot [3] B HacTosIIel cTaTbe N3y4aloTCsl BBIHYKIESH-
HbIe KoJIeOaHUSI COCTaBHOM LIMIMHIPUYECKOUN 000JI0OYKM B cilydyae BO30YKAEeHUS KoJiebaHuii
COBMECTHO IUCKPETHBIMU CUJIaMU U pacripee/IeHHOI Harpy3Koii (1aBJieHUEM).

JvnHaMuyeckasi MoJieJib COCTaBHOIM 000JIOUKHU, COCTOSIIIEH U3 CEKIIMIT (OTCEKOB), Kaxaast
U3 KOTOPBIX TMPEACTABIISIET COO0I yIPYTryI0 HUIUHAPUUECKYIO 000I0UKY C YIIPYTMMU KOJIb-
aM1 Ha KOHIIax (Topiiax), IToKa3aHa Ha puc. 1 [3].

3mech, Tak Xe, Kak B [3], mpu pacyeTe KojebaHUl cocTaBHasI 000JI04Ka YCIOBHO pa30u-
BaeTCsl Ha MOJACUCTEMBI, BKJIIOYAOIIMe 000JI0YKM (OTCEKU) 1 KoJiblia. JIjIs1 Kaxaoit 000104~
KU (OTCeKa) COCTABJISIIOTCSI AUCTIEPCUOHHbBIC YPABHEHUST U OTIPEAEISIOTCS UX KOpHU. DYyHK-
1IMS pacripenesieHUs TTiepeMelleHn 0000ueK (OTCEKOB) O UX JUIMHE 3alTMChIBACTCS Yepes
nepeMelleHUsT TOPLIEBBIX CEUeHU.

Ieanto siBNIsieTCS pa3paboTKa METO/IA pacueTa BbIHYKAEHHBIX KOJIe0aHUI COCTaBHOM 11~
JIMHIPUYECKON 00O0JIOUKHU B XXUIKOCTH, BO30YX/Ia€MbIX COBMECTHO IMCKPETHOM U pacripe-
NeJIeHHON Harpy3kamu. JlucKpeTHasi Harpy3ka — 3TO CWJIbl, COCPEIOTOUYEHHBIE IO IJINHE
000J104YKM (IT0 OKPYXKHOCTU OHM paclpelesieHbl M0 TapMOHUYECKOMY 3aKOHY COSH(® U
sinn@), a pacrpeesieHHasl Harpy3ka — 3TO JaBJeHHe Ha 000JI0UKY OKpY>KaloLeil cpeabl.

HoBu3sHa pa3paboTKu 3aKjIo4aeTcsl B y4eTe COBMECTHOIO JNEMCTBUS BYX TUITOB Harpy-
30K, U3 KOTOPBIX METOJI pacueTa BbIHYKIEHHBIX KOJie0aHU i, BO30Y>XK1aeMbIX IMHAMUYECKUM
NlaBJeHUEM, KOHEYHOU COCTaBHON LIMJIMHAPUYECKON 000JIOUKM CO CBOOOIHBIMU KPaeBbIMU
YCJIOBUSIMU, OTPYXKEHHOM B XKMAKOCTb, SIBJISIETCS HOBBIM.

IMone3HocTh pa3zpaboTKU OOYCIOBIEHA CIEIYIOIIMM OOCTOSITENLCTBOM. B psime ciaydaeB
BUOpaLUM TIepeNaroTcsl Ha KOPIYC, MOACIUPYEMbIi HUJIMHIPUIECKON 000JI0UKOI, 10 Me-
TAJJIMYECKON KOHCTPYKIIMU U TIO OKpyKatolieit cpene (B 4aCTHOCTU XKUIKOCTH). JloTIoTHU-
TEJIbHBIN y4eT BTOPOTO IMyTU pacIIMpsieT BO3MOXXHOCTU METO/Ia pacyeTa, JejlaeT ero dosee
YHUBEPCAJIIBHBIM U TTOBBIIIAET €0 TOYHOCTb.

Huxe npuseneHbl ¢hopMysibl, OTHOCSIIMECS K O0OJOUYKE-OTCEKY, MU M3 HECKOJIbKUX
COEIMHEHHBIX 000JIOUEK-OTCEKOB U KOJIEll.

YpaBHEHUS NBVKEHUS LIMJIUHIAPUUECKOI 0000UKH B TIepeMEIleHUSIX, OCHOBAHbBI Ha MO-
MEHTHOM Teopun yrpyrux obosiouek Kupxroda—Jlssa, umeror Bus [4, 5]

2
£+a—s—p*haa—?+aql =0,
dz Jo ot
2
E&+aﬁ+l(%+2a_f[j_ p*haa—v+aq2 =0, (D
0p Jdz a\ ¢ 0z or’
2 2 2 2
181‘3]4_281‘1_’_8/‘{2 _]"z_p*haa_‘;_athzo’
a\ 9z azacp a(P ot

rae u, v, w — NIpOAOJIbHBIE, OKPYXKHBIE U paaualbHble NepeMelieHus1 ooonouku; 7y, 75, S,
H, M|, M, — ynpyrue cuioBble HaKTOpbI; a, # — paauyc U TOJIIIMHA 000JIOYKH; 7 — OCeBast

6e3pa3MepHas KOOpIMHATA B IOJISAX PAANYCa a; () — OKPYXKHAsT KOOPIMHATA; ¢ — BPEMSI; Py —
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MJIOTHOCTh MaTepuasa obonouku; 0 <z < ¢, € = L/a, L — nnuHa 060JI0UKY; ¢4, ¢,, g3 — TIO-
BEPXHOCTHbIE pacnpenesieHHbIe Harpy3Ku.

CunTaeM, 4YTO BHEIIHSIS paclpenejieHHas Harpy3ka (IaBjieHue) JeiCTByeT 10 HOpMaJIk K
TIOBEPXHOCTU 000JIOYKU (panuaibHO), TO3TOMY NPUHUMAEM ¢; = ¢, =0, g3 = pe'z,

Ilonnble penteHus ypaBHeHU (1) 17151 Kaxka0i TapMOHMKHM # 3aIIMCBhIBAIOTCS B BUIE

u=Ue cosng+u*, v=Ve"sinng+v*, w=We" cosnp+w*

8 AQ N (3) 8 N ()
Z;Cjnﬁez’ V= Z MW = chne <
=

jn Jn =l

1 2 3
1€ 1 — OKPY>KHbIE TADMOHUKU, C/n MCKOMBbIE KO3(D(DULIMEHTHI, A(j )n, A(l ,),, A(j L, — MUHOPBI

MaTpUIIbl YPaBHEHUS IBVKEHUST 000JI0UKHU; O = 27t/ — yIJioBasi YacToTa KojaebaHuit; f — ya-
CTOTa KOJIeOaHMIA; A — KOPHU IUCIIEPCUOHHOTO YPaBHEHUS;  — BPEMST; () — OKPYXKHast KO-
opAuHaTa, i — MHUMOE 4uciio; u*, v*, w* — yacTHbsle penieHus1 ypapHeHus (1), mepemerie-
HUS BBIHYKIIEHHBIX KOJIeOaHUi1, BO30YXIaeMBbIX pacIipefesIeHHON Harpy3Ku ¢s.

st onpenesieHus TIoKa3aTelleil SKCIIOHEHT A, SIBJISIOLIMXCS KOPHAMM JUCIIEPCUOHHOTO
ypaBHEHUSI, MOACTAaBUM B ypaBHeHUe (1) pelieHus: Buaa

A M A
u=U-e“cosnp, v=V-esing; w=W-e“cosng,

Y TIOJIyYUM YpaBHEHUE CBOOOIHBIX KOJIEOaHU I 000JI09KM B MATPUYHOM hopme
2
Ly +oe Ly L U
2 a
—L, Lyt Ly V= E
2
Ly Ly ILgy+oer| VTG

rae B ciydac CBOOOIHBIX KOJIeOaHUIA q3 = Py — peaKkuyd XNIKOCTH Ha KoJIeOaHUST 000JI0UKU.

0
0¢, 3)

DrieMeHThI JIEBOI MaTpullbl L; ; B ypaBHeHUU (3)

1+

Ly =) —I_Tuﬂz, Ly, = An=-Ly, Ljz=M,

Lzzz—l_“(l+482)x2 (1+b2+2‘7’2bz+82 2)
R

2
Ly; = Ly :—n[1+b2 < Lo G B L (62 z2:’2+ ﬂ )
r
4a 2 2\2 b,
Ly =-Ls Ly=-l1-b-n"2-8 0 -n") -222
I' r
(Di _ cozrzp* (l—uz) _ Eh
E k) (l_uz)r’

rae U — koadduument Ilyaccona; r = a — paauyc 060y0uku; £ — KOMIUIEKCHBIIT MOAYJb
VIPYIOCTHU; Py — IUIOTHOCTb MaTepuasa o00JO0UKU; ay, Zp, by — MapamMeTpsl LIIAHTOYTOB B
clyyae uX KOHCTPYKTUBHOII OpTOTpONUM (PaBHOMEPHOTO paclipele/ieHUs mapaMeTpoB 1o
JIJIMHE OOOJIOUKM) IJIsi HU3KUX 4acTOT KojebaHwit [6]. JIJIst BHICOKMX 4acTOT KoJieOaHUit
LIMAaHTOYThl MOTYT OBITh MPENCTaBICHbI B BUIE KOJIELI.
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MuHoOpbI 1 OnpenennuTeNlb MaTPULIbL L; ; 1eBOi 4acTu ypaBHeHUs (3)
2 2 4 2 2
AY = LiyLyy + Liy + 0 (Lyy + Lyy) + oy, A? = LipLys — Lislyy — 5Ly,
3) _ 2
AT ==Lzl — (L + %)Ly,
2 2 2
Ag = (L + @) (Lyy + ) (Lsz + %) — LipLypslyz — izl Ly +

+ Lis(Lyy + 09) L5 — (Lyy + @3) 33 + Ly Las.

KopHU OuCriepCMOHHOIO ypaBHEHUSI C YIETOM 3aMEHBI A = 0, OIPENEISIOTCS U3 pellle-
HUS IUCTIEPCUOHHOTO YpaBHEeHMUS [3]

(%)

Ag(@) _ pow’aH,’ (ka) _
AV0)  gkH\'(ka)

(6)

rae AD(a) = A u Ay(or) = Ay ¢ anemenTamu (5), B KOTOPBIX A = iQt; Py — MIIOTHOCTb XKMIKO-

CcTH, kK = ()/c — BOJTHOBOE YUCJIO; ¢ — CKOPOCTb 3BYKa B XUIAKOCTU; H, ,ﬁz)(ka) — yukuwms I'aH-
KeJisi BTOpOro poza.

W3 pelueHns 1MCnepcuoHHOrO ypaBHeHYs1 (6) ONpenessiioTcs BOCEMb KOPHEH 04 B pele-
HUM (2), 17151 KaXKION TapMOHUKHU 1 HA KaXXI0i YacToTe KojieOaHUil f.

BoeiHYyXneHHbIe KOJIebaHusl, BO30YXIaeMble TUCKPETHBIMU CUJIaMU P, TPUIIOXKEHHBIMU K
KOJIbLIaM, TIEpeAaloTCsl Ha 000JI0UKM Uyepe3 X CBS3U ¢ KoJibllamu. Kosblia MOTyT ObITh Kak
peaTbHBIMU, TaK U BUPTYaJbHBIMU (O€3BIHEPLIMOHHBIMU), PACIIOJIOXKEHHBIMU TTPU HEOOXO-
IIMMOCTH B JIIOOOM MecTe Ha 000JI0UKe, Ilie Hy*KHO IIPUJIOXUTh ciJibl. HemocpencTBeHHO Ha
107

5

TIOBEPXHOCTH 0G0JIOUKH JIEHCTBYET TOIBKO pacipeieieHHas Harpys3Ka (I1aBjleHue) g; = pe
KOTOpast BO36YXIaeT BEIHYKICHHbIE KOIeGaHMS 0G0IOUKH.

OnpenenuM YacTbie pellleHHs] BHIHYAKIEHHBIX KoJIe0anuii 060104KH. YacTHBIC pelIeHMs
u* = U*e®cosn@, v* = V*e®sing, w* = W*e®cosn@ ypaBHeHUS BHIHYXKIEHHbBIX KoJeOa-
HUit 060JIOUKM OT JECTBUSA pacrpe/ie/leHHOl HArpy3KH ¢; = pe'% oTpenenm U3 peleHus

ypaBHeHUs (3), 0603HAYMB MaTPUILy B JI€BOil YacTu ypaBHeHUs (3) L; j, tne A=1i0
U* 0
a —1
V* —[L,-,j] 0
w8 a3

rne AV(0) = AD u Ay () = Ay ipu A = i6.

OnpenenyM 3aBUCHUMOCTH, CBSI3BIBAIOIIME TEKYIIME TMepeMeleHUsT TTOBEPXHOCTH 000-
JIOUKHU C TIepEeMEIIeHUSMHU ee KOHIIOB. [IpeaBapuTenbHO K TpeM NMepeMEIeHUSIM U, vV, W 10-
6aBMM YETBEpPTOE MepeMellieHUe, IPOU3BOIHYIO W' = dw/dz, yron noBoporTa. [lepemeleHne
W' 100aBJIEHO IJisI BO3MOXHOCTU COCTBIKOBKM O0OJIOUEK M KOJIEIl MO YEeThIPEM CUJIOBBIM
daxkTopaM, s MpoBeneHUST TPeoOpa3oBaHUIl MepeMelleHUid U COCTaBJICHUSI CBOIHOTO
ypaBHEHMSI KOJIeOaHWiT COCTaBHOI 000JIOUKM B MATPUIHOM hopme.

l'[epeMeLueHI/m CBOOOIHBIX KOJIeOaHU 1 IIpeaCTaBUM BEKTOPOM YETBCPTOTO ITOPAIKA

C(z) = {u,v,w, w'}T )
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YacTHble pelieHus, mepeMeleHUs BBIHYXXIEHHBIX KOJIe0aHUii, C yueTOM
A’(®) A(6)
U*=="=W*, V¥ =W,
A'(8) A'(®)
TaKXKE NMpeacTaBMM BEKTOPOM YETBEPTOIO IMMopsdaaKa

2 3 T
¢* = {u*, V*,W*,W*'}T = w* {—Al(e),—Al(e),l,iB} .
A(B) A(O)
IMonnble penreHus (2) mpeacTaBUM B MAaTpUYHOU popme

iz

e

o o o 0 &% 0 .. 0 C,
L= {8 (o) A7 (o) A7 (0%) 0 0 ™ .. ¢ Cyp+*

O6o3HaYNM

(o = 1A% (o) AV (ay) A (o)

. B@=70 0 &% ... 0

_ . . 0 0 0 e
104 10, 10(g

ITpeoGpasyem BoipaxkeHue {(z), 4TOOBI TEKYLIME IEPEMELIEHMSI BBIPA3UTh YEPE3 TIEpEMe-
IIEHUST KOHIIOB 00010uky. O003HaYMM

C; ={C1,0,G,..,Gs) . G(2) = G(O)B(2).
B kpaTkoii 3anmcu TeKyliiee IepeMeInieHue

) = G(C; + T*(»).

IMepeMelieHust Ha KOHIIAX 000MoUKU TIpU Zz=0mn z =4

80) = GO)C; +LX0), L) = GOC; + L*().

B matpuuHoii popme
{c«» - C*(O)} _ {Gw)} c
-y | |l6wy |
OrTcrona ImyTeM oOpalleHnsT MaTPUIBI, Halimem
GO {C(O) - C*(O)} {C(o) - C*(O)}
C, = =[B,B =
J {G(!)} 40 - C*(0) 5. 5,] &) - ¢+ @)
= B((0) = §,(0)) + By(C(1) = C, ().
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B pesynbTate moaydum Tekylue repeMelieHrs: B 000J04YKe, BbIpaXKeHHbIEe Yepe3 mnepe-
MEUIEHUS €€ KOHLIOB 000JI0UKHU

() = G(2) [31(% — )+ By - C?)} +04), ®)

e &y = §(0), {; = {(£) — nepemeluenus cBobonHbIx Konebanmit; {§ = £*(0), {7 = {*(€) —
MepeMeILeHNsI BBIHYXXKICHHBIX KOJIEOaHU i OT NAaBJICHMS ¢3 B Havase U B KOoHIe 7 = £ 0607104~
Ku. Matpuua G (z) pasMepoM 4 X 8 COCTOUT U3 BOCbMU CTOJIGLIOB G; 1o uucity KopHeii oy

A A® }T

. . _ oz .
G(Z)Z{Gj}, e j=12..8 G, =e {F,Falala/‘

e AV = AV (a;), A? = A? (@), A? = AD (a;,).
Marpuusl B, B, pazmepoM 8 X 4 sIBJsiioTCs GJI0KaMuU KBanpaTtHoil Matpuusl B = { B, B, }
—1
G.(0)
G.(0)
OnpenenuM CBSI3b BHYTPEHHUX CHJI M mepeMelneHuid B 000104ke. COrTacHO MOMEHTHOM

TEOPUH MUTUHAPUIECKUX 000JI0UYEK, CBSI3b BHYTPEHHUX CHJI 1 AeopMalinii Ha CpeaIMHHOMN
TMOBEPXHOCTHU 000I09eK MOXHO BEIpa3UTh B Bune (4, 5]

Tl :%[1@4-”1(6_‘/-’-“)):]’
1—pu’lrioz  rlde

2
S :il(a_”+%]+2]_)(1_u)%(a_"_ Jo'w j’

pa3mepom 8 X 8, (7), a cama matpuua B =

20+ p)r\de dz r*\dz 0z d@
3 2 3 2 3 ©)
x_D|_10w M| Jv _dw +2(1_H) dv _ dw
o = N 2\ 970 2 2 020 2 ||’
rl riodz7  F 0200 900z r 200 9o dz

D| *w v w
M, ==Xy | E_C W
! r{ PR (acp aqfﬂ

rae D — muIMHapruyecKast )KeCTKOCTb; = a.
IMocne BoinonHenus: auddepeHurnpoBaHus B (9)

T, = ge'* (iow + pnv + uw) cos ng,
S¥ = ge'™ 1_—u{—nu + ioc(l + 452) v+ 4i0m82w} sin ng,
2 (10)
OF = ge'™iad’ {(2 —W)av + [(2 —u)n’ + oﬂ w} cos ne,
M[r = ge'*8* |:unv + (062 + unz) w} COS nQ.

ITocne moncranoBku nepemeteHuii B (10) moaydnM BEKTOp BHYTPEHHUX CUJI B CCUCHUU
000JI0uKH

n(z) = {5, S, 0F, M/,
N@z) = GXIB(Go — ) + By — L1+ W™,

e G*(z) — MaTpula pasMepoM 4 X 8, COCTOSILIAs U3 BOCBMU CTOJIOLIOB ij (110 yKCITy KOp-
Heit o) G*(z) = {G},/=1,2, ..., 8.

(11)
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G(z) = ge'™ (12)

rne AV, A@ A® — muHOpSI (5) ipu A =
BekTop ® — onpeneiseT peakiMy B CEUCHUSIX 0O0I0UYKH B HATIPABJICHNUSIX TIepeMEIIeHII
{(z) mpu OeiiCTBUU BHELTHETO NABIECHUS

b = ge

A?(0) A% (6)
Yo a0
2)
l—u{_ 22O ioa + 82)A (e)+4len52:|
oz 2 AV (o) AV )

; (13)

A(3)(e)
(U(e)

08> {n(2 1)

[(2 —u?+ 92]}
3)
8’ [unwe + (0" + unz)}
AT(8)
e AV, A@ | A® — yuHopst (5) pu A =

Konebanusa koabna. MarpudHoe ypaBHeHUE KOJeOaHMI KOJbIA ST OKPYKHBIX TapMO-
HUK n > 1

mpy 0 0 myy u qu
0 my 0 O vi_] @ (14)
0 0 my; O [|w a |’

my, 0 0 Myy VR M/R

rae u, v, w, % — IepeMelleHUST IIEeHTpa Macc KoJiblla, COOTBETCTBEHHO MPOIOJIbHOE, OKPYXK-
HOE, paauaJibHOE 1 yTOJI ITOBOPOTA 13 IUIOCKOCTHU. B mpaBoit yactu ypaBHeHus (14) 3anucan
BEKTOP COCPEAOTOYEHHBIX Harpy3ok. O6o3HauuMm M, sieByto Matpuuy (14). DaemMeHThl MaT-
puust M,

my = n4G3 + nzG, - p*F(Dz, my = n2 (G3 + G,),

myy = My,
2
2 b n +1
my = G (n* =1) = (n” +1)puF@’,  my; = G (n* —1) —( - )p*sz,
n
Myy :G3 +n2Gr, Gk :E—J4k’ =1,3, Gt :LA‘.
Ri 2(1+ 1) Ry

Konbuo xapakrepusyercs napamerpamu: R, — paauyc LeHTpa Macc CeyeHus Konblua; £ —
KOMIUIEKCHBIYI MOAYJIb YIIPYTOCTH MaTepualia; P, — IUIOTHOCTh MaTepuaia; F — IJiomans
TONEePEeYHOro ceuyeHus; J; u J; — MOMEHTbl MUHEPLMHU MONEPEYHOro ceuyeHusl; J13 — LeHTPO-
OEXXHBI MOMEHT MHEPLWH; J, — MaCCOBBIII MOMEHT MHEPLUM TIpU KpyyeHun. Ha kombiax



KOJEBAHUSA COCTABHOW LIMJIMHAPUYECKON OBOJIOYKU 23

) 9
MOTIyT OBITH YIIPYTO 3aKpCIVICHbI COCPEAOTOYCHHBIC MaCcChl m,, , m,,,, Cu: Cw — KECTKOCTH UX

KperuteHust. Maccel m?, m?v u xectkoctu C,, C,, MOIEIUPYIOT BUOPOU30IUPOBAHHOE 000DY-
JIOBaHWE, YCTAHOBJIEHHOE Ha KOJIbLIaX.

IIpuBeneHue nepeMenIeHnii 1 BHYTPEHHNX CHJI HA KOHIIAX 000J109€K K KoJblly. B ciiyyae, ko-
r1a K KOJIbLly (CeBa 1 cripaBa) KpensTcsi 000JI0YKM pa3HOro JuaMeTpa He0OX0AMMO BhITOJ -
HUTh COOTBETCTBYIOIIEe MPUBEAeHNE KOOPAMHAT (IepeMelleHn 1) TOPLIOB 000I04eK K LIeH-
TPy Macc TONepevyHOro ceYeHusl KOJIblia.

BexkTopbl nepeMenieHnit KOHIIEBBIX CEUeHU T 000T0UKHU

Cu = HlchIa Chvio = ngzk’ Zy = {Uk:Vk:Wk’eRk}T ’

1 2 .
rne H, n H; — MaTpuubl IpUBEACHUS KOOPAUHAT KOHLEBBIX CEYEHUN 000JI0YKU K KOJIbLLY;
Z;, — BEKTOp NepEMELLEHUI KOJIbLA

100 0 100 0
010 0 010 0
Hi=[0010 |, Hi=[|001 0
000k 000 &t

Ry %

BHyTpeHHUE CUIIBI, IEMCTBYIOIIME B TOPLEBBIX CEYEHUSAX 000I0YEK (B KOHLE IPENbLIY-
1Ieil 000JIOYKH 1y, | M B HAYaJIE MOCTIEAYIONIE 000I0UKH My 4 | (), IPUBEIEM K COCIMHSIIO-

3 4
LIEMY UX KOJIbLLY C TIOMOILbIO MaTpuLl ipuBeneHust H; u Hy .
Marpulibl ipeoOpa3zoBaHUsl CUJI, JEMCTBYIOIIMX HA KOHLIBI 000J104eK HOoMep kK u k + 1 K
LIEHTPY Macc CeYeHUsI KoJiblla HoMep k

fi=Hmng fZ= H/?ﬂkn,o, Mko =M (0), Mg =My (€i),

Jie 0 0 0 T 0 0 0
Ry Ry
0 ;i 0 0 0 % 0 0 s)
k k
H/iz 7, H;C‘: 7
0 0 & o 0 0 f o
R, Ry
(R —n)n 0 0 " (R = 1) Tien 0 0 ew
2 2 2 2
R; R; R; R

ypaBHeHI/IC JABUKCHUA LIEHTpaA MaCC CCUHCHU A k-ro KOJibIIa UMECT BU/

MZ = P = fe + i

IMoncrabnsist B ypaBHeHUe OBMKeHUS Kojbla (16) Beipaxkenus (8, 11, 12—15) nonyyum
CHUCTEMY YPAaBHEHUIA OTHOCUTENIBHO BEKTOPOB Z;: nopsinka 4(N + 1), rne N — KOJau4ecTBo
o6omouek; N + 1 — konnuecTBo KoJjiell. YpaBHeHus (16) cOCTaBISIIOTCS IJIsl KAXKIOTO KOJIbLia

ITOCJICA0BATCJILHO

4 2 4
[Mo — HIGY (0) B H] } Zo - HG? (0) By, HIZ, =

=R+ H, {‘1)1”/1* -Gy (0) [31.@? + 32.1§Teie'€'}},

HG} (ek)Bl,kng—le—l + |:Mk + HIEG;:(fn)BZ,kH}( - HgG:+l(0)Bl,k:lle:|Zk -

(16)
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4
Ay | An | An !
Ay | An | An Z
V4
Az | Az | Axn 3
Z,
Ay | Ass | Ap 4
Z:
Asp | Ass | Asy 3
Puc. 2. CTpykTypa MaTpMuHOTO YpaBHEHMUSI.
4 1 4 3 10,4
— H{Gi(0)By 1 Hy 1 Zysy = P + {Hkq)kHVVk*Jrl - Hy® W™ + (17)

3 0,6 4 6,
+ HkG;ck(€k)|:Bl,kC)/§ + B, Lie™ k} - H;G};11(0) |:Bl,k+lgc(+l + By jCre™” k}},
H)G7 (€) Bz +| My + HGH€)B,,H, |2, =

= B, + H,?(I)n[/[/n*eienf,, _ H’?G;l: (en)[Bl’ncz + Bz’nz;jei9"€,,:| .

3aech mepBoe ypaBHEHUE COCTaBJIEHO JUISl TIEPBOTO KOJblia, COEAMHEHHOTO C 00O0J0UKOM
crpaBa, BTOpO€ YpaBHEHHME — JUISI TPOMEXYTOYHOTO KOJIblla, COEAMHEHHOTO C 000JI04KaMU
cjeBa U crpaBa, a TPeThe — MJIsI MOCIENHETO KOJIblia, COEAUHEHHOrO ¢ 000JIOUKOI crieBa.

OO0I11ee MaTpUYHOE ypaBHEHUE BBIHYKIEHHBIX KOJIEOaHMII COCTaBHON OOOJIOYKM MMEET
JIEHTOYHOI BUJI LIETTHOM CUCTEMBI. YpaBHEHUE COCTOUT U3 OJIOK-MaTPUIL] YETBEPTOTO MOPSI-
Ka, KBa3uIMaroHajJbHO pacnoyioXeHHbIX. Ha puc. 2 mokazaHa CTpyKTypa MaTpUUYHOIO ypaB-
HEHUSI COCTAaBHOM OOOJIOYKHM C YETHIPbMSI 00O0JIOUKAMU U TISITbIO KOJbILIAMMU, THe KpaitHue
6ok Ay = 0 u A5, = 0, MOTOMY UTO MEpe MEPBLIM KOJIBLIOM U MOCJIE MOCIEAHEr0 KOIbLa
HeT o0oJjiouek. Takasi IeHTOYHasl CTPYKTypa MO3BOJISIET OBICTPO pelliaTh MAaTPUYHBIE ypaBHE-
HUS BBICOKOTO Mopsiika (HECKOJILKUX COTeH). B pe3ynbrare penieHust 3Toil CUCTeMbl omnpe-
JEJISIIOTCSI UCKOMbBIE BEKTOPHI TEpEMEILEHUI KoJell Z;.

IMocne onpeneneHns BEKTOPOB MepeMeLeHN I Z; Ha KoabLax k u3 ypasHeHus (17) MOXHO
OIPEACIUTh aMIJIUTYIHO-YAaCTOTHBIE XapaKTePUCTUKU KOJIeOaHUI COCTaBHOM 000JIOUYKM B
3aJaHHbIX CeYeHUsIX (KOJIbIIax) 000J0UYeUYHONM KOHCTPYKIIUU, a TakKe (DOPMbI BBIHYXKIIEH-
HBIX KOJIeOAHUI COCTaBHOI 000JIOYKY B LIEJIOM.

3akmouenne. [TpenyiockeH METO pacyeTa BhIHYXXIEHHBIX KOJIeOaHUI COCTaBHOI 060104~
KM CO CBOOOMHBIMU IPAaHWYHBIMU YCJITOBUSIMU, BKJIIOUYAIOIICH COeIMHEHHBIE MEXIY CO0Oit
HWJIMHIPUYECKHUE 000JI0UKM U YIIPYTHe KOJIblia, BO30YKIaeMble COBMECTHO COCPEIOTOUYCH-
HBIMM U pacrpeneeHHbIMUA Harpy3kamu. [1o oTHoieHuto K Metony [3], rae Bo30yxkaeHue
3a1aBaJioCh TUCKPETHBIMU CUJIAMU, MPUIIOKEHHBIMUA K KOJIblLIaM, METOI PaclIUupeH U I0-
IMOJIHEH BO3MOXHOCTBIO pacueTa BBIHYXKIEHHbBIX KOJIeOaHUIl COCTaBHON 000JIOUEUHOI CU-
CT€Mbl TUCKPETHBIMU CUJIAMU U TUHAMUYECKUM JaBJI€HUEM, MPUIOXEHHBIM K 000JI0UKe,
YTO JieJIaeT MeTo 6oJiee YHUBEpCaTbHBIM. JIOITOTHUTEIbHBIN YyTOUHSIIOIIMIA y4eT BO30yXIe-
HUS KOJeOaHUil 000JIOUYKHM OT JaBJIEHUS] Yepe3 CKUMAaeMyl Cpely ONpeaeisieT HOBU3HY U
MOJIE3HOCTh Pa3pabOTKU.
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