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PaccMoTtpensl TuHeliHBIE ypaBHEHMS Bonbreppa mepBoro poaa. BeimeneH Kitace Takux 3a1a4, KOTOPbIE UMEIOT €I1H-
CTBEHHOE PELIEHUE, ISl YUCIEHHOIO PELIEHUST KOTOPBIX MPEIIOXEHDI KOUIOKAIMOHHO-BaApUALIMOHHEBIE METO/BI.
CyTh TaHHBIX AJITOPUTMOB 3aKJIIOUAETCSI B TOM, YTO MPUOIMKEHHOE PellleHNEe HaXOOAT B y3j1aX paBHOMEPHOM ceT-
K1 (YCJIOBHE KOJUIOKAIIMM), KOTOPBIE JAIOT HETOOMIPEACIICHHYI0 CUCTEMY JIMHEMHBIX alreOpandecKnX ypaBHEHMIA.
[MonyyeHHYI0 TAKMM 0Opa3oM CHCTEMY JOMOJHSIOT YCIOBEM MUHUMYMa 11eJIEBOM (DYHKIIUU, KOTOpast allpOKCH-
MUPYET KBaapaT HOPMbI MPUOIMKEHHOTO pellieHrs . B utore moydaror 3amadyy KBaapaTUIHOTO TPOrpaMMUPOBaHUS:
LeJsieBast GyHKLMS (KBaapaT HOPMbI TPUOIMKEHHOTO pellieHs) — KBaapaTU4Hasi, orpaHuueHus (YCIOBUs KOJIJIOKA-
LIMK) — paBeHcTBa. [laHHas 3a1a4ya peniaeTcsl MeTonoM MHOXUTeN el Jlarpanka. JleraabHO pacCMOTPEHbI JOCTaTOY -
HO MPOCThIE METO/IbI TPEThero mopsiaka. [IprBeaeHbI pe3yIbTaThl pacyeToB TECTOBBIX 3ana4. OOCyKaaeTcst JaJbHel-
11Iee pa3BUTHE JaAHHOTO MOAXOIA AJIs1 YMCIEHHOIO PELIeHUsT APYIUX KJIacCOB MHTErpalbHbIX ypaBHeHui. bubo. 12.
Tabn. 4.

KioueBbie cjioBa: MHTerpaibHbIe ypaBHeHUs Bosbreppa, KBaapaTypHble (OPMYJTBI, KOJUTOKAIIUAS, METOJ MHOXHTE-
seit JlarpaHxka.

DOI: 10.31857/50044466925010016, EDN: CDHTSA

1. BBEAEHUE

CTtaThs TOCBSIIIEHA YMCICHHOMY PEIICHUIO JIMHEHBIX MHTEeTPAJIbHBIX ypaBHeHUI BosTreppa Buna

t

/K(t,t)x(r)dr:f(t), 0<t<t<, (1)

0

rae f(t) u K(t,t) — 3amaHHble (GDYHKIUU C JOCTATOYHO MIaJKUMU 3JIeMeHTaMH, x(t) — uckoMas dyHkuus. [Tpu
K@, 1) #0 Vrel0,1], f(0)=0, (2)

7 HeNPePBIBHBIX GYHKUMAX K (2, 1), K (T, )|z, f’(f) CylIeCTBYeT EIMHCTBEHHOE HETIPEPBIBHOE PEIICHUE JAHHON 3a1a4u
(cMm., Hammpumep, [1], [2]).

[Moxxonbl K YMcIeHHOMY pellieHuIo ypaBHeHUs (1) ¢ ycmoBueM (2) MOXHO HaiiTh B MoHOTpadusix [4]—[6] (koto-
KallMOHHbIE 1 MHOTOLLIATOBbIE METO/IbI), [7] (O10UHBIE MeTOABI), nUccepTaliu [8]. B [9] npeacraBieHbl pe3yabTaThl IO
JTAHHO TeMaTUKe U TPYIHOCTH, KOTOPbIE BO3HUKAIOT MPU pa3paboTKe METOAOB pelieHus ypaBHeHus (1).

B HacTtosmieit padboTe mpenioXXeHbl OQHOIIATOBbIe METOBI PellleHUsT 0003HAYEHHBIX 3a7a4, KOTOpbIE Ce0sT OTJINY-
HO 3apEKOMEHI0BAIM TPU peleHun quddepeHumnanbHo-anredpanyeckux ypaBHeHuii (cM. [10] u mpuBeaeHHYIO TaM
o6ubauorpaduio) u BISIOTCI 00001EeHeM cTaTbu [11].

1) Pa6ora BeimonneHa npu duHancoBoit nonnepxke PH® (kox mpoexra Ne 22-11-00173).
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2. KBAAPATYPHDBIE ®OPMVIJIbI U AJITOPUTMDbI

I1pu mocTpoeHUM METOIOB PELIEHUS MCXOTHOM 3aJauil HaM MOTPEOYIOTCS HEKOTOPBIE pe3yabTaThl U3 TEOPUU TTPU-
omxeHHOTo MHTerprpoBaHud. [TonpoOHO 0OCTAaHOBMMCS Ha YEThIPEXTOUCUHBIX KBaAPaTYPHBIX (DOPMYJIaX TPETHETO MO~
psiika, KOTOpbIe MOTPEOYIOTCS 151 AATbHEHILIETO U3JI0XEHHUS.

3agaaum Ha otpeske [0, 1] paBHOMepHYyIO ceTKy t; = ih, i = 0,1,...,N, h = 1/N, ¥ MOJIOXUM, YTO JIJisI JOCTATOYHO
TafgKoil hbyHKuMM g(t) u3BectHo g(t;). Torna

1

/g(f) dt ~ h[b18i-3 + bagi—> + b3gi-1 + bagil, (3)

gy dt = hlaigi-3 + argi-—2 + asgi-1 + asgil, 4)
1i-3
rae KoaphuuueHTbl a;, b, j = 1,4, yIOBIETBOPSIOT YCJIOBUSIM TPETBETO MOPSIIKA, T.6. KBaapaTypHble popMmyisl (3), (4)

TOYHBI JUIS1 JIFOOBIX TOJTMHOMOB CTEIEHU HE BBIIIE TPEX.
Ormnyckas 3jieMeHTapHbIe BBIKJIAIKK, TTIOTYYUM, UTO TaHHbIE KO3GhGUIIMEHTHI BistoTcs pemeHueM CJIAY

1 11 Zl Zl 2 3
0 2 3 a2 b2 =| 2 45 |. (3)
0 4 9 33 8/3 9

ay b4

Ilonaras B (5) a; = a, by = b — cBOOOIHBIC ITapaMeTpHhl, ITOIydnM, 4to pemeHueMm CJIAY (5) sBusiorces
(a19a2aa3,a4) = (a97/3_3a’ —2/3+3Cl,1/3 _a)’ (6)

(by, by, b3, ba) = (b,2.25 — 3b, 3b,0.75 — b). )

IIpucTynuMm K onmMcaHuio METOIOB MpuokeHHoro pemenus MYB (1) mpearmnonaras, uyto xg = x(0) 3agaHo MU
3apaHee BbIYMCIIEHO. JIaHHbBIC aITOPUTMBI OCHOBaHBI Ha KBaapaTypHbIX hopmynax (3) u (4) ¢ Koadpduimentamu, yao-
BJICTBOPSTIOIIIMMU COOTHOIIEHUSIM (6) 1 (7) cCOOTBETCTBEHHO. JIJISI TPOCTOTHI M3JIOKEHUS MOJIOKMUM N KpaTHO TpeM U
0003HaYUM

fi=f@), Kij = K(1;, 1)), x; = x(;).

B sTom ciyuae mist ypaBHeHus (1) OyaeM uMeThb

ti—1 3h 5h tiq
/K(ti_l, x(t)dt = /K(t,-_l, Tx(t)dt + /K(t,-_l, Dx(t)dt+--- + /K(ti_l, T)x(t)dt =
0 0 3 fia
= h[b1Ki_10x0 + b2Ki_1,1x1 + b3K;_12X2 + D4K;_13%3) + (D1 Ki_13%3 + Do Ki_j 4x4+ (8)

+b3K; 15x5 + baK;i 16%6) + - + (1 Ki1;3%i3 + a2 Ki 1 2% 0 + a3 K i 1xi1 + asKi1,x)] =
i3
=h E piiKio1jx; + hlaKio1;3%i3 + @ K10 Xi 5 + a3 Ko i1 xim1 + asKiqx;] = fio

j=0

u
4 3h 6h i
/K(t,',‘l:)x(‘l:) dt = /K(ti, x(t)dt + /K(ti, r)x(t)d1:+---+/K(ti, Tx(t)dt =
0 0 3h li3

= (b1 K;ox0 + baKi1x1 + b3Kinxs + byKi3x3) + (b1 Ki3x3 + baKiaxy + b3Kisxs + byKigxe) + -+ + (01 Kijsxia+ ©)
i-3
+by K2 Xio + b3Kiji_1xi1 + baKiixi)] = h Zpini,jxj + hlb1K;j3xi3 + oK ioxio + 3K i1 xi1 + baKiixi] = fi,
=0
i=3,6,9,...,N.
Touk ;_; 1 t; GyZeM Ha3bIBaTh KOJUTOKAIIMOHHBIMY TOYKaMH WM Y3JIaMH KOJTOKALINH.
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IMomaras x(0) = xy 3aHaHHBIM U UCIIOJIb3YS BIIICIIPMBEICHHbIE KBaIpaTypHble (DOPMYJIbI, TTOJIYINM, 9TO X;_p, Xi_|
U x; aeasiorces pemenueM CJIIAY

i-3
Xi2 =0 PijKi-1,jxj + a1Ki-1,-3Xi-3 -1
haxKi-1i-2  hazKi—1;-1  hasKi-y; xl‘ - _h Ei?—3” IKJ J'+b Kl” o + flf
hbyKiio  hb3K;iy hbsK;; ;l j=0 PijRijXj T O1R0i-3%i-3 '
1
WIN B BEKTOPHO-MaTPUYHOM BUIIE
AiX; = B;, (10)

e
_( haxKi1;—2  hasKi_1;-1  hasKi_y; _ T
Al - < thKi,i—Z ]’lb3 Ki,i—l hb4Kl"i H XI - (xl—27 -xl—l > -xl) s

i-3
> im0 PijKio1jxj + a1 Ki1i-3Xi-3 fic1
_ i-3 A
Bi=—h > j=0 PijKijxj + b1Kii3xi3 + Ji

JlaHHBIE CUCTEMBbI UMEIOT pa3MepHOCTb (2 X 3), T.e. ABJISIIOTCS HeIoOIpeae/IeHHbIMU.

Bynem cmotpeTh Ha CJIAY (10) Kak Ha orpaHMYEHUSI TUIIA PABEHCTB LIS IOMCKAa MUHMMYMa KBaapaTa HOPMbI ITpH-
OJIMKEHHOTO pelleHus y;(¢), t € [ti_3, t;], yir1(t;) = yi(t;), t € [ti_3,8;]i = 3,4,..., N, BaToM ciiyyae Mbl OyeM UMETh 3a1a4y
Ha YCJIOBHBI MUHUMYM

l[yl> — min (11)

P OTpaHWYEHUSIX TUTIa paBeHCTB (10).

Ecnu HopMma dyHKUIMU y(x;_3, X;—2, Xi_1, X;, {) BBIOpaHa HeylauyHO, HallpMMep, B MPOCTPAHCTBE HEMPEPbIBHBIX WIU
HerpepbIBHO-AU (G epeHInpyeMbIx QyHKIU, To 3aga4a (11) ¢ orpannyeHusiMu (10) OyneT 10CTaTOYHO CAOXKHOM, MO-
3TOMY OyleM cUuTaTh

1) y(t) = Ls(x;i_3,Xi_2, Xi_1, Xj, 1) — UHTEPIOJSILUUOHHBIA MOJUHOM TPETHEWU CTETEHU, MPOXOASIIIUN Yepe3 TOUKU
(Xicm» ticm), m=0,1,2,3;

2)

po i

IyOIF = 1L OIF = / LYWL (ndr, 0<r<3. (12)

m=0 fis

3/1ech Mbl OTPAHUIMMCS YaCTHBIM citydaeM (12), a UMEHHO, » = 3 U [T BBIYMCIICHMS ONPEeAeICHHOTO MHTETpaia B
dopmyine (12) Bocronab3yeMcs Kakoi-11M00 U3BECTHOM KBaapaTypHoii dopMyJioit ( cM., Harmpumep, [12]). Torna umeem

3
2
ILs()II* = Z L(3m)(xi—3axi—2axi—laxiat)Lgm)(xi—S,xi—z,xi—l,xi,t) dt =

m=0 fis

3
E 0
A, Xi-3+m
m=0

2 2 2

3
> (apxizem)/H7|| + (13)

m=0

3
> (O Xi3em)/h

m=0

~h + +

2

3
> (0 xi3im) /P

m=0

+ = (P(xi—Z, Xi-1, xi)7

rae Z?nzo(a,%x,-_%m) Jh? ~ XD (El’-’ ), Ef € [t;_3,t;], a HOpMa KOHEYHOMEPHOI'O BEKTOPA 30ECh IIOHMMAETCS KaK €BKJIMIOBA.

KoadduimeHTsl o, 3aBUCAT OT BbIOOpA KBaIpaTypHOU (GOpMYJIbl U (OPMYJIbl MPUOIMKEHHOTO BBIYUCIEHUS
Lé’”)(x,-_s, Xi—2, Xi~1, Xi, ).

KoadduimeHTs afn OTIpeieNIeHbI e IMHCTBEHHBIM 00pa30M M3 OYEBUIHOTO paBeHCTBA ASx; = (x;—3X,_ | +3X;.0—Xi_3),
Te. o’ =(1,-3,3,-1).

Hanpumep, npu 7 = t;_3 koabduuuents a® = (0,0,0, 1), a! = 1/6(2,-9,18,-11), o = (-1,4,-5,2).

Mpu 7 = t,_, koadduuments! a = (0,0, 1,0), o' = 1/6(-1,6,-3,-2), o> = (0,1,-2,0).

Mpu 7 = t,.; koadduuuents! a = (0, 1,0,0), o' = 1/6(2,3,-6,1), o = (1,-2,1,0).

Mpu 7 = t; koapdbuumenTs ¢ = (1,0,0,0), a' = 1/6(11,-18,9,-2), o = (2,-5,4,—1).

Takum 006pa3oM, yUUTBIBasI, UTO Xy 3aJaHO, HA KaXJIOM OTpe3Ke MHTerpupoBaHus [t;_3, %], i = 3,6,..., N, uMeeM
3aayy KBa[paTUYHOTO MPOTPAMMUPOBAHNUS: HAUTU MUHUMYM LeJIeBON yHKIUU Q(X;—7, Xi—1, X;) TIPU OTPAHUYEHUSIX
THra paBeHcTB (10).

JKYPHAJI BBIYMCITUTEIBHOM MATEMATUKU U MATEMATUYECKOM ®U3UKU  TomM 65 Nel 2025
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B cuity Toro 4yto ymHOXeHMe 1ieaeBoi ¢pyHKIMY (13) Ha TpOoM3BOJIbHOE HEHYJIEBOI UMCIIO He BIMSIET Ha HAXOX/e-
HME apTyMEHTa YCJIOBHOTO MUHMMYMa, TO TaHHasI 3a7aya 9KBMBaJCHTHA 3a1a4e

2
+IA P (14)

2
+ht

3 2

0
E Oy Xi-3+m

m=0

3
> (@ xizem)/

m=0

: 6 2
min y(x;, x;-1, X;2) = h +h

3
> (ctpXisem)/h
m=0

¢ orpannyeHusmu (10).

Tak Kak NepBoe, BTOpoe U TpeTbe caaraeMble B (14) comepxar Majble ciaraeMble nopsaka h°, h*, h? cooTBeTCTBEH-
HO, TO UX MOXHO OTOPOCHUTH (M1 YacTb U3 HUX). Hanmpumep, orpaHnuuBasich B (14) TOIbKO TPETbUM 1 YETBEPTHIM
cJIaraeMbIM FUIH TOJIBKO TTOCIICTHUM ITOJIYYHM, IBE 3a1a4l MaTeMaTHIECKOTO IIPOTpaMMUPOBAHMS:

1) HaiiTu
3 2
: _ 12 2 2 3 2
min w1 (5, X1, Xi2) = B || (anxiaem) /|| + 1A%, (15)
m=0
2) HaWTH
min ya(x;, Xi-1, Xi-2) = [|A x| (16)

P OTpaHUYEHUSIX TUIIa paBeHCTB (10).

3amaum (15), (10) u (16), (10) MOKHO pelInuTh MeTOIOM MHOXUTeNel Jlarpanxka. Tak Kak 1eseBbie GyHKIMHT (15)
u (16) SBISAIOTCS KBaApaTUYHBIMU, a orpaHndeHust (10) ecTb paBeHCTBa, TO PEeIIEHUEM JaHHBIX 3a/1a4 SIBJIICTCS peliie-
Hue cootBeTcTByoIXx CJIAY. Hanpumep, penienveM 3amad (16) ¢ orpanndyenusimu (10) sapnstercs pemenue CJIAY
BUIIA

ﬂ,’Xi = Bi, (17)
rIe
3 -3 1
Ai=| hbyKi1;-2 hb3Ki_1;.1 hbsKi_y; |, (18)
hayKiioo  hasK;;_ hasK;;

Xi = (Xi—2, Xi—1, X)) T,
B = (xi3, BT,

e BeKTop B; onpeneseH no ¢popmye (10).

VYrBepxkaenue. Ilycms 041 unmezpanvroeo ypasnenus (1) évinosnernnt ycaosus:

1) anemenmut K(t, ), f(t) npunadnexcam kaaccy C?o,l];

2) K(t,t) # 0Vt € [0, 1], £(0) = 0, xp = x(0).

Torna cripaBeuIMBa oLieHKa ||x; — x(t,)|| = O(W3), i = 3,4, ..., N, 1€ x;_p, Xi_|, X; ABJII0TCS pelleHusaMH 3anad (17).

JlokasaTesbCTBO OCHOBAHO Ha AMCKPETHOM aHajore JieMMbl Iponyoia—bennmana (em. [3], [6]).

OTMETHUM, YTO €CJIM MONOXUTE B (12) < 3, TO OJTy4MM Apyroe ceMeicTBo aroputMoB. Hanpumep, nipu r = 2 (110
aHayioruu c 3agaveii (14)) 6yneM UMeTh 3aJja4i Ha YCJIOBHBI MUHMMYM KBaIpaTUYHOW (DYHKIIMU:

1) HaitTu
3 2 3 2 3 2
min Q(x;, xi-1, Xi-2) = (| Y (0 Xiam)| | + R | (@ xizem)|| + 5 {|D (@0 xia0m) (19)
m=0 m=0 m=0
P OTpaHUYEHUSIX TUIa paBeHCTB (10).
IIpu r = 1 6yneM UMeTh
2) HaWTH
3 2 3 2
min T(x, xim1, %i-2) = || Y (e xisem)|| + 1| (00xi30m) (20)
m=0 m=0

MpU OrpaHUYEeHUIX TUIa paBeHCTB (10).

Ilo ananoruu ¢ (13) maHHbIe 3a71auMd SKBUBAJEHTHBI MOUCKY YCJIOBHOIO MUHUMYMa (YyHKUUNH Q(x;, xi_1, X;_2) U
I'(x;, xi_1, Xi_») COOTBETCTBEHHO.

Tax Xe, Kak ¥ 11 ciydast r = 3, 11 ciydas r = 2 B popmyite (19) cnaraemble, conepxkamye h* wim h* u h?, MoxHo
0TOpOCUTD. A ISl r = 1 MOXHO OTOPOCUTB CJIaTaeMOE, ColepxKaree h.

>KYPHAJI BBIYMCITUTETbHON MATEMATUKU U MATEMATUYECKOM ®U3UKU  TomM 65 Nel 2025
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Torga nojiyum ceMeMCTBO aITOPUTMOB: IS ¥ = 2 HAUTU

2 2

3 3
. 2 2 1
min Qg (x;, X;i_1, Xj—2) = Z(amxi73+m) +h Z(Oﬁmxif%m) (21)
m=0 m=0
U
3 2
. 2
min Q(x;, Xi-1, %i2) = || (X 30m) (22)
m=0
MpU OrpaHUYeHUSIX TUIA paBeHCTB (10).
Jnst r = 1 OyneM MMeTh CEeMEMCTBO METOJOB: HANTU
3 2
. 1
min Iy (o, Xi—1, Xi—2, h) = Z(Gmxi—3+m) (23)
m=0

P OTpaHUYEHUSIX TUIa paBeHCTB (10).

Hna pewrenust 3agad (21)—(23) MOXHO IPUMEHSITh METOA MHOXKUTeJel JlarpaHka. YCJIOBHBIM MUHUMYM (DYHKUMT
Q,Q, Qul, I'| BATOM ciyyae HaXOIUTCS TOYHO U3 peleHust cooTBeTcTByIomUX CJIAY.

OTMETHUM, YTO UCCIIeIOBAaHUE HA YCTOMYMBOCTb U CKOPOCTh CXOAMMOCTU MeToa0B (19)—(23) npeacrasisieT codoit
OTIeIbHBIN MHTepec. CBOMCTBA TaHHBIX AJITOPUTMOB OYIYT 3aBUCETh HE TOJIBKO OT BEIOOpA KBaIpaTyPHBIX (DOPMYJT (CM.
dbopmyiy (6)), T.e. OT TapaMeTPOB a U b, HO U OT BbIOOPA aNIIPOKCHMALIMU IIPOU3BOIHBIX peleHust (cM. hopmybl (12)
u (13)), T.e. or mapamerpos o,,0 < [,m < 3. BbUIM paccCMOTPEHBI Pa3IMUHbIe BAPUAHTHI TAKMX MTOAX0AO0B. [Ipensapu-

m?

TEJIbHBINA aHAJIU3 TaHHBIX AJITOPUTMOB ITOKas3aJl, YTO OHU 00J1a1a10T CBOMCTBOM YCTOPJI‘{HBOCTH.

3. YUCJIIEHHBIE PACYHETHI

B nanHOM pa3sjese puBeaeHbI pACYETHI TECTOBBIX IIPUMEPOB 110 ajiroputmy (17) c mapamerpamua = 1/3(1,4,1,0)7,
b =1/4(3,0,9,0)". Pe3ynbraThl IpencTaBieHbl B Bue Tabmuil. [IpuHsaTO 0603HaYeHrE er = max;—; y |x(#; — x;.
IIpumep 1 (cM. [6], c. 149). PaccmoTpum UY

P +1) / cos(t — T)x(v)dt = sin(t) + r( exp(rt) — cos(r)), t€[0,1],
0

TOYHOE pellleHre KoToporo x(f) = exp(rt). PeynsraTel pacueroB ipu r = 1, a = 1/3(1,4,1,0)", b = 1/4(3,0,9,0)"
MpencTaBieHbI B Ta0. 1.

PesynpraTel pacyeToB 3TOro nMpuUMepa Ipu 3HayeHUuU napaMmerpos a = 1/3(0,7,-2,1)7, b = 1/4(0,9,0,3)7, r = 1
MpeACTaBJIeHbI B Ta0. 2.

IIpumep 2 (cM. [6], c. 517). PaccmoTpum UY

o / exp(a(t — t)x(t)dt = (exp(ar) — exp(—ar))/2, te€[0,1],
0

TOYHOE pellleHue KOoToporo x(tf) = exp(—ar). Pe3ynbsraTel pacyeToB MpW 3HAYEHUSX MapamMeTpoB o = 3,
a=1/3(1,4,1,0)", b = 1/4(3,0,9,0)" npeacraBieHbI B Tab1. 3.

PesynkraThl pac4eToB JaHHOIO MpUMepa Mpy 3HaYeHuH mapameTpoB a = 1/3(0,7,-2,1)", b = 1/4(0,9,0,3)", a = 3
MpencTaBieHbI B Ta0M. 4.

YucieHHble pacyeThl JaHHBIX IPUMEPOB COIJIACYIOTCS C yTBepxkaeHrueM. KpoMe nmpuBeaeHHBIX BbIIIE ITPUMEPOB
ObLIM TPOBEIEHBI MHOTOUYMCIIEHHBIE pacueThl APYTUX TECTOBBIX MTPUMEPOB, KOTOPbIE HE COAEPXKAT XXKEeCTKUX KOMIO-
HEHT, IpHY pa3IMYHbIX BbIOOpAX mapaMeTpoB a U b 1o aaroputMy (17). JlaHHbIe 9KCITEpUMEHTHI TAKXKe XOPOILIO coria-
CYIOTCSI C YTBEPXKIECHUEM.

Taosmua 1. YucieHnsie pacyersl npumepa 1l mpur =1,a = 1/3(1,4,1,0)", b = 1/4(3,0,9,0)"

h 0.1 0.05 0.025

er 0.0039 0.0006 0.00009
Taoumua 2. YucieHHble pacyetsl nmpuMepa 1l mpur =1, a = 1/3(0,7,-2,1)7, b = 1/4(0,9,0,3)T

h 0.1 0.05 0.025

er 0.0027 0.0004 0.00006
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BYJIATOB
Taomna 3. PacueTsl mj1st mpuMepa 2 Mpu 3HAYEHUSIX TTapaMeTpoB o. = 3, a = 1/3(1,4,1,0)7, b = 1/4(3,0,9,0)T
h 0.1 0.05 0.025
er 0.085 0.012 0.0018

Taommna 4. Pe3ynsraTsl pacueToB IMpHUMepa 2 IIpy 3HaYeHUH ITapaMeTpoB o = 3, a = 1/3(0,7,-2,1)7, b = 1/4(0,9,0,3)"

h 0.1 0.05 0.025
er 0.02 0.0035 0.00052

4. 3AKJITIOYEHUE

B Hacrosieli cratbe ObLT BbIAEIEH KJ1acc MHTETrpaIbHbIX ypaBHCHI/Ifl Boaneppa IIEpBOIro poaa, Ajd YUCJICHHO-

IO peIIeHUs] KOTOPHIX MPeII0XEeHBI KOJIIIOKAIIMOHHO-BapUAIIMOHHBIE METOIBI TPEThETO MopsiaKa. JlJaHHbBIE aaTOpPUT-
MBI CBOMISTCS K PEIICHUIO 3aIayld MaTeMaTHMYECKOro (KBaapaTWMYHOTO) IMPOrpaMMUPOBAHUS — IieieBas (QyHKIIUSI-
KBagpaTU4Hasl (HEKUI aHaJIOT KBaapaTa HOPMBI ITPUOIMKEHHOTO PEIIEHUsT) C OTPaHUYCHUSMHU TUITA PaBEHCTB (YCJ10-
Bue KoJutokauun). Takasi 3amaya 5KBUBaJIeHTHA HAXOXIEHUIO peleHus1 HeBbipoxxaeHHoM CJIAY. YucneHHbIe pacyeThbl
ToKa3ajIu MepCIeKTUBHOCTD NabHeMIIIel pa3paboTK1 TaHHOTO Moaxoaa. Janee miaHupyeTcs JeTaJbHOe MCClleaoBa-
HUE KOJUTOKAIIMOHHO-BapUallMOHHBIX METONOB (21)—(23), MeTonoB GoJiee BEICOKOTO MOPSIKa U 7151 6oJiee O0IIUX 3a-
JIa4, B YaCTHOCTH, JUIsI MHTEeTPAIbHBIX YpaBHeHUI Bonbreppa, UMEIONINX CTeleHb HEYCTOMUYMBOCTH (CM. [3]) OobIme
eIUHUIIBI U YPaBHEHUI TIEPBOTO POJa C SIIPOM, COIEPKAIIUM CIa0yI0 OCOOEHHOCTb.

10.

11.

12.
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Abstract. Linear Volterra equations of the first kind are considered. A class of problems that have a single
solution is identified, and collocation-variational methods are proposed to solve them numerically. The
essence of these algorithms is that the approximate solution is found at the nodes of a uniform grid (the
collocation condition) that yield an underdetermined system of linear algebraic equations. The system thus
obtained is supplemented by the condition of minimum of the objective function, which approximates the
squared norm of the approximate solution. As a result, a quadratic programming problem is obtained, viz.
the objective function (the squared norm of the approximate solution) is quadratic, and the constraints
(the collocation conditions) are equalities. This problem is solved by the method of Lagrange multipliers.
Sufficiently simple third-order methods are considered in detail. The calculation results for test problems
are given. Further development of this approach to solve other classes of integral equations numerically is
discussed.

Keywords: Volterra integral equations, quadrature formulas, collocation, Lagrange multipliers method
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Approximation of spectral and boundary-value problems arising in the stability analysis of incompressible boundary
layers is considered. As an alternative to the collocation method with mappings, the Galerkin—collocation method
based on Laguerre functions is adopted. A robust numerical implementation of the latter method is discussed. The
methods are compared within the stability analysis of the Blasius and Ekman layers. The Galerkin-collocation method
demonstrates an exponential convergence rate for scalar stability characteristics and has a number of advantages.

Kmouessie cioBa: spectral methods, Galerkin—collocation method, Laguerre functions, incompressible boundary
layers, linear stability analysis, non-modal stability analysis.

DOI: 10.31857/50044466925010027, EDN: CDGWXI

1. INTRODUCTION

Three-dimensional small-amplitude disturbances against a main laminar flow are of interest in numerical studies of
boundary-layer instabilities. Equations governing the evolution of such disturbances are considered on the half-line y > 0,
where y is the wall-normal coordinate, with the boundary conditions

u=v=w=0 at y=0,y— +oo (L.1)

for the velocity components u, v and w (see, e.g., [1—3]). The boundary conditions (1.1) represent the no-slip condition
at the flow-exposed surface y = 0 and decaying of disturbances at far distance from the surface. This paper devotes to
approximations on y of such problems.

Spectral methods, including collocation and Galerkin—collocation methods, are a good choice for the approximation
of governing equations, since the equations are linear while sought disturbances are smooth functions of y. Within the
collocation method, the solution is approximated by a series of infinitely-differentiable functions with a non-finite
supply; and the expansion coefficients are determined by requiring the equations to be satisfied at given grid nodes called
collocation points. Within the Galerkin—collocation method, the equations are approximated in the weak form, Lagrange
interpolation functions associated with some grid are used as trial and test functions, and the inner products are computed
by a high-order quadrature formula associated with the same grid. Note that the Galerkin—collocation method is often
called the Galerkin method with numerical integration [4]. For problems considered on a finite interval, these spectral
methods are discussed, for example, in [4—6]; and procedures from the well-known software packages [7, 8] can be used
for the numerical implementation of these methods.

There are three main approaches for approximating problems considered on the half-line y > 0 under the boundary
conditions (1.1). The first one introduces an artificial boundary at finite but large distance y,.x from the surface. Then
the equations are considered on the interval (0, y.x) under some (e.g., zero or asymptotic [9]) boundary conditions at
Yy = ymax instead of those at infinity. Coupled with a spectral method for the finite interval, this approach is widely used
in numerical studies of boundary-layer instabilities (see [3] and references therein). This approach requires choosing the
sufficient value of y,,,, for a particular problem, and y,,,, might depend on flow parameters. Note that boundary conditions
for the velocity components at any y = y,.x might allow for solutions that do not decay as y — +co. For boundary-layer
stability problems, solutions with such a behavior are known; these solutions correspond to the modes of continuous
spectrum [1, 3], with their physical relevance being still an open question.

The second approach uses a mapping that transform a system of functions with well-established approximation
properties on a finite interval (for example, the Lagrange interpolation polynomials associated with the Chebyshev points)

1) The work is supported by the Russian Science Foundation (grant No. 22-11-00025).
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ON SPECTRAL APPROXIMATIONS FOR THE STABILITY ANALYSIS OF BOUNDARY LAYERS 11

into that on a half-line [4, 10]. The approximation properties of such mapped systems of functions are discussed in [11].
From [12, 13] onwards, various mappings are compared for model problems. This approach is used in hydrodynamic and
aerodynamic applications [10, 14, 15].

The third approach [11, 16] uses the Laguerre functions Li(y) = L(y) exp(—y/2), where L, is the Laguerre polynomial
of degree k. As to our knowledge, spectral methods based on the Laguerre functions have not been previously used for
studying boundary-layer instabilities.

In [11] the convergence of the spectral Galerkin method based on either mapped systems of polynomials or the
Laguerre functions is studied theoretically. Upper bounds on the approximation errors are obtained for both type of
methods and then verified on model elliptic equations. Note that these bounds are obtained in different norms. For the
method based on the Laguerre functions, the norm is the usual (i.e., with the unit weight function) £,-norm over the
half-line; this norm has a clear physical interpretation in the study of boundary-layer instabilities — it is the disturbance
kinetic energy density. For the method based on mapped systems of polynomials, that is the weighted norm determined
by the mapping. The work [11] provides a number of examples, where either the first method converges faster than the
second one, or the second one converges faster than the first one, or both methods show close results. It is of interest to
compare these methods for boundary-layer stability problems.

The present work is organized as follows. In Section 2, we describe the approximation by the Galerkin—collocation
method based on the Laguerre functions of the equations governing evolution of small-amplitude disturbances of viscous
incompressible boundary layers. Section 3 devotes to a robust numerical implementation of this method. Section 4
compares the proposed method with the collocation method with mappings for the stability analysis of the Blasius and
Ekman layers. Section 5 summarizes the results.

Throughout this paper, || - ||, denotes the 2-norm for vectors and matrices, the superscripts 7" and = denote the symbols
of transposition and conjugate transposition respectively, and §;; denotes the Kronecker delta.

2. APPROXIMATION OF PROBLEMS ARISING WITHIN THE STABILITY ANALYSIS OF BOUNDARY
LAYERS

In the Cartesian coordinates, x (streamwise), y (wall-normal) and z (spanwise), consider a flow of a viscous
incompressible fluid over the flat surface y = 0. Against the background of a main laminar flow, we consider three-
dimensional small-amplitude time-dependent disturbances which are represented as follows

W VW, p") = (u, v, w, p)el i, 2.1

where u, v, w, and p are the complex-valued amplitudes of the streamwise, wall-normal and spanwise velocity
components, and the pressure, respectively. The amplitudes depend only on y and ¢. Here ¢ is the time, a is the streamwise
wavenumber, and vy is the spanwise wavenumber.

Two problems are considered in this paper to present and compare approximation methods in the wall-normal
direction y.

The first problem is the temporal stability analysis of the Blasius layer under the local-parallel assumption. In this
case, it is assumed that the linear dimensionless equations governing the evolution of small-amplitude disturbances are as
follows

dU 1
e +iaUgu + By iap — @Aw{u =0,

ot dy
0 0 1
& iUy + L - — Ay =0,
ot 0 Re
s ) 2.2)
a—v; +iaUgw + iyp — EAQYW =0,

. o .
iou+ — +iyw =0,
dy

where Re is the Reynolds number, and A,y = —a? + 8%/9y* — y. The streamwise velocity Ug(y) = df/dy of the main flow
depends only on y; and f satisfies the Blasius equation

d3f d2f _ _ / _ 4 —_
27))3+d—y2f_0, f(0) = f(0)=0, f'(+c0) =1,

which can be solved by standard numerical methods (see, e.g., references in [3]). A physical interpretation of the
equations (2.2) as well as the definition of the Reynolds number can be found in [2, 3].
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The second problem is the temporal stability analysis of the Ekman layer. In this case, it is assumed that the linear
dimensionless equations governing the evolution of small-amplitude disturbances are as follows

ou . . dU . 1 1
i + (iaUg + iyWg)u + d—yEv +iop — ﬁAayu = %w,
0 0 1
L4 (iaUg + iyWe)y + 22 = —Agyv =0,
ot dy Re
2.3)
MW U + iyWeyw + TV, 4 i LA !
id w v - —Apyw=——u,
ot ETHWE dy VP~ Re S Ro
. o .
iou+ — +iyw =0,
dy

where Re is the Reynolds number, and Ro = Re/2 is the Rossby number. The streamwise velocity Ug(y) = 1—cos(y)e™ and
spanwise velocity Wg(y) = sin(y)e™ of the main flow depend only on y and are known analytically. A physical interpretation
of the equations (2.3) as well as the definition of the Reynolds and Rossby numbers can be found in [14].

Within the stability analysis, the velocity components satisfy the boundary conditions (1.1) for both considered
problems. In addition, we consider the disturbance kinetic energy density

+00
E= / ul> + [v[*> + |wf* dy (2.4)
0

as a physically-relevant measure of disturbance magnitude.

2. 1. Approximation by the Galerkin—collocation method based on the Laguerre functions

Let us consider the equations (2.2) under the boundary conditions (1.1). Suppose £ is the space of complex-valued
functions square-integrable over the half-line y > 0. This space is equipped with the inner product and the norm that is
similar to the energy functional (2.4). Suppose H is the space, whose elements satisfy zero boundary condition at y = 0
and belong to £, together with their first derivatives. Let us multiply the momentum equations by f, f,, fi,, € Ho and the
continuity equation by f, € L,; and integrate these equations over the half-line y > 0, using the integration by parts.
Thus, we obtain the weak form of the equations (2.2). We seek for u,v,w € H, and p € L, (at any fixed ) such that the
weak form of the equations (2.2) is valid for any f, f, fi» € Ho and f, € L,.

Let L, be the Laguerre polynomial of degree k. Suppose 0 = yy < - - - < y, is the Laguerre—Gauss—Radau grid, whose
non-zero nodes are the roots of the derivative of L,,;. The Laguerre—Gauss—Radau quadrature formula

1

/f(y)e‘y dy =~ ZO:f(yi)Ki’ K= (n+ DL
0 -

associated with this grid is exact for any polynomial of degree 2n or less [17]. Then, the following quadrature formula is
valid

[roray=Y soom. & =xe" 2.5)
0 i=0

Suppose £;(y) are the Lagrange interpolation polynomials for the Laguerre—Gauss—Radau grid. Likewise, ;(y) are
those for the grid y; < - -+ < y,. It is easy to see that

Ln())) - Ln+1(y)
6i(y) = ——— 27, 2.6
O = L0 26)

In the sequel, functions of the form

vi(y) = 6(y)e 02 i =0,...,n,

2.7
i) = Li(y)e V2 i =1, n, 2.7)

are called the Laguerre interpolation functions. The functions y;(y) at 1 < i < n equal zero at y = 0. These functions

are used as trial functions for the velocity components, and as test functions for the momentum equations. The functions
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¢i(y) are used as trial functions for the pressure, and as test functions for the continuity equation. The quadrature formula
(2.5) is used for computing the inner products.

Let us point out the approximation of some operators in the weak form of (2.2). Let g, be the approximation of a
function from Hy by y; (i = 1,...,n), and g, be the column whose elements are the corresponding expansion coefficients.
Likewise, let g, be the approximation of a function from £, by ¢; (i = 1,...,n), and g, be the column whose elements
are the corresponding expansion coefficients. Then, the following equalities are valid

+00

dg, dg, T

— dy = (D' KDg,, . 2.8

dy dy y = ( 2. 8v) 2.8)
+00 d +°°d
/gp dgv dy = (DTKng7 gv) s / dgvgp dy = (PTKDg‘,,gp) s (2.9)
0 Y A

where the Euclidean inner product is denoted by the braces, K is the diagonal matrix of order n + 1 whose entries are the
quadrature weights (2.5), D is the matrix of size (n + 1) X n whose entries are the derivatives of y;(y) (i = 1,...,n) at the
Laguerre-Gauss-Radau nodes, and P is the matrix of size (n + 1) X n whose entries are the values of ¢;(y) at the Laguerre-
Gauss-Radau nodes. Note that the equalities (2.8), (2.9) hold since the quadrature (2.5) is exact for any function of the
form p(y)e™, where p(y) is a polynomial of degree 2n or less. The matrix D is called the differentiation matrix. The matrix
P is called the projection matrix; only ¢;(yo) have to be computed since ¢;(y;) = 9;; at the interior nodes by definition.
The computation of the matrices D and P is discussed in Section 3.
As a result of the described approximation of the equations (2.2), we obtain a system of ordinary differential and
algebraic equations of the form y
A%
ar =1V Op (2.10)
Fv =0,

where v is the 3n-component column, whose elements represent the values of the velocity components at the interior
grid nodes. In (2.10), v is additionally scaled such that ||v|[3 correspond to the energy functional (2.4). Here J, G, and
F are matrices of size 3n X 3n, 3n X n, and n x 3n, respectively. The ordinary differential equations in (2.10) correspond
to the momentum equations, while the algebraic equations correspond to the continuity equation. From (2.8) and (2.9),
it is easy to see that the discrete analogue of the Laplace operator is a symmetric negative-definite matrix as well as the
equality F = —G* is valid.

Similar to the polynomial interpolation, approximation properties of the functions (2.7) are determined by the
Lebesgue function ®(y) and the Lebesgue constant L

n
®(y) = on Wil Lo = max &(). 2.11)
At given n, the function ®(y) is equal to 1 at y = y; and decays exponentially at y > y,. Figure 1 shows the function ®(y)
at n = 32; it is qualitatively the same at other n. As for the polynomial interpolation, the Lebesgue constant Lg increases
with n. Figure 1 shows that the increase of Lg is at logarithmic rate. In addition, the increase of Lg is compared to the
increase of the Lebesgue constant for polynomial interpolation at the Chebyshev points. It is shown that the values of L,
are slightly smaller, while the growth rate is similar.

2.2. Scaling for the stability analysis of boundary layers

Within the boundary-layer stability analysis, there are two characteristic wall-normal length scales — the thickness
of the laminar boundary layer yg;, and the finite height y.,,x such that disturbances might be regarded as negligible at
Yy > ymax- Lhe value of ygr. can be found before the stability analysis, using only the main flow data (see introduction
in [18] and references therein). In contrast, the value of y,,.x can be found only within the stability analysis by studying
the convergence of the sought disturbances with increasing yn.x. We also note that some disturbances (e.g., Tollmien—
Schlichting waves) can extend significantly above the boundary layer, i.e., yn.x can be much larger than yg; . This physical
discussion leads to the following requirements. The grid nodes should be separated such that both the boundary-layer
domain (0 < y < ygr) and its outside are covered. In addition, as n increases, both the number of nodes inside and outside
the boundary layer must increase.

Therefore, the Laguerre—Gauss—Rado grid 0 = y < - - - < y, should be scaled, since these nodes are distributed along
the entire half-line y > 0, with y, increasing with n. For example, one can satisfy these requirements by the scaling

yi=yilo, & :=R/0, i) :=oviy), (2.12)
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Figure 1. On the left: the Lebesgue function ®(y) (2.11) at n = 32. The Laguerre—Gauss—Radau nodes are marked with green dots. On
the right: the increase of Lq (green solid) with n, and that of the Lebesgue constant for the polynomial interpolation for the Chebyshev
grid (black dashed).
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Figure 2. On the left: the Laguerre—Gauss—Radau nodes under the scaling (2.12) at fixed yg = 5and at n = 2%, where k = 4,...,9.
The independent variable y is stretched along the vertical axis. On the right: the quadrature weights &; (2.5) under the scaling (2.12) at
the same yg; and n.

where 6 = y,,/ygL is a scaling factor, and m is the integer part of n/2. This scaling means that the half of the grid nodes
lies inside the boundary layer. An advantage of (2.12) is that this scaling does not depend on yy,.x. Note that this is not the
only possible way of scaling. For example, one can additionally adjust the parameter m for a particular problem.

Figure 2 shows the Laguerre—Gauss—Radau nodes y; and weights &; under the scaling (2.12) at various n with ygp,
being fixed. Note that y, increases slowly with n and &,, decreases with n under the scaling (2.12).

2.3. Approximation by the collocation method with mappings

Let us briefly describe the approximation of the equations (2.2) under the boundary conditions (1.1) by collocation
method.

Let -1 = 59 < -+ < 5,21 = 1 be the Chebyshev points, i.e., s; = —cos (rwi/(n + 1)). Suppose [;(s) are the Lagrange
interpolation polynomials for this grid, and I;(s) are those for the grid s; < --- < s,. Let y = g(s) (s = g~'(y)) be a smooth
monotonic function that ensures an one-to-one mapping between the interval —1 < s < 1 and the half-line y > 0 such
that g(—1) = 0, g(0) = ygr, and g(1) = +oo. Such a mapping guarantees that the half of the grid nodes y{ = g(s;) lies
inside the boundary layer, similarly to the scaling (2.12). Then we use the functions y$(y) = [;(g"!(y)) as basis functions
for the velocity components and the functions ¢$(y) = L(g”!(y)) as basis functions for the pressure. The functions y¥(y)
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at 1 < i < n satisfy zero boundary conditions at y = 0 and y — +o0. The approximation properties of such functions are
discussed in [11].
For computing the energy functional (2.4), we use the quadrature formula

+00 1

dg n R
/ FO0)dy = / ARG ds > D 1005
0 =

-1

where #%; = »;(dg/ds(s;)), and s; are the weights of the Clenshaw—Curtis quadrature [6]. This formula is exact for any
functions of the form /(g~'(y)), where [ is a polynomial of degree n or less. The values of the derivatives of y$(y) and ¢f(y)
at the grid nodes can be computed by the procedures from [7] or [8], coupled with the chain rule.

As a result of the described approximation of the equations (2.2), we obtain a system of ordinary differential and
algebraic equations of the form (2.10). Note that the collocation method does not ensure that the discrete analogue of the
Laplace operator is a symmetric negative-definite matrix. In addition, the equality F = —G* does not hold, in general.

As a mapping, the following ones are used in the present paper

_ n Sty 2 4 Y\ _

g(s) = ypL tan (4(1 + S)) . & = — arctan (yBL> 1, (2.13)
1+s -
8(5) = yoL gty =2 (2.14)
=S Y+ YBL
YBL 1-5 -1 —y/ypL+1
= — 1 I =1 =2+l 2.1

8(s) In(2) n( 7 ) N 6)) (2.15)

The algebraic (2.14) and exponential (2.15) mappings are known [4]; and the mapping with the tangent function (2.13) is
currently implemented in LOTRAN software package [15], which is designed for predicting an onset of laminar—turbulent
transition in industrial applications.

Figure 3 shows the streamwise velocity Ug(y) of the Blasius layer and the streamwise Ug(y) and spanwise Wg(y)
velocities of the Ekman layer. For both considered main flows, the typical values of yg;_ (see, [9, 14]) are marked, while the
values of yn.x correspond to the upper limits of the subfigures. In addition, Figure 3 shows the Laguerre—Gauss—Radau
nodes under the scaling (2.12), and the grid nodes y¥ obtained by either the mapping (2.13), (2.14), or (2.15).

3. NUMERICAL IMPLEMENTATION OF THE GALERKIN—-COLLOCATION METHOD

To implement the approximation method described in Section 2.1, one has to compute the nodes y; and weights «; of
the quadrature formula (2.5), the derivatives of y;(y) (2.7) at the grid nodes, and the values of ¢;(y) (2.7) at y = 0. In this
section, we provide an algorithm for computing these quantities; the proposed algorithm is stable, including the case of
large n.

401 20+
. .o — U.(y)
35 L ¢ ’ — W.(y)
30} . Ish
25+ - .
~ N
20 . 10}
15 :
10} Sp—tr-=--—-r+5r-—-——=—-—-—————— —
spioi oz i Ve | -
ou I i I . T " . | ou i i " .
—-04 02 O 02 04 06 038 1 —0.4 —0.2 0 02 04 06 0.8 1

Figure 3. The independent variable y is along the vertical axis. On the left: the Blasius velocity profile Ug(y) (ygL = 4.27, ymax = 40).
On the right: the Ekman velocity profiles, Ug(y) and Wg(y) (ysL = 5, Ymax = 20). The Laguerre—Gauss—Radau nodes under the scaling
(2.12) (green dots) and the Chebyshev points under the mappings (2.13), (2.14), and (2.15) (red, blue and pink dots, respectively) at
n=32.
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By definition [19], the Laguerre polynomials are orthogonal in the inner product

+0oo

/ L) Ln(e™ dy = 8y

0

with the exponential weight function. They satisfy the following three-term relations

Liyn=1, L»=1-y

3.1
—kLi-1(y) + 2k + DLi(y) — (k + DLis1(y) = yLi(y),
and can be represented as
e d- (e’y yk)
Li(y)= ———. 3.2
() Ky (3.2)
In addition, the Laguerre polynomials satisfy the relations
L) - L) = ~La (), (3.3)
YLy ) = (n+ (L1 () = La (), (3.4)
whose derivation from (3.1) and (3.2) is straightforward, see [20].
It is known [17] that the Laguerre—Gauss—Radau nodes y; are eigenvalues of the symmetric tridiagonal matrix
1 -1 0
-1 3 -2
(3.5)

—(n-1) 2n-1 -n
0 -n n

This allows for the robust computation of y;.

3.1. Some results

The quadrature weights «; (2.5) are determined by L,(y;), which can be computed by the three-term relations (3.1).
At large n and i, the values of |L,(y;)| appear to be very large (up to the machine infinity), and the values of k; appear to
be very small (up to the machine zero). Therefore, the stable computation of k; = k;e” is an issue. At the same time, the
values of &; are bounded from below since the Laguerre functions are bounded, |L,(y)| < 1, at any n and y [16].

We propose to compute the weights &; (2.5) by

& = &P (yi = 2In(|L,(y)D)
! n+1

) (3.6)

with an additional scaling at computing L,(y;) by (3.1). If we have |L;(y;)| > ¢ at some k < n, where c is a given threshold
parameter, then we divide the previously computed L;(y;) and L;_;(y;) by ¢ and keep using the three-term relation. This
scaling by c is done whenever the result exceeds c in absolute value. As a result, we have In(|L,(y;)]) = n. In(c) + In(|L,(y))]),
where n. is the number of fractions done, and L, (y;) is the value obtained by the procedure. Numerical experiments show
the overall procedure is robust to round-off errors at large n and i; the computed values of k; up to n = 512 are shown in
Figure 2.

Let us consider the numerical interpolation by the Laguerre interpolation functions (2.7). The following statement is
valid.

Lemma 1. Suppose the function f(y) is equal to f; at some grid 0 < ¥, < --- < 3,. Then, the interpolant I,(f) constructed with
the functions of the form
Fi(y)e 02,

where () are the Lagrange interpolation polynomials for this grid, is represented as

n " "R eO-5)/2
1L(f) = (Z ff) / (Z W) (3.7)

=YY pril A

R edil2
where N = ———.
[1G: =30
k#i l
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Proof. It is straightforward that the following representation

~ " Xi
L(H =ty . (3.8)
i=1 !

is valid, where £(y) = [[(y — ). Then, (3.8) and

i=1

end the proof.

As for the polypomial interpolation (see, e.g., [6]), the representation (3.7) is called the barycentric form of the
interpolant, while A; are called the barycentric weights. The barycentric weights can be computed in a robust way due
to the following statement.

Theorem 1. Suppose 0 = y, <-e-<yqare the Laguer[e—Gauss—Radau nodes, and «; are the quadrature weights in (2.5).
Then, the barycentric weights ; for this grid, and those ). for the grid y, < --- < y,, are represented as

hi = cm)(=1)'\/%i, (3.9)
W = cm(=1)yi/%i, (3.10)
where
C(=1y'Vn+ 1
=

Proof. Let us prove (3.10) first. The polynomial £5(y) = [[(y — y;) has the same roots as L/, ,(y); therefore, these
i=1

polynomials differ only by a multiplicative factor. Using that the leading coefficient of L, (y) is equal to (-1)"*' /(n + 1)!,

we obtain that

/2 /2

2 eVi e
CTG0) T CmalLy ()
For the interior Laguerre—Gauss—Radau nodes, it is valid that

Yily1 i) = =(n+ DL, (i) = =(n + DL, (), (3.12)

where the left equality is obtained by taking the first derivative of (3.4), and the right one follows from (3.3). Substituting
(3.12) into (3.11) and using the definition of k; (2.5), we obtain the statement (3.10) up to a sign. To end the proof, note
that A0 have to change the sign, with 40 > 0.

To prove (3.9), note that

(3.11)

(o) = [Jo =) = vt
i=0
and therefore
X eVil? evil2 (3 13)

00N L)+ i) ‘
F0£ the interior grid nodes the first term in the denominator of (3.13) equals 0, while the second term is expressed in terms
of A;; those lead to (3.9) at i > 0. For the boundary node y, = O,Awe have €(0) = (=1)"*'n!L;,,(0). To end the proof, note
that the Laguerre polynomials satisfy L} (0) = —k, and therefore AJ = (=1)"/(n + 1)!.

Note that the statement similar to (3.9) is proven in [21] for the polynomial interpolation for the Laguerre—Gauss—Radau
grid.

The barycentric weights &; and }A\? contain the multiplicative factor c(n), which decays at very large rate with increasing
n. At some n, this factor becomes smaller than the machine zero. However, there is no need to compute c(n) for the
interpolant representation (3.7), since the barycentric weights are involved both in the nominator and denominator.
Thus, the interpolant representation (3.7) with the barycentric weights computed by Theorem 1 allow for the numerical
interpolation from the Laguerre—Gauss-Radau grid to another grid. In addition, substituting (3.10) into (3.7) at the point
y = 0, the following corollary is obtained.
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Corollary 1. Suppose 0 < y; < --- <y, are the interior Laguerre—Gauss—Radau nodes, «; are the quadrature weights in
(2.5) corresponding to these nodes, and ¢ ;(y) are the Laguerre interpolation functions (2.7) for this grid. Then,

“1Y . /%
$;0) = - COVE :

S (=1l fRen/
j=1

One can also derive the explicit formula for the derivatives of the interpolation Laguerre functions y;(y) (2.7) at the
Laguerre—Gauss—Radau nodes. Note that such formula is given in [16], Eq. (3.17), but without a proof.

Theorem 2. Suppose 0 = yy < --- < y, are the Laguerre—Gauss— Radau nodes, X; are the quadrature weights in (2.5), and
v ;(y) are the Laguerre interpolating functions (2.7) for this grid. Then

D™MV/R;

= ’ l # ja
) V&0 =)
V0 =40, i=j#0,
_n;— 1, i=j=0.
Proof. The derivative of the function y;(y) (2.7) is as follows
1 —
Vi) = <€}(y) - ij(y)> e 02, (3.14)

where ¢;(y) are the Lagrange interpolation polynomials. By (2.6), it is valid that

Ln(y) - Ln+1 (.Y)
—y)li(y) = 3.15
o=yt L) (3.15)
By taking the derivative of (3.15), we obtain that
Ln(yl)

Oy = ——2)
10 i —ypLa(y))

ati # j. Substituting this expression to (3.14) and using the result for the barycentric weights (3.9), we prove the theorem
ati # j.
By taking the second derivative of (3.15), we obtain that
L (y))
Ln()’j) .

25;()/]) =
Aty = 0, it is valid that L,(0) = 1 and L;,(0) = —n. At other nodes y;, it is valid that L, (y;) = L,(y;) (3.3). Thus,

L, j#0,

3.16
-n, j=0. ( )

20(y)) = {
The substitution of (3.16) into (3.14) ends the proofati = j.

To sum up, the Galerkin—collocation method based on the Laguerre functions can be implemented as follows. The
Laguerre—Gauss—Radau nodes y; are computed as the eigenvalues of (3.5). The quadrature weights &; associated with
this grid are computed by (3.6) with an additional scaling while using the three-term relations (3.1). Then, the values and
derivatives of the functions (2.7) at the grid nodes are computed, see Corollary 1 and Theorem 2. For the interpolation of
a grid function given at the nodes y; to another grid, the barycentric formula (3.7) is used, where the barycentric weights
are computed by Theorem 1; the multiplicative factor ¢(n) is common for all barycentric weights at given n, therefore there
is no need to compute it. The proposed algorithm performs robustly, including the case of large n.
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4. NUMERICAL EXPERIMENTS

As a result of the approximation of either the system (2.2) or (2.3) under the boundary conditions (1.1) by either the
Galerkin—collocation method from Section 2.1 or the collocation method from Section 2.3, we obtain a differential-
algebraic system of the form (2.10).

Note that v lies in the kernel of F. Let Qf be a rectangular matrix, whose columns form an orthonormal basis in the
kernel of F. Likewise, let Qg be a rectangular matrix, whose columns form an orthonormal basis in the kernel of G*.
Under an additional assumption that both F, G and QfQp are of full rank, the system (2.10) is equivalent to the system of
ordinary differential equations

M _yq, (4.17)

whereq = Qpv,andH = (Q*GQ p) ! QJQr. The detailed justification of such a reduction of differential-algebraic systems
is given in [22]; the assumption made is valid for the considered problems. Note that the approximation by the Galerkin—
collocation method ensures that F = —G*, and therefore Qr = Qg. It is also worth noting that ||q||§ = ||v||§ is the discrete
analogue of the energy functional (2.4).

Within the numerical stability analysis, the eigenvalue of H with the largest real part is of the most interest [2, 3]. This
eigenvalue is called the leading eigenvalue, and the corresponding eigenvector is called the leading eigenvector; we denote
the leading eigenvalue by An.x. The another quantity of physical interest [2, 3] is

I'hax = max || exp{rtH 2,
max 0<i<T “ P{ }”2

which is called the maximum energy amplification. The quantity I',,,x represents the maximum possible growth of the
dusturbance kinetic energy density at given time period ¢ € [0, T']. In case the matrix H is non-normal, the value of I';,,«
might significantly exceed the growth of the leading eigenvector exp (2hnaxT) [2, 3]; in this case, the initial disturbance
at which I'y,.« is achieved (which is called the optimal disturbance [2, 3]) usually differs from the leading eigenvector.
The maximum energy amplification I',,,, can be computed by the efficient matrix algorithm [23] based on a low-rank
approximation; this algorithm guarantees the result with a given accuracy.

To compare the approximation methods, we study the convergence of both scalar characteristicsS Amax and Tpax.
Comparing the methods by the convergence of vector characteristics, namely either the leading eigenvector or the optimal
disturbance, could not be done quantitatively due to additional errors from interpolation from one grid to another.

For the considered test problems, the stability analysis can be performed only numerically. To establish the referential
values A, and ['max, We set the artificial boundary ym.x With zero boundary conditions for the velocity components at
Yy = ymax and then approximate the equations by the Galerkin—collocation method with the Lagrange interpolation
polynomials for the Gauss—Lobatto grid as trial and test functions. The approximation properties of these basis functions
are well-established [4], while the method was widely used for hydrodynamic stability problems considered on finite
domains. Therefore, this method is reliable that is the most important for obtaining referential values. For boundary-
layer stability problems, this method is certainly inefficient, since the Gauss—Lobatto nodes are refined both to y = 0
and y = ymax, While the value of y,,.x has to be tuned manually. Tracking the convergence of the referential solution by
increasing n and yn.x, we achieve the convergence of Amax and [ ax up to a desired precision.

As the first test problem, we perform temporal stability analysis of the Ekman layer (2.3). The Ekman layer could be
considered as the simplest model of atmospheric boundary layers, with its stability being studied in detail (see [14] and
references therein). Using the results of [14], we choose the parameter values as Re = 500, yg. = 5, a = —|k|sin(e),
v = |k| cos(e), and T = 50, where [k| = 0.5, € = it/9. The referential values of the leading eigenvalue Amax = 0.02375517 +
+0.026959526i and the maximum energy amplification [, = 207.14602 are computed at yma = 20 and n = 128.

Figure 4 demonstrates the relative errors at computing Ap.x and Iy, for various approximation methods. All methods
show an exponential convergence rate of A,x With increasing n. However, only the Galerkin—collocation method based
on the Laguerre functions shows an exponential convergence rate of I',.x. Note that I',,x converges slightly faster than
Amax for this method. It is also worth noting that there are no significant differences between collocation methods at various
mappings. Additional experiments not presented in this paper show that these findings remain qualitatively the same at
increasing or decreasing the Reynolds number.

As the second test problem, we perform temporal stability analysis of the Blasius layer (2.2). This main flow could
be considered as the simplest model of aecrodynamic boundary layers, with its stability being studied in detail (see [2, 3]
and references therein). Using the results of [9], we choose the parameter values as Re = 999, a = 0.25, and y = O for
computing Anax; and the parameter values Re = 999, o = 0.3, v = 1, T = 50 for computing I';,,.x. The typical boundary-
layer thickness is ygr = 4.27. The referential values of the leading eigenvalue Xmax = 0.00213694 — 0.08843026i and the
maximum energy amplification [ = 279.334811 are computed at yy.x = 40 and n = 256.
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Figure 4. The relative error at computing An.x (on the left) and [« (on the right) with increasing n for the Ekman layer. Results for
the Galerkin—collocation method based on the Laguerre functions with scaling (2.12) are marked with green. Those for the method
used to obtain referential values are marked with black. Those for the collocation methods with mappings (2.13), (2.14) and (2.15) are
marked with red, blue and pink, respectively.
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Figure 5. The relative error at computing Ay, (on the left) and Iy, (on the right) with increasing » for the Blasius layer. The colors
mean the same as for Figure 4. In addition, results for the Galerkin—collocation method based on the Laguerre functions with scaling
(2.12) are shown at larger yg;. = 5.5 (green dotted).

Figure 5 demonstrates the relative errors at computing An.x and I'y.x for various approximation methods. The
collocation method shows an exponential convergence rate of A, with increasing n; and there are no significant
differences between mappings used. In contrast, for the Galerkin—collocation method based on the Laguerre functions,
the accuracy that can be achieved is limited; nevertheless, the obtained accuracy might be more than enough in
applications. This issue is remedied by choosing a larger yg, that is also shown in Figure 5. One can also improve the
scaling (2.12) by increasing the share of the nodes outside the boundary layer.

As for the Ekman layer, the Galerkin collocation method based on the Laguerre functions shows an exponential
convergence rate of I'i,,x, While the collocation method leads to a slower convergence of I';,,.x. This disadvantage of the
collocation method appears to be irremediable; and the reason is an ill approximation of the operator d?/dy?, which leads
to the presence of slowly damped unphysical solutions. The basis for this conclusion are as follows. First, it is observed
that convergence to the referential value [, for the collocation method is from above, i.e., I'max > ['max. Second, let
us consider the discrete analogue of the operator d”/dy* on the half-line under zero boundary conditions at y = 0 and
y = +00; denote this matrix by L. The collocation method, in general, does not ensure the symmetry of L, although in this
case it provides negative definiteness. Nevertheless, the matrix L resulted as the approximation by the collocation method
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has a large condition number (e.g., of order 10° at n = 32 at the mapping (2.13)), and the spectrum of L contains several
very small in absolute value negative eigenvalues corresponding to strongly oscillating eigenvectors. For comparison, L has
the conditional number of order 10° at n = 32, when approximated by the Galerkin—collocation method based on the
Laguerre functions.

5. SUMMARY

This paper proposes the Galerkin collocation method based on the Laguerre functions for approximating spectral
and boundary-value problems arising in studying boundary-layer instabilities. These problems considered on the half-
line y > 0, where y is the wall-normal coordinate. The robust numerical implementation of this method is proposed (see
Section 3), including the procedure for computing the weights of the Laguerre—Gauss—Radau quadrature formula, the
explicit expressions for values and derivatives of the Laguerre interpolation functions at the grid nodes, and the procedure
for numerical interpolation from the Laguerre—Gauss—Radau grid to another grid.

Within temporal stability analysis of the Blasius and Ekman layers, the proposed method is compared to the collocation
method with mappings; the latter method is often used for numerical analysis of boundary-layer instabilities. The
comparison is made at computing both the leading eigenvalue A,x and the maximum energy amplification I'y,. It is
shown that both type of methods show an exponential convergence rate of A,y ; and differences between the methods
are insignificant. However, the Galerkin—collocation method based on the Laguerre functions shows an exponential
convergence rate of I' ., While the collocation method leads to a slower convergence of this quantity. It is shown that
I'max converges faster than A, for the Galerkin—collocation method based on the Laguerre functions.

The Galerkin collocation method based on the Laguerre functions might be successfully applied as the wall-normal
approximation for more complex boundary-layer stability problems (see the recent work [24]).

The author of this work declares that he has no conflicts of interest.
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Abstract. Approximation of spectral and boundary-value problems arising in the stability analysis
of incompressible boundary layers is considered. As an alternative to the collocation method with
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PaccMotpena nepBast HagaTbHO-KpaeBast 3aada Jyist mapaboImdecKoit CCTEMBI BTOPOTO ITOPSIKA B IIOJTyOTPAHIYEH -
HO 001acT! Ha ockocTu. KoadduiimeHTs crucTeMbl yIOBIETBOPSIOT ABOTHOMY yenoBuio [uHu. OyHKIus, 3a1a-
folliast 60KOBYIO IpaHUIy 00J1aCTH, HenpepbiBHO nuddepeHurpyema Ha oTpe3ke. [1pu HenpepbiBHO nuddepeHu-
pyeMoii IpaBoit YaCTU I'PAHUYHOTO YCIOBUS IEPBOTO POJia U HAYaJIbHOM (DyHKIIMU, KOTOPAs SIBJISIETCS] HEMPEPhIBHOMN
Y OTPAaHUYEHHOU BMECTE CO CBOMMU TEPBOI 1 BTOPOI TPOU3BOAHBIMU, YCTAHOBJIEHO, YTO PEllIEHUE TTOCTaBIEHHOMN
3a/1auyil HEMPEPbIBHO U OTPAaHUYEHHO B 3aMbIKAaHUM 00JIACTU BMECTE CO CBOMMMU CTapIIMMU MPOU3BOIHBIMU. [loKa-
3aHbl COOTBETCTBYIOLIME OLIEHKU. [laHO MHTerpajibHOe MpeacTaBieHue peuieHusl. Eciu 6okoBasi rpaHuiia 00JacTi
UMeeT “yribl”, a rpaHu4YHast GyHKLMST — KyCOYHO-HENPePbIBHYIO ITPOM3BOAHYIO, TO B 3TOM C/Iyyae JI0Ka3aHo, uTo,
HECMOTPSI Ha HETJIaIKOCTh OOKOBOI IPaHUIIBI U TPAHUYHON DYHKLINY, CTapIIve IPOU3BOAHBIE PELLIEHUST HEMTPEPhIB-
HBI BCIOZY B 3aMbIKAaHUM 00JIaCTH, KPOME YTJIOBBIX TOUEK, ¥ IIPU 3TOM OrpaHuueHbl. bubm. 22.

Kiouesble ciioBa: HapaGOJ’[H‘ieCKHC CHUCTEMBI, II€PBasda Ha4aJlbHO-Kpa€Bas 3agadya, HErj1aaKast OokoBast I'paHMla, rpa-
HUYHBIC MHTETPAJIbHBIC YPABHCHU A, YCIIOBUEC D,I/IHI/I.

DOI: 10.31857/50044466925010038, EDN: CDGSQC

BBEIAEHUE

IIpemMeToM McceIOBaHUS HACTOSIIEH paObOTHI SIBIIETCS MepBast HauaJIbHO-KpaeBast 3a1ada JUIsl MapadoImdecKoit
CHCTEeMBI BTOPOTO ITOpsIKa (OIHOMEPHOM IO ITPOCTPaHCTBEHHOM ITepeMEHHOI) ¢ KO3 (DUIIMeHTaM1, YIOBIETBOPSIIO-
IIUMU TBOMHOMY YCJIOBUIO JIMHM, B MOJyOrpaHMYEHHOM 00J1acTH £ Ha TUIOCKOCTH.

Ecnu koaddbuiieHTs apabonyeckoi CUCTeMbI YAOBIETBOPSIOT yeiaoButo [€nbaepa, dyHKIMS g, 3anatoiias 60-
KOBYIO 'PaHMIy 06JIaCTH, JOCTATOYHO I[JIajAKas, a UMEeHHO, U3 Kiacca H'*%/2[0,T], tne 0 < a < 1, u eciau npasast
4acTbh IPaHMYHOTO YCJIOBUSI IEpBOro poaa y € H'**2[0, T], HayanbHas ¢pyHKuus h € H>**(R), npaBas yacTb CUCTEMbL
f € H**2(D), To cornacHo [1] (cM. Taxcke [2, ¢. 706]) cyLLeCTBYET eAMHCTBEHHOE pelleHue ePBOii Haya bHO-KpaeBoil
3amauul B Kiiacce H2+%1+4/2(Q).

EcrecTBeHHO BO3HUMKAET BOMPOC: €CAM B LIMTUPpyeMoM Bbilie pe3yiabrate B.A.ConoHHukoBa (cM. [1]) MOJOXUTH
o = 0 B yCJIOBUSIX JJIs1 OOKOBOI IpaHULIbI, IPaBOi YaCTU TPaHUYHOTO YCJIOBUS U HaYaIbHOU (DYHKIUU, TO MOXKHO JI1
YTBEPKIATh, YTO pelleHe OyIeT MPUHAMIEXaTh TPOCTPaHCTBY C>! (Q).

B HacTosIIIel cTaThe HaeTCs ITOJOXUTEIBHBIN OTBET HA 3TOT BOIIPOC I MapabOIMIeCKON CHCTEMBI BTOPOTO TI0-
psaka ¢ KoadduureHTamu, KOTOpbI€ YIOBAETBOPSIOT IBOMHOMY YCIOBUIO JAMHM, B TOJIYyOrpaHMYEHHOU 001acT Ha
TUIOCKOCTHU. A MUMEHHO, [UISl TAKOM CUCTEMBI I0Ka3bIBaeTcs, uTo ecau g € C'[0, 7],y € C'[0,T], h € C?(R)u f € H*(D),
e o € D (cM. Huxe (1)), To pereHne nepBoii Ha4aabHO-KpaeBO¥i 3a1a4y IPUHALIEKUT KIIAcCy c>! (Q) (cM. Huxe (2)).
IMpocTpaHcTBo C>!' (Q) coBnagaet ¢ mpocTpaHcTBOM H>%1+%/2(Q)) mpu MOACTaHOBKE B ONpEAeICHUE TOCAEIHETO o = 0,
IIPY 3TOM WX HOPMBI 5KBUBaJICHTHEL. JIOKa3bIBalOTCS COOTBETCTBYIOIINE OLIEHKN. JlaeTcsl MHTEerpajlbHOE IpeacTaBie-
HHE pelleHus.

“ITomaroBoe” mprUMeHEHME TOJIYYSHHOIO pe3ysbTaTa IO3BOJISIET pacCMOTPETh Cy4aii, Korga 00KoBas IpaHUIla
obsiactu Q ABJISIeTCS HEeTJIaAKOM, a UMEHHO, MOXET UMEeThb “yIiibl”. B aTOM cilyyae noka3biBaeTcs, YTO eCiu (hyHKIIUU g
U Y UMEIOT KYCOUHO-HEMPEPBIBHBIE TPOM3BOAHbBIE HA oTpe3kKe [0, T], h € C*(R), f € H°(D), rae o € D, T0 (HECMOTPs
Ha HETJIaAKOCTh OOKOBOM IpaHUIIbI ¥ TPAHNYHOM (DYHKIIMI) CTapIIre ITPON3BOMHEIC PEIICHNST HETIPEPHIBHEI BCIOOY B
3aMBIKaHMH 00JIaCTH, KPOME YIJIOBBIX TOUEK, 1 IIPU 3TOM OrpaHUYCHBI. J{0Ka3bIBAIOTCS COOTBETCTBYIOIINE OLICHK.
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24 BAJEPKO, ®EJOPOB

OnHO3HayHas paspeluMocTb B Ki1acce C1(Q) N CO(Q) paccmaTpuBaeMbIX B JAHHON padoTe 3a1ay CIeayeT U3
[3]-[6].

HocraTouyHo ciabble ycJioBUS Ha KO3 GhUIIMEHThl CUCTEMbl, OOKOBYIO TpaHUILy 00JacTH, MPaBYIO YacTb rpaHUY-
HOTO YCJIOBUSI TIEPBOTO pojia M HadaIbHYIO (DYHKIIUIO HE TIO3BOJISIIOT MIPUMEHUTH U3BECTHBIE METOJbI, KOTOPhIE MC-
OJIb3YIOTCS JJIs1 M3yYeHUsT XapaKTepa DIagKOCTU PellleHUs TEPBOil HayalbHO-KpaeBoii 3agaun (cM. [1], [2, c. 461]) B
nmpocTtpaHcTBe H>*%1*%/2(Q), rne 0 < a < 1.

Panee B [7], [8] ObuTa M3ydyeHa MepBas HaYaIbHO-KpaeBasl 3ajavya ¢ HyJIeBbIM Ha4aJIbHBIM YCJIOBUEM ISl OMHOPO/I -
HOIt Tapabojnueckoit cucTeMbl B 00acTy 2, 60KOBasl rpaHUIIa KOTOPOI JomycKaeT Hainuuue “kmoBa” mpu ¢t = 0.
Ecmu w € C'[0,T], To Ipy BHIIIOJIHEHUHU IBYX ECTECTBEHHBIX ycI0BMil cornacosanus (yw(0) = y'(0) = 0), HecMoTps
Ha HEeTJIaAKOCTh OOKOBOM TpaHMIIBI 00IaCTH, OBLIO TTOKA3aHO, YTO TaKas 3amada pa3pelIiMa B Kilacce C*1(Q)). Merox
HACTOSIIEH CTaThbHU CYIIICCTBEHHO OIMPAETCS Ha 3TOT Pe3yJIbTar.

3aMeTuM, 9YTO HauaJlbHO-KpaeBbIe 3a1a4y IJIs MapabOoINIeCKUX CUCTEM MOIEIMPYIOT IPOLIECCHI TEIJIO- K MaccoIle-
peHoca B MHOTOKOMITOHEHTHBIX MaTepuaiiax (cM., Harpumep, [9]—[11]), a paccmaTpuBaeMblii XxapakTep HErJaaKOCTU
OGOKOBOI TpaHUIIBI 001ACTH — BO3MOXHOE Pe3K0oe M3MEHEHNUE TPaHWIl HEKOTOPBIX METaJIOB (3KeJie30, MapraHell, TH-
TaH, 0JI0BO U JIp.) MpH (ha30BbIX MpeBpallleHUSIX (CM., Haripumep, [12, ¢. 49—52]).

B Hacrostieit pabote Takske uccienyercs 3agada Koiu B mosoce D Ha INIOCKOCTHU. XOPOIIIO U3BECTHO, COMIacHo [1]
(cM. Takxe [2, ¢. 361]), uto ecnu KoabGULMEHTH MapaboJInYecKoil CUCTEMbI YI0BIETBOPSIOT ycioBuio [€nbaepa u
ec/n HavaiubHas yHKuus b € H7*(R), npasas yacTb cucteMbl f € H“2(D), rae 0 < o < 1, To 3a1a4a OMHO3HAYHO
paspelnumMa B pocTpaHcTee H2H%1+%/2(D),

Mp&I n3ydaeM BOIIPOC O XapaKTepe MIaIKOCTH PEeIIeHNsI, KOT/ia B IIMTUPYEMOM Bbilie pe3ynsraTte B.A.ColoHHUKOBA
(cMm. [1]) paccmarpuBaercs o = 0. A UIMEHHO, IS HEOOAHOPOJHON MapaboInyecKoil CucTeMbl ¢ KoahGULIMEHTaAMU,
YIIOBJIETBOPSIIOLMMU JABOMHOMY c10BUIO JIMHM, noKa3biBaeTcs, uTo ecii h € C2(R) u f € H®(D), e € D, To
peuieHue 3agauyu Koiy npuHaaiexXuT NpocTpaHCTBY 62’1(5) (B [13] aTOT ciy4aii OB pacCMOTPEH JJIs1 OMHOPOIHOM
cuctembl). [Ipy 3TOM pellieHre UMeeT B CyMMBI TTapaboIMYecKX MoTeHIranoB [TyaccoHa 1 00beMHBIX Macc. DTOT
pe3yabTaT UCTIOJIb3YeTCs PU PACCMOTPEHUH YKa3aHHOM BBIIIIE MIEPBOI HaYaIbHO-KPaeBOii 3a[1aun, a TAKKe UMEET ca-
MOCTOSITEJIEHBIN MHTEPEC.

Pabora cocTtonTt u3 situ paznesioB. B pasm. 1 BBogsiTcs (hyHKIIMOHATBHBIE IIPOCTPAHCTBA U (hOPMYIUPYIOTCS OCHOB-
HbIe TeopeMbl. Pa3ient 2 mocBsIeH paccMOTpeHNUIO 3aaaun Kol 1 3y4eHHIo BOIIpoca O XapaKTepe peryIsipHOCTH ee
peiieHus1. B pas3n. 3 ycraHaBiauBaeTCs pa3pellIMMOCTh PACCMOTPEHHOM paHee B [8] repBoii HaualbHO-KpaeBoil 3agaun
B 00JIaCTH C HeTJIaAKOM TIpu ¢ = 0 OOKOBOI TpaHUIIeH N UCCIIEAYETCST XapaKTep TIaIKOCTH TIOJy9IeHHOTO PellleHUsT TTpr
OTCYTCTBUM BTOPOTO YCJIOBUSI corjlacoBaHus. Pa3nen 4 mocBsIeH 10Ka3aTeIbCTBY TEOPEM O XapaKTepe PEryIsSIpHOCTH 1
00 MHTeTpaIbHOM IIPEACTaBICHIH PEIIICHMS IICPBOI HAaYaJIbHO-KPaeBOI 3agadM B 00JIACTH ¢ 60OKOBOII IpaHUIICH Kiac-
ca C'[0,T]. B pas. 5 noKas3blBaeTcsl TEOPEMA O XapaKTepe PeryJsPHOCTU PEILEHHUs TIOCTABIEHHOM 33134 B 06JI1aCTH,
0OKOBasi TpaHU1Ia KOTOPOil MOXET MMETb “YIJIbl”.

1. MPEABAPUTEJIbHBIE CBEAEHUA 1 ®OPMYJIMPOBKA OCHOBHOI'O PE3YJIBTATA

Ilycte yucna T > 0, m € N dukcuposansl. s modoro otpeska [a, ] € [0,T] BBemeM nmpoctpaHcTBo Cla, 3]
HETIPEPBIBHBIX (BEKTOP-) GyHKIUN ¢ : [a, f] — R™, c HopMoit

llp: Lo, BII® = max [q(0)].
tefa,B]

Yepes C'[a, B] 0603HaYMM TPOCTPAHCTBO (BEKTOP-) GYHKLMIA v : [a, B] — R”™, HenpepbIBHBIX BMECTE CO CBOEH MEPBOIA
TPOU3BOAHOM, C HOPMOU

lIy; Lo, BIIYY = max [w(£)] + max [y/(2)].
refa,p] refa,pl

Yepes C2(R) 0603HaUMM NPOCTPAHCTBO (BEKTOP-) yHKUMIA 4 : R — R™, HelpepbIBHBIX M OTPAaHUYEHHBIX BMECTE CO
CBOEI TepBOIl ¥ BTOPOI TPOU3BOIHBIMM, C HOPMOit

2
s RI® =~ suplh® (x)l.
k=0 xeR

Moodyaem nenpepwvisHocmu, cornacHo [ 14, c. 150—151], Ha3piBaeM HENIPEePBIBHYIO, HEYOBIBAIOIIYIO, TOJYaIIUTUBHYIO
¢yHKLMIO O : [0, +00) — R TaKkyto, yto w(0) = 0. Moayab HENPEPLIBHOCTU  YIOBAETBOPSIET yca08uio JuHu, eCiu

Z

0(z) = /w(x)x_ldx <oo, z>0. (1)
0
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MMEPBAA HAYAJIbHO-KPAEBAA 3AJJAYA JJIA TAPABOJIMYECKUX CUCTEM 25

Yepes D 0603HAYMM MHOXKECTBO, COCTOSIIEE M3 MOAYJICH HEITPEPHIBHOCTH, YIOBICTBOPSIONINX YCIOBHUIO (1).
Ha mtockoctu R? IepeMeHHBIX X U  pacCMaTPUBaeM T10JI0CY

={(x,eR*|xeR, 0<t<T)

Yepes H®(D) 0603HaYUM ITPOCTPAHCTBO HEMPEPLIBHBIX (BEKTOP-) PyHKIUMIA f : D — R™, 115 KOTOPHIX KOHEYHO
BBIpaKEHIE

lfCx+ Ax, 1) — f(x, 1)
I/ DI = sup |f(x, )]+  sup ,
(x1)eD (o), (+AxHED w(|Ax|)
|Ax|#0
rae w # 0 — MOyJib HENPEPBIBHOCTH.

Ilycts Q < D. Yepes C(2) 0603HaYMM MPOCTPAHCTBO (BEKTOp-) (yHKUUI u, HEMpepbIBHBIX B Q. [Tonoxum
C*!(Q) — npocTpaHCTBO (BeKTOP-) DYHKIIMIA 4, HETIPEPBIBHBIX K OTPAHUYEHHBIX BMECTE CO CBOMMMU TIEPBBIMHU 110 X, f U
BTOPOI MPOU3BOTHOM IO X B ).

Crenys [2, c. 16], yepe3 H>*%1*%/2(Q), 0 < a < 1, 0603HAUYNM TIPOCTPAHCTBO (BEKTOP-) (DYHKLIUIA 1, HEITPEPBIBHBIX
BMECTE CO CBOMMM MEPBBIMU 10 X,  © BTOPOIl MPOM3BOIHOM I10 x B (2, IUISI KOTOPBIX KOHEYHO BhIPAXKEHUE

I+k

2
llullgy ™ = Z Sup |- k(x t)’
siviea (el 010X
31 1 ok
+ ( sup (x t)’ sup ‘ t)))
Z_ (x,t),(x+Ax,t)€Q|Ax|a " 0rldxk (e (r+Ane | AL c’)t’(’)xk
2tk=2
|Ax|#0 |Afl#0
1 A 614( )
oy )
(e (r+aneq [ATFO21 9 x
|Afl£0

3nech u nanee

Acf(x,0) = fx + Ax,0) = f(x, 1), Af(x,0) = f(x, 1+ A1) = f(x,1),

IUTST 000t pyHKIMHA f.

g matpuisl B (M BekTopa b) depes |B| (COOTBETCTBEHHO, |b|) 0003HaYaeM MaKCUMYM M3 MOIYJICi 3JIeMEHTOB B
(KOMIIOHEHT b).

[lon 3HaYeHUSIMU (BEKTOP-) (DYHKIIMI U MX IMPOU3BOIHBIX HA TPaHMIIE 00JIACTH TOHMMAEM UX MpeaeTbHbIe 3HaUe-
HUS “U3HYTpU” 00JaCTHU.

Yepes C>!(Q) 0603HAYNM TTOAMPOCTPAHCTBO (BEKTOP-) (yHKLHIL u € C2(Q), IS KOTOPHIX KOHEYHO BHIPAXKCHIE

3" u 1 Ou
s QI® = 37 sup [oten|+  sup A S| @
2+ k<2(x I)EQ ot oxk (x,l),(x,t+At)EQ|At|l/2 0x
|Af]£0

Kpowme Toro, nonaraem

G @) = e CI@ - ux,0) = X0 = i 0) = L0y = 0)
s ={u s ulx, —6xx, —axzx, _Gtx’ =0}.

3ameTuM, uTo npocTpaHcTBo C>!(Q) coBmagaeT ¢ mpocTpaHcTBOM H2%!1+%/2(Q) npu noacTaHOBKeE B ONpeaeeHIe Mo-
cienHero o = 0, pu 3ToM HOPMBI || Q@ u |3 sKBUBaTEHTHBL.
Yepes C0(Q) 0603HAUMM NPOCTPAHCTBO (BEKTOP-) (DYHKLMIA 1, HEMPEPLIBHBIX ¥ OTPaHUYEHHBIX BMECTE CO CBOEH

TMEPBOI MPOU3BOIHOM 1O X B 2, C HOPMOM

llu; QP = sup
(x,HeQ

(x |

u(x, t)‘ + sup
(xnea! 0

ITycTh Wy — MOIYJIb HETIPEPHIBHOCTH, YIOBJICTBOPSIIOIINI 080liHOMY ycaosuto JuHu:

®o(2) = /y‘ldy/wo(E)E‘ldE <oo, z>0,
0 0
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26 BAJEPKO, ®EJOPOB

Y TaKOM, YTO JUIs1 HEKOTOPOTO &) € (0, 1) byHKIMs v(z) = wo(z)z”%, z > 0, moutu yObIBaeT, a UMeHHO, cyiiectByeT C > 0
TaKoe, 4T0 V(z1) < Cv(22), 21 2 22 > 0.
B nonioce D paccMoTpuM paBHOMepHO Napabosnueckuii mo IlerpoBckomy (cMm. [15]) onepatop

2
ou k
Lu=— - E A, 07—,
ot Oxk
k=0
e u = (U, u,...,.uy) ,meN, UA, = ||aijk||;flj=1, k =0,1,2, cyTb m X m MaTpULIbl, SJIEMEHTBI KOTOPbIX — BEILIECTBEH-

HO3HAYHbIe (PYHKLINU, ONIPEAETIEHHbIE B D U yIOBIETBOPSAIOLIME CJEAYIOLUM YCIOBUSAM:

(a) 11 COOCTBEHHBIX YMCEN I, MATPULBI A, BBIIOIHEHO Re W, (x, 1) > & mia Hekoroporo & > 0 u Beex (x,1) € D,
r=1,...,m;

(6) byHKIMY ;% OrpaHUYeHbI B D U CIIPaBELTNBbI OLICHKH

i Cx + Ax, 1+ A1) = a5, 0| < o8]+ 18117,

roe (x,1),(x+Ax,t+ A eD,i,j=1,....m k=0,1,2.
IIyctb

+00

Z(x,t;A2(E, 1) = % / " exp(—Ax(E, 1)0°do,

rae x,E € R, > 0,0 < 1 < T. CrpaBeniuBbl HepaBeHCTBa (cM. [16, ¢. 298, 306]):
I+k
ol oxk
I+k l+k
AT ANE + AB D) -
rme x, &, E+AEeR, 1>0,0<t<T, k120

Ionoxum D* = {(x,1;E,T) € DX D : t > t}. U3BecTHO (cM. [17], ecm = 1, u [18], eciu m > 2), 4TO TIPH YCIOBUSAX
(a), (0) cyiecTByeT (pyHIaMeHTallbHasl MaTpulia peteHuid I'(x, t; €, ) cuctembl Lu = 0, 1151 Hee BbINTOJHEHbBI OLIEHKU:

GHT Y —E)
o a6 BEE DS Ct = 1) D2 oy (—c( 5

(i AE, r>>]< C(U, k@2 exp(— e 1), 3)

———(x, , As(E, r))\ < CU k) D20 (|AE]) exp(—cx? /1), (4)

), 0<20+k<2, (5)
r—T

U, KpoMe Toro, uisl GyHKIMU
W, 6,1 =I'(x, 651 - Z(x - E,t - 1;A2(E, 1)

CITpaBCIJIMBbI HEPAaBCHCTBA

al+k (.X _ E)Z
W . < Conl(t — V(1 — 1)~ ClHk+1/2 (_
atlaxk(x, t9 E’ I) ’ ~ C(J‘)()((t T) )(t I) eXp c t 1

), 0<20+k<2, (6)

AL P@o((r — 1)'?) (_C(x - E)2) R

ow ]
Al‘g()@t’ E?t)‘g C (t—'C)3/2
(x,6E 1), (x,t+ALET)eD 0 <At < t—T.

IIycts Q — nonyorpaHnyeHHasi 00J1acTh CJIeAYIOIIEro BUaa:

t—7

Q={(x,)eD|x>g@)}, geCl0,T],

¢ O0KOBOIi rpaHUlLIEH B
={(x,) e D|x = g(t)}.

PaccMoTpuM 3a1auy 0 HaXOXAEHUH (BEKTOp-) GYHKUNU u € C(Q), SBISIOLLYIOCS KIACCUYEeCKUM PellIeHUEM ypaB-
HEHUS
Lu=f, (x,1)€Q, (8)

YIOBJIETBOPSIONIEH HauaIbHOMY YCJIOBUIO

u(x,0) = h(x), x> g(0), (€))
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1 TPaHUIHOMY YCJIOBHIO TIEPBOTO poa
ug®,n =y, 0<r<T. (10)

Crnenys [8], st ¢ € C[0, T] monoxum

t

Sq(x,t) = /Y(x, t;g(0), D@(r)dt, (x,1) € Q, 11
)

rae

+0o0

Y(x,t;8(1),7) = / [(x,1;8(v) —r,0dr, (x,neD, 0<t<1.
0

Kpome Toro, a1s JII00bIX HENPEPLIBHBLIX U OTpaHUYEHHBIX GYHKIMIA i : R — R™ 1 f : D — R™ MOJI0XUM

+0o0

Ph(x, 1) = /F(x, 5E0MEE, h=(h,hy,..., hm)T, (x,1) € 5, (12)
Vo) = / dt / TGS DfEVIE [ = (fisforeeos )T (x.0)€D. (13)
0 —0

OCHOBHBIMU pe3yJibTaTaMU PaOdOThI SIBJSIOTCS CIENYIOLINE TPU TEOPEMBI.

Ilycts Py = (g(0),0). Yepes c>! (Q\ Py) 0603HaYNUM NIPOCTPAHCTBO (BEKTOP-) (DYHKLIUIA 1, HEIPEPBIBHBIX BMECTE CO
cBOeil IepBOil MPOU3BOIHOI 10 x B Q U MMEIOLINX HEMPEPIBHBIE B Q \ Py BTOPYIO MO X U MEPBYIO I10 f TPOU3BOAHBIE,
JIJIST KOTOPBIX KOHEUHO BhIpaxkeHUe (2).

Teopema 1. ITycmb evinoanenst ycaosus (a), (6) u g € C'[0, T1. Toeda oas aobbix (sexmop-) gyuruuii f € H®(D), 20e
weD, heCYR), v € C'[0, T ¢ ycaosuem coenacosanus

v(0) = h(g(0)), (14)

onst pewrerusi u € CO(Q) 3adauu (8)—(10) cnpasedausu éxaouenue u € C*1(Q \ Po) u oyenka
s Q12 < € (1w 10, T + 1 RI +11£: DI ). (15)

EC/lLl, Kpome noeo, 6blnOJIHEHO 6mopoe ycaoeuUe coenacoearnus

2
V'(0) = g/ (O (8(0) + > Aw(g(0), 0)h®(g(0)) + £(3(0),0), (16)

k=0

mo dns pewrenus u € C Q) 3adauu (8)—(10) cnpasedauso exaouenue u € C1(Q).

3aech u panee yepe3 C 0003HaYaeM MOJOXUTEIbHbIE TTOCTOSTHHBIE, 3aBUCsLINE OT T, 8, m, KO3(pPUIIMeHTOB ore-
paTtopa L 1 O0KOBOI IpaHULIbL ¥, KOHKPETHBII BUI KOTOPBIX AJISI HAC HEBAXKEH.

3ameyanue 1. CyliecTBOBaHUE U €IMHCTBEHHOCTh peleHus 3agadu (8)—(10) B xinacce C0(Q) cnenyer us [3]—[6].

Teopema 2. ITycmb évinoanenst yeaosus meopemsi 1. Toeda 0aa awboeo pewenus u € C0(Q) 3adauu (8)—(10) umeem
Mecmo uHmezpanvbHoe npedcmaenenue

u(x,t) = So(x, 1) + Ph(x,t) + Vf(x,1), (x,1)€ Q,

ede @ : [0,T] » R™ — eduncmeennoe ¢ npocmparncmee C[0, T peutenue cucmemvl epanuHsiX UHMESPAAbHbIX YPAGHEHU
Boasmeppa nepsoeco poda

t

/Y(g(t), 180, D@(Mdt = y(1) — Ph(g(0),1) = Vf(g®),n, 1€][0,T]. a7
0

3ameuanue 2. Ecmim = 1, To yTBepxKAeHUs TeopeM 1, 2 cripaBeUTUBHI 7151 TIOOOTO OTPaHUYEHHOTO PEIeHUS 3a1a91

(8)—(10) (M. [19]).
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3ameyanue 3. B ciyuae f = 0, h = 0, ipy BelnosHEHUU yeaoBuil y € C0, 71, w(0) = ' (0) = 0, cyluecTBOBaHUE
pemenus 3agaun (8)—(10) BKimacce u € (0?2,1 (Q) nokasaHo B [8]. TIpu 3TOM ZOMyCKAeTCs HEMIAIKOCTh OOKOBOI TPAHULIBI
X npu ¢t = 0, a UMEHHO, TIPEAIoJaraeTcsl BLIMOJHEHHBIM YCIOBUE
(')

g€ Clo, 71, i

0<1<T, (18)

IJie ® — HEKOTOPbIN MOIYJIb HEMTPEPHIBHOCTU.
Jlajiee paccMOTpHUM cilydyail, Korjga 60KoBasi TpaHuiia X o0acTu Q SBJSIETCS HEMIAAKOM, a UMEHHO, UMEET YIJIbI.
Ilyctb Ha uHTepBane (0, T) 3a1aHO MHOXECTBO TOYEK

{ti,....,tn€(0,T) | O0<ti<---<ty<T}, NeN. (19)

Yepes PC'[0, T] 0603HAUMM IPOCTPAHCTBO HEMPEPBIBHBIX (BEKTOP-) GYHKUMIA ¥ € C[0, T], IPOU3BOAHBIE ' KOTOPBIX
KYCOYHO-HETpepbIBHBI CO MHOXECTBOM (19) Touek pa3pbiBa EPBOro pojaa, C HOpMOit

N
(D
lwst0.7[ = D e i O, mme 19 = 0, v = T,
k=0
ITycts

P ={Py,Py,..., Py}, THE P, = (g(t1), 1), k=1,...,N, Ne€N.

Yepes 62’1(5 \ P) 0003HaYMM TIPOCTPAHCTBO (BEKTOP-) (PYHKLMIA 1, HEIPEPHIBHBIX BMECTE CO CBOCH IEPBOil MPOu3-
BOJIHOM MO x B Q) M MMEIOLIMX HENPEPLIBHBIE B Q \ P BTOPYIO 10 X U NEPBYIO 110 ¢ IPOM3BOIHbIE, /11 KOTOPBIX KOHEYHO
BbIpaxXeHue (2).

Teopema 3. [Tycmo evinoanenst yeaosus (a), (6) u g € PC'[0, T). Toeda oas arobbix (6exmop-) gynkuyuii f € H*(D), 20e
we D, heC’R), vy e PCHO,T], cycirosuem coenacosanus (14), ona pewenus u € C°(Q) 3adauu (8)—(10) cnpasedaugss
sxniouerue u € C*1(Q \ P) u oyenka

o 12 < (|fws 0,71+ I + 17 D1 (20)
3ameuanue 4. CyliecTBOBaHUE U eIMHCTBEHHOCTb peleHus 3a1auu (8)—(10) B kiacce C0(Q) cnenyer us [3]—[6].

2. O 3AJAYE KOl

Jlemma 1. ITycmo soinoanenst ycnosus (a), (6). Tozda onsa amoboii (eexmop-) yuxyuu f € H*(D), 20e w € D, 06vemHbLil
nomenyuan V f npunadsexcum npocmpancmey C*'(D) u cnpagedausa oyenka

IV£; DI® < CIIf; DI°
Joka3zareabcTBo. Tak Kak moTeHUMa V f yIOBIETBOPSIET YPaBHEHUIO
Lu=fBD,

TO IS IOKa3aTebeTBa BKoueHus V £ € C>1(D) 10CTaTOYHO YCTAHOBUTH HEPaBEeHCTBA

k
‘ f(x z)‘< CIf: DI 42, k=0,1, Q1)
2Vf ~ ~ "
|| < (@012 + G )1 DI, (22)
Azafo(X, l)‘g ClIf; DII°|Ad?, (23)

(x,1), (x,t + At) € D. Ouenku (21), (22) 10Ka3bIBAIOTCHA aHAJIOTMUHO METOAY, U3JI0KeHHOMY B [20, ¢. 109—110].
HoxkaxeM onieHKY (23). ITpu 0 < ¢ < Ar HepaBeHCTBO (23) ciemyeT u3 otleHKHU (21) mpu k = 1. B cygae 0 < Ar < ¢
CIIpaBeIIMBO MPEACTaBICHME

('ﬂ/f t+At +ooar t +00 t—At +00
Aqﬁmh/m/amwmmmmm—/ /(MEW@WB/“/&(MEW@W&
t-At  —oo t-At -
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= Ji(x, t, At) + Jo(x, t, Ar) + J3(x, t, Ar).
Ouenum J, (uHTETpAN J, OLIEHUBAETCS aHAJIOTUYHO). M3 HepaBeHcTBa (5) nmeem
t+At

neanf<ciror [ < Cllf: DAY

T
(t+At—T1)1/2

—At
OuenumM J3. M3 npencraBineHus
t—At +00 t—At +00
0z ow
neaan= [ [ oS0 wacoseoes [afaSneoreoe
0 —00 0 —00

1 HepaBeHCTB (3), (7) clieayeT olieHKa

—At

t
At 12 0o((t —T 1/2
’J3(.X,t,Al‘)’ < C|At|1/2||f;D”u) /( | | 0(( ) )
0

+
(t—1)3? -t

)t < CIF DI+ Bo(T iad 2,

Orclona nostydyaeM HepaBeHCTBO (23). Jlemma 1 nokazaHa.

B [13] nokazaHa cienyomast

Jlemma 2. ITycmo evinoanenst ycaosus (a), (6). Toeda das awboii (6exmop-) ynxyuu h € C>(R) nomenyuan Ilyaccona
Ph npunadnexcum npocmparncmey C>'(D) u cnpasedausa oyenka:

IPh; DI < Clis RIP.
PaccmoTpum 3amauy Koiu
Lu=f, (xteD, ukx0) =hnx), xeR. (24)

W3 nemm 1, 2 criepyet
Teopema 4. [Tycmb svinoanenst yenosus (a), (6). Toeda oas awbvix f € H*(D), 2de o € D, u h € C*(R) (6exmop-)
dyHKyus
u(x,t) = Vf(x,t) + Ph(x,t), (x,t) €D,
aenaemcs edurcmeennuim 6 kaacce C>' (D) pewenuem 3adayu (24). Dmo pewerue npunadnedicum npocmpancmey c21 (D), u
Cnpageoausa oueHKa
Jus DI® < € (RIS + 15 D).

3ameyanue. EnuHcTBEHHOCTD pelueHus 3agaun (24) B kinacce C>(D) caenyer us [21].

3. 0 3AJAYE J1J11 OTHOPOJHOW CUCTEMBbI C HYJIEBBIM HAYAJIbHBIM YCIIOBUEM

PaccMoTpuM ciieayronnyio mepByo HadaabHO-KPaeByIo 3a1ady:

Lu=0BQ, u =. (25)

z

=0, u
=0

B atoMm paszene 60koBasi rpaHuIIa X TOoMycKaeT npu ¢ = 0 Hanuuue “kioBa” (cM. (18)).
Jlemma 3. ITycmo evinoanenst ycaosus (a), (6) u (18). Toeda daa aroboii (6exmop-) gyuxyuu vy € C'[0,T] ¢ ycaoguem
y(0) = 0 pewenuem 3adauu (25) seasemcs (6exmopnbiit) napabosudeckuii nomenyuan (cm. (11))

u(x,) = Sox, 1), (x,1)eQ, (26)

ede @ : [0,T] —» R™ eduncmeennoe 6 npocmpancmee C[0,T] peutenue cucmemsl epAHUYHbIX UHMESPANbHBIX YPABHEHUI

Boavmeppa nepeoeo pooa
t

/ Y(g(0),1;8(0), D(D)dt = (1), t€[0,T]. 27
0

Ilpu smom cnpasedaugol 6KAOHEHUE U € 6“(5 \ Py) u ouyenka

llu; QP < Cliys; [0, TNV (28)
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2.1 —
Ecau, kpome moeo, evinoanero ycaosue ' (0) = 0, mo cnpaseoaueo exaroverue u € C -~ ().
0

JlokazareabcTBo. MimeM pemieHre B BUe oTeHIMana (26) ¢ IIIOTHOCTHIO ¢, TToJIeskalieii onpeaeaeHuro. s jio-
6oii ¢ € C[0, T] moTeHLMan (26) ynoBIETBOPSIET YPaBHEHUIO U HayalbHOMY yciioBuIo U3 (25). [oacrassist (26) B rpa-
HUYHOE ycioBue U3 (25), 1ist ornpenesaeHust Heu3BeCcTHOM rioTHocTU ¢ € C[0, 7] mosyyaeM UHTErpajbHOE ypaBHEHUE
Bonsreppsl nepsoro pona (27). I3 neMmbl 4 paboThl [8] cienyeT, 4To 3TO ypaBHEHME UMeEET EAMHCTBEHHOE pellieHue
@ € C[0, T] u cipaBeIMBa OLIEHKA

llp: [0, 7T < Cliws; [0, T, (29)

[Moncrasnss peweHue ¢ ypaBHeHus (27) B BeipaxeHue (26), TOJy4yrM, YTO ONpeaeSieHHas TAKUM 00pa3oM QyHKUMsI u
sBJsieTcs pelieHueM 3aaadu (25). ITpu atom u3 temm 1—3 paboTsl [8] ciieayeT BKIIOUEHUE u € 52’1(9 \ Py) ¥ OLIEHKa

llu; QI < Clig; [0, TN

Orciona u u3 (29) moayyaeM HepaBeHCTBO (28).
2.1 —
Ecnu nonoaHuTeNbHO BBITTOJHEHO YcioBue ' (0) = 0, To u3 TeopeMbl 1 paboThI [§] cienyeT BKIIOUEHUE u € %‘ (Q).

Jlemma 3 nokazaHa.
3amevanue. Ecin Mozysib HeNpepbIBHOCTH B (18) NOMOMTHUTEIBHO yIOBIETBOPSIET yCIoBHIO (1), TO ONHO3HAYHAsS
paspeluMocTb 3anaun (25) B kiiacce u € C0(Q) cnenyer us pesyasraTos pador [3], [6].

4. IOKA3ATEJIBCTBO TEOPEM 1, 2
C noMoublo 3aMeHbI (cM. (12), (13))
u(x,t) = v(x,t) + Ph(x,t) + Vf(x,1), (30)

nocrapjieHHas 3aaa4a (8)—(10) cBoautcs K 3agaye

Lv=0BQ, 3D
v(x,0) =0, x> g(0), (32)
v(gn,n =", 0<r<T, (33)

rue
W) = w(@) — Ph(g(),t) - Vf(g®,n, 0<tr<T.

M3 ycnosus cornacoBanus (14), HepaBeHcTBa (21) npu k = 0, a TakKe U3 JieMMBbI 2 riojiydaem, uyto W(0) = 0. M3 ycinoBus
g € C'[0, T, Bmouenuii Ph, Vf € C>!(D) (cM. emMsl 1, 2) 1 paBeHCTBa

, . /0Ph avf aPh avf
W) = () - ¢ 0 S0 + =300 =7 (e0.0 — g0, 0<I<T,

nosydaem, uto P € C'[0, T].
W3 nemmebl 3 caenyert, uto peieHueM 3agadu (31)—(33) saBnsiercst (BeKTOPHBIIT) MapadboJIMdecKril MOTeHIIAA

v(x, 1) = So(x,1),

rae (BeKTop-) GyHKUMs @ eAMHCTBeHHOe B mpocTpaHcTBe C[0, T'] pemienue ypasHeHus (17). [Ipu atom v € C>! (Q\ Py)
U CIIpaBeIjINBa OLICHKA
llv; QI? < CI¥; [0, T

Ecnu 1onoaHUTeIbHO BBIIMOJIHEHO YyeaoBue coriacoBanus (16), To ¥/(0) = 0. B atom cityyae u3 1eMMBbI 3 ciieayeT
~2.1 —
BKIoueHue v € C  (Q).
0

[Moncrapiss moaydeHHYIO (YHKIINIO v B TipeacTaBiaeHre (30) 1 UCIOb3ys JIEMMEI 1, 2, mojlydaeM OKOHYATEIBHO
YTIBepXACHUS TeopeM 1 u 2.

BBenem BcnoMoraTeabHbie (DYyHKIIMOHAJIbHBIE TPOCTPAHCTBA U PACCMOTPUM JBE JIEMMBbI, HEOOXOIUMBbIE JJIS Ta/lb-
Heuurero.

Yepes C>1(Q \ Py) 0603Ha4UM IPOCTPAHCTBO (BEKTOP-) (DYHKLUIA 1, HEMPEPLIBHBIX BMECTE CO CBOEI EPBOIi IPo-
U3BOIHOM MO X B Q U UMEIOLMX HENPEPbIBHbIE U OTPaHUUYEHHbIE B Q \ Py, BTOPYIO I10 X 1 II€PBYIO 110 ¢ IPOU3BOIHbIE,

JJI1 KOTOPbIX KOHCYHO BbIPAKCHUE
r+s

i)

l; QP = Y sup

2r452 (BNEL
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Yepes C%([a, +0)), a € R, 0603HaYMM [IPOCTPAHCTBO (BEKTOpP-) MYHKUMIA /i : [a, +o0) — R™, HempepbIBHBIX U
OTrPAaHMYECHHBIX BMECTE CO CBOEH MEPBOIM U BTOPOM MPOU3BOAHBIMU, C HOPMOI

2
ll2; [a, +00)l| = > sup [hP(x)|.

k=0 x€la,+o0)

Jlemma 4. [Tycmo
ue C*Q\ Py, hx)=u(xT), x=gT)

Toeoda cnpasednusut eKkaOUeHUE

h e C*[g(T), +00), (34)
OueHKka 7
17 [g(T), +00)|® < [Ju, QII*! (35)
u I’lpeae/lbﬂble COOMHOULCHUA
. ﬁku —(k)
wlim e =R ), k=12, xr > g(T). (36)

(x,0)eQ

JokasareabcTBo. CreraeM 3aMeHy ITEPEMEHHOM

y=x-g(@®
" ITOJIOKMM
v 1) = u(y + g0, 1), (1) € [0, +00) X [0, . (37)
Torna
o ) ak"( ) k=0.1.2. (.0 € [0.+00) X [0.T
P = = (S + X .
ayk(y’ (9_Xk X, x:y+g(t)’ s 1y &y y9 [ , 100 [ ) ]

BBenem o6o3HayeHME R
h@) =v(y,T), y¢€|[0,+c0).

B cuny (37) cripaBetMBEI BKITIOUCHUE hecC [0, +c0) U1 OLIEHKA

sup |h(y)l < sup
YE[0,+00) (x,1)eQ

u(x, z)’.

PaccmoTpuM nmocnenoBaTeIbHOCTh (DYHKIIMIA
h,(y) =v(y, T-1/n), y>0, nelN.

He orpaHuuuBasi oGLHOCTH, cuuTaeM, 4to 1/n < T/2. 3aduxcupyeM mpoussoasHo M > 0. UmeeMm h,(y) € C2[0, M],
MOCAeA0BaTeIbBHOCTh (OYHKIUMN (4,(V))nen CXOOUTCS K DYHKUMU A(y) Ha [0, M], MOCAen0BaTeIbHOCTh MTPOU3BOIHBIX

v
(h;,(¥))neN CXOOUTCS paBHOMEPHO Ha oTpeske [0, M] B cuily paBHOMEPHOW HETIPEPBIBHOCTU a Ha [0, M1x[T/2,T]. Cne-
y

IOBAaTEJIbHO, CYIIECTBYET WecC [0, M], npuuem
lim 7, (0) = ' (), y €10, M],

~ ou
sup |h'(y)l < sup a(x,t)’.

ye[0,+00) (x,H)eQ

AHaJIOTUYHO, TTOJTly4aeM, YTO CYLIEeCTBYEeT W e C[0, M], npuuem
lim k' (y) = ’(y), y € [0, M],
n—-oo

A// azu
sup 1) < sup | 75050

y€[0,+00) (x,1)eQ
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B cuity mpousBoiabHOCTH M > 0, OTCIOAA CIELYeT, UTO UMEEeT MecTo BKUTtoueHue i € C2[0, +c0) U OLIeHKa
7. 2 2,1
llA; [0, +o0)||” < [lu, QI

BosBpatasich K GyHKIMA £, TTodydaeM BKIoueHUe (34), oueHKy (35) u npenensHble cooTHomeHus (36). Jlemma 4
JIOKa3aHa.

AHaJIOTUIIHO JOKa3bIBaeTCs CICAYIOIast

Jlemma 5. Ecau u € C>1(Q\ Py) u h(x) = u(x, 0), mo cnpasednrues. npedesvHvie cOOMHOUEHUS

1) =h(x), > g(0),
(XT)—>(X0 0)dx (x )=Hx0) %0 >80)
(x,H)eQ

(92
25,0 =h"(x0), x0 > g(0).

lim
(6H—(x0,0) Ox2
(x,1eQ

5. HOKA3ATEJIIbCTBO TEOPEMUBI 3

3ametuM (cM. [22, c. 587—588]), uTo M06yI0 PyHKLUIO /i € C%([a, +00)) MOXKHO MPOLOJLKUTh Ha BCIO YUCIIOBYIO OCh
c coxpaHeHueM Kiacca h* € C2(R), mpuuem

I RIP < Clik; [a, +00)|?). (38)
MepeitneM K 1oKazaTeabCTBY TeopeMsl 3. [Tyctb u € C0(Q) — pewuenue 3agauu (8)—(10). [Toaoxum
h(x) = u(x, ), x=gt), k=0,...,N,

Q={(x,HeD|x>gl), t<t<ty), k=0,...,N,

rae
to=0, ty;=T.

JlokaxeM cHavaja, 4To -
C*' (@ \ Py, k=0,...,N, (39)

pu4yemM
I 2l < ¢ (v 0,71 i RI + 17D, k=0, N (40)

B camowm nene, nns k = 0 BkiatoueHue (39) u oueHka (40) cpasy cienytot u3 TeopeMsl 1. Ipeanonoxum, uto (39), (40)
BBITIOJTHEHHBI IUTSI HEKOTOpOTro k, 0 < k < N — 1. B cruty 1eMMBI 4 cripaBe MBI BKITIOUCHIE

st € CHg(trs1), +00)
1 OLICHKa
s 15 [8(trs1)s +0IP < Jlue, > (41)

O003HaYMM ITPONOLKEHUE QDYHKIMMU /iy HA BCIO YUCIIOBYIO OCh C COXPAHEHUEM KJlacca yepes hy, | € C%(R). U3 Hepa-
BeHcTBAa (38) ciemyeT oleHKa
ey 13 RI® < Clllgsrs [g(tks1), +00)l[?). (42)

PaccMoTpuM u Ha MHOXecTBe Q. DyHkims u € C0(Q, ) ABIsIETCS pelleHueM MepBOoil HAYalbHO-KPaeBoil 3a1aunt

Lu=fBQ,, (43)
u(x, tip1) =y (%), x 2 g(ter), (44)
u(g(®),t) = y(), tie1 <1< o, (45)

e
Ve Clti, ial, By € CHR),

IIpHUYEM CIIPABCAJIMBO YCJIIOBUE COIJIaCOBAaHUA

Y(trs1) = Mir1(8(tk1)) = iy (8(tks1)).
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W3 Teopemsl 1 s pewnenust u € C0(Qy,1) 3anaun (43)—(45) cnpaseuinsbl BKIoueHKe (39) ¢ 3aMeHOM B HeM k Ha k + 1
1 OLIEHKA

2 O 2 o
s Qeall® < € ([ ws10.71]| -+l RIP + 15 D)

Orcrona, ucnosnb3ys HepaBeHCTBa (41), (42), nomyyaeM orieHKy (40) ¢ 3aMeHO B Heil k Ha k + 1. Takum 00paszom, (39),
(40) moka3aHBI IT0 MHIYKIINH.
3aMmeTuM, uyTo u3 BKIoueHM (39) u HepaBeHcTBa (40) ciemyeT olleHKa

ou 12 _
A,a(x,r)\s CIA™2, (1), (nr+ADeQ,

U U3 pe3yabratoB padot [3], [4] — HepaBeHCTBa

0°u (M 2 —
Stn|< (w01 AR 1D17), e s=0.1. (46)
0xs N

Hanee, yauTeIBas JeMMEI 4, 5, Ie1aeM BBIBOI, YTO

2
u
W(Xy tk) = hz(-x% X > g(tk)’ k = 1, e 7N9

& u
MpuYeM e HenpepbIBHA ¥ OTpaHUYeHa Ha BceM MHoxecTBe Q \ P, 1 clipaBe/UInBa OLeHKa
u M 5 _
satn|<c(woT|| RIS +1fD10), pe@ip @7)
X

Hakonen, u3 nemm 4, 5 noaydaem, 4To

ou
lim —(x, 1t X, t A(x, g(t, h(v)x+ X, 1, x>gt), k=1,...,N.
plim  —nn= lim &( )= Z (. g () + ). x> (@)
(x,1)eQ)_y (x,0)€eQy
_ ou
OTcrofa 1 U3 HeMPEePBIBHOCTH 1 Ha ) CJIEAYET, YTO B TOUKAX (X, ), x > g(#), k = 1,..., N, CylIecTByeT T VYuuTtbiBast

N
u

HETIPEePBIBHOCTD MMPOU3BOAHBIX —— 3 , s = 0,1,2, u HepaBeHcTBa (46), (47), moydaeM HENPEPBHIBHOCTL N OTPAHUYEH-
x5’

ou _
HOCTh e, Ha BceM MHOXeCTBe Q \ P, U OLIEHKY

Y| < (w07 RI® w1 D1). e e@yp

TakuMm o6pa3om, cripaBeIMBLI BKIIIOUEHUE 1 € Cc*! (Q\ P) u HepaseHcTBO (20). TeopeMa 3 [okazaHa.
3ameuanue. M3 gokazaTeabcTBa TEOpeMbl 3 U U3 JEeMMBI 4 CleoyeT, UTO CTapiliue MPOU3BOIAHbBIC PEIICHUS
c>! (Q\ P)3amauu (8)—(10) HenpepbIBHBI “CHU3Y” B TOUKax MHOXecTBa P \ Py, a UMEHHO:

2 2

I ‘ot = Lewt), k=1,...N
im  ——(x.1) = —(g). 1), k=1,...,N,
(0~ (g(t).10) OX> o2 Uk Tk

(x,0)€Qy

im o s = Mo, k=1....N
1m o\ = 5, > 5 =L, .0, 0V,
(el BE or SV Ik

(,DEQ1
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THE FIRST INITIAL BOUNDARY VALUE PROBLEM
FOR PARABOLIC SYSTEMS IN A SEMI-BOUNDED DOMAIN
WITH CURVILINEAR LATERAL BOUNDARY
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Abstract. The first initial boundary value problem for a second-order parabolic system in a semi-bounded
domain on the plane is considered. The coefficients of the system satisfy the double Dini condition.
The function defining the lateral boundary of the domain is continuously differentiable on the closed
interval. When the right-hand side of the boundary condition of the first kind is continuously differentiable
and the initial function is continuous and bounded together with its first and second derivatives, it is
established that the solution of the problem is continuous and bounded in the closure of the domain together
with its higher order derivatives. The corresponding estimates are proved. An integral representation of the
solution is given. If the lateral boundary of the domain has “corners” and the boundary function has a
piecewise continuous derivative, it is proved that, despite the lateral boundary and the boundary function
being non-smooth, the higher order derivatives of the solution are continuous everywhere in the closure of
the domain, except the corner points, and are bounded.

Keywords: parabolic systems, first initial boundary value problem, nonsmooth lateral boundary, boundary
integral equations, Dini condition
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B npsimoyronbHuke Q = {(x,1)|0 < x < 1, 0 < ¢ < T} paccMaTp1BaeTCsl HaYaJIbHO-KpaeBasi 3aja4a JUIsl CHHTYJISIDHO
BO3MYIIIEHHOTO NTapaboJIMuecKOro ypaBHeHUs

Pu 0
¢ (az—a .- al;) = Fu,x,t,e), (n,0)€eQ,
X

u(x,0,e) =@(x), 0<x<1, w0t =vy(), u(l,t,e)y=y(r), 0<r<T.

[Ipeanonaraercs, 4To B YIIOBBIX TouKax (k, 0) mpsiMoyrojibHuKa Q, rae k = 0 unu 1, dyukums F(u) = F(u,k,0,0)
UMEET BU
Fu) =u®—u), tme uo=up(k) <O0.

J17151 TOCTpOEHUSI ACUMITTOTUKU PELIEHUS 33124y UCIIOIb3yeTCsl HEJIMHEWHBIN METO/ YIJIOBBIX MTOrPAaHUYHbBIX (DYHK-
uuii. PaHee ObLT paccMOTpeH cityyail, Koria rpaHuYHOe 3HaYeHUE ¢ B YIJIOBBIX TOYKAX OTAEJEHO OT TOUKU Iepernda
u = 0 ycioBuem
uo(k)

2
TpY KOTOPOM Ha POJIb GapbepHBIX MOAOLLTN (PYHKIIMH "TIpocTeiiiiero” BuIa, IPUTOIHBIE Cpa3y BO BCei paccMaTpy-
BaeMoii obacT. B Hacroseir paboTe paccMaTpuBaeTcs Caydait

u (k)
2

up(k) < (k) < <0,

< k) <0,

MPU KOTOPOM 00J1aCTh IIPUXOIUTCS pa30MBaTh HA YaCTH, B KaXKI0M MOJ001aCTH CTPOUTD CBOU OapbhepHbIe (PYHKIIMY C
YUYETOM HX HEMPEPhIBHON CTHIKOBKU Ha OOIMX IPaHULIAaX TOA00acTeil, a 3aTeM MPOBOAUTD CIJIaKMBaHKE KyCOUHO-
HEIIPEePhIBHBIX HIDKHUX M BEPXHUX pellleHuil. B pe3y/ibraTe mojydaeTcsl MOJIHOE aCUMIITOTHYECKOE Pa3IoXeHe pe-
1eHus npu € — 0 1 000CHOBBIBAETCS €I0 PABHOMEPHOCTD B 3aMKHYTOM IPSIMOYroyibHUKE. buoir. 15.

KitoueBbie cioBa: MorpaHUYHBIN CJI0M, aCUMIITOTUYECKOE MPUOIMXKEHUE, CUHTYISIPHO BO3MYIIIEHHOE YpaBHEHME.

DOI: 10.31857/50044466925010047, EDN: CDCFNP

BBEAEHUE

CUHTYJISIDHO BO3MYILIEHHBIE 33J]aui ¢ MaJIbIM ITapaMeTpoM JUIsl YpaBHEHUH ¢ YaCTHBIMU TTPOU3BOAHBIMU BCTpE-
YalOTCSl B Pa3IMYHBIX 3ala4ax MareMaTudeckoil pusnku. B ux pemeHusix, Kak nMpaBuio, BOSHUKAIOT MOTPaHUYHbIE
CJIOU, T/ MPOUCXOIUT PE3KUI Mepexol MeXIy pa3HbIMU XapakKTepHbIMU MoJaMu. TUMIMUYHBIA MTPUMEpP — 3TO 3ala4u
00TeKaHUsI TeJI BI3KOM XHUIKOCThIO, KOT/Ia BOJIM3K TTOBEPXHOCTHU TeJla CKOPOCTh MOTOKA PE3KO0 MajaaeT a0 Hyjs. JApy-
Toli puMep — 3To 3amauu auddy3nn, Koraa Ha rpaHulle 00IacTH TTOANEPKUBAETCST TIOCTOSTHHAST KOHIICHTPALIMS TN
MTOCTOSTHHBIM TTOTOK. B cTaThbe paccMaTpuBaloTCsl MMEHHO TaKUe 3a1add, KOTIa BOJU3H YIJIOBBIX TOYEK MPSIMOYTOJb-
HMKa BO3HUKAIOT IMOTPAaHUYHbIE CJIOU, CIIMBAIOIIME PellleHre U HayalbHBIX M TPAaHUYHBIX ycioBuid. [TpoBomuTcst
oApoOHOE OMUCAHKE YTIOBBIX TOTPAHUYHBIX CIOEB MIPU KYOUUECKUX HEMTMHEHHOCTSIX B YPABHEHUU.

Takue 3agauy MMeIOT OoJiee YeM IMOJIyBeKOBYIO uctoputo. O61as Teopust 151 TMHEHHBIX MapaboInyecKnX ypaB-
HeHuit Obl1a mocTpoeHa B.®D. byry3oBbiM B cepenuHe 1970-x romoB. [t HETMHEMHBIX SJTUNITUYSCKUX M TTapaboJiv-
YECKUX YpaBHEHUI ¢ KpaeBBIMM YCIOBMSIMU TTIEPBOTO pojia pa3paboTKa TeopuM Hadajdach B paborax U.B. [leHncosa B
1990-x rogax. B Hacrositiiee BpeMst JOCTaTOYHO TIOJPOOHO UCCIIENOBAHBI TOTHKO 331a4¥ C KBaJPaTUIHBIMU HEJTMHEH -
HocTsiMu. KyOndeckne HeTMHETHOCTH UCCIeOBAHBI JIUIITh B YACTHBIX CITyJasiX.
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HenuHeiiHbIA METOM YIVIOBBIX MOrPAHUYHbBIX (DYHKIIMI SIBJISETCS €CTECTBEHHBIM 0000IIeHeM (JIMHEIHOIro) Me-
TOAA YIJIOBBIX MorpaHnYHbIX GpyHKIuir B.®. ByryszoBa (cMm. [1], [2]). [Ipu mocTpoeHNM aCUMIITOTHYECKUX Pa3IoxKe-
HUU pelleHnil HeTMHEMHBIX T GhepeHIINATLHBIX YPABHEHWI B YaCTHBIX IIPOM3BOIHBIX C KPAeBBIMU YCIIOBUSIMU TTIEP-
BOro pona (3amada JIpuxiie) MPUXOOUTCS ITOKA3bIBaTh CYIICCTBOBAHUE MOAXOMSIINX PEIICHNI HETWHEHHBIX ypaB-
HEHUI. DTO [e/IaeTCs C MIOMOILbIO OapbepHBIX DYHKIMIA, TOCTPOEHNE KOTOPBIX IIPEACTABIISIET OCHOBHYIO IIPO0JIEMY
(cM. [3]—[9]). B HacTosmiee BpeMsl pa3paObOTaHBI BO3MOXKHBIC BUIIBI 'TIPOCTEHINNX" TJIATKUX OapbepHBIX (DYHKIIMI
IIJIST OLICHKU PEIIeHUI HeJIMHEWHBIX 3a/1a4, ONpPeae/SIONIMX IJIaBHbIE WIEHBI YIJIOBOM YacTH acUMIITOTUKU. Ecim xe
rJagKkyie 6apbephl He yaaeTcsl TOCTPOMTh Cpa3y BO BCei paccMaTpUBaeMOii 00J1aCTH, TO MPEATIoaraeTcsl BEIOJHEHUE
CJIeIYIOIUX 111aroB:

1) pa3bueHue 0b6JaCcTU HA YaCTH;

2) IOCTPOEHUE B KAXKIOM IMOA00JIACT HUXHUX 1 BEPXHUX PEIIeHUI 3a1a4K;

3) HelpephIBHAS CTHIKOBKA HIDKHUX U BEPXHUX PEIIeHU Ha OOIMX TpaHUIIaX IToH00IacTei;

4) mocenyolee CriaXuBaHUE KyCOUHO-HEMPEPhIBHBIX HUKHUX U BEPXHUX PELICHUIA.

17151 060CHOBaHUSI ITOCTPOSCHHOM AaCUMITTOTMKHM PELLIEHUS IPUMEHSIETCS YHUBEPCaIbHbII MeToa quddepeHInab-
Hbix HepaBeHCTB H.H. Hedenona (cm. [10]).

1. IOCTAHOBKA 3AJAY

O0603HauuM 4epes Q MpSIMOYTOJIbHUK {(x,1)|0 < x < 1, 0 <t < T}. PaccMoTpuM HavyalbHO-KpaeBylo 3a1a4y Buaa

Pu  Ou
2 207U ou
€ (a axz 6t> F(u9-xa t’ 8)7 (x, t) (S Q, (1)
u(x,0,8) = p(x), 0<x<1, @
u(0,t,8) = yi(), u(l,t,e)=wyy(t), 0<t<T, .

IJIe € — MaJIBI MMOJIOKUTENbHBIN napaMeTp. [IpearionoXM, 4To BLIITOJTHEHEI CJIEIYIONINE YCIIOBUSI.
Yeaosue 1. Qyuryuu F(u, x, t, €), G(x), W1 (£) U yo(t) 261510mcs 00cmamouHo ena0KuMu U 8 Yea08biX MOUKAX NPmM0y20ab-
Huka Q GbINOAHAIOMCS YCAOBUSA COLAACOBAHHOCMU HAYAAbHO-KPACBLIX 3HAYEHUIL

@0) =y1(0), (1) = y2(0).

Yenosue 2. Boipoxcoennoe ypasnenue F(u, x,t,0) = 0 6 3amxHymom npamoyeonvhuke O umeem peuienue, Komopoe 060-
3Hauaemcsa Kak u = iy(x, t).

3aMeTHM, YTO B CUJIy HEJIMHEMHOCTU 3TO YpaBHEHUE MOXKET UMETh U APYrue pelleHus.

Yeaosue 3. [lpouszeoonas F (i (x,1), x,t,0) > 0 6 3amkHymom npamoyeonrvHuke Q.

VYenosue 4. Hauanvhas 3adaua

dlIly _ _
I = —F(i1p(x,0) + Iy, x,0,0), IIp(x,0) = @(x) — ip(x, 0),
umeem peuerue Iy(x, T) npu t > 0, ydosremeopstouee ycaoguro Iy(x, o) = 0 (30ece napamemp x € [0, 1]).
Yeaosue 5. /s cucmem
& =22, aZ@ = F(uy(k, 1) + z1,k, 1,0), )
dy dy
npamoie 71 = y14(t) — ok, t) nepecexarom cenapampucsl, 6xoosaujue 8 mouky nokos (z1,zz) = (0,0) npu y — oo (3decb t —
napamemp, k = 0 uau 1).

B cuny yenouii 1—3 Touka (zy,22) = (0, 0) sIBJIsIeTCS] TOYKOI MOKOS TUIIA celjia cucTeM (4).

I1pu coenaHHBIX MPEATIONOXKEHUSIX HEIb3sI TapaHTUPOBAaTh CylllecTBOBaHUe pemeHust 3agauu (1)—(3). Kpome atoro,
Jlaxke ecli pelleHKe 3alaul CYIEeCTBYeT, ero sIBHOE MpeACTaBiIeHUEe, KaK MPaBWIo, MOJIyYuTh He yaaetcs. [loatomy
JIJIS IOKa3aTeNbCTBA CylllecTBOBaHUS pelieHus 3aaaum (1)—(3) TpeOyroTcs 1OMOJHUTEIbHBIE YCIOBUSI, KOTOpbIe OYAyT
copMyTpOBaHBI HITKE.

2. AJITOPUTM PEIIEHWA 3AJAYN

Pemenue 3amauu (1)—(3) uimeTcss B BUme aCUMIITOTUIECKOTO psifa 1o mapaMeTpy € — 0, COCTOSIIETO U3 IIeCTH
YacTeu:

u(x,t,e) =+ I+ Q+ Q")+ (P+ P"). 5)
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3aech it — perynsipHas 4acThb aCUMITOTUKM, UTPaloliasi poJib BHYTPU NpssMoyroabHuKa Q, I1, O u Q* — 1morpaHc-
JIOWHBIE (PYHKIIMHY, UTPAIOIIME POJIb BOJIU3M CTOPOH MPSIMOYTOJIbHMKA {2 COOTBETCTBEHHO f = 0, x =0ux =1, Pu P* —
YIJIOBBIE MOTPAaHUYHBIE DYHKIIMU, UTPAIOIIMe POJIb BOJIM3U BEPIIUH MPSMOYroibHMKa Q coorBeTcTBeHHO (0, 0) 1 (1, 0).

®opmaitbHas IPOLIeAypa MMOCTPOSHUSI PETYJISIPHON YaCTH aCUMITTOTUKY M TIOTPAHCIONHBIX (DyHKITUI XOPOIIIO OT-
paboTtaHa u noapoOHO onucaHa B [11]. OgHako, AJIst TOCTPOEHUS YIJIOBBIX MOrPpaHUYHBIX (PYHKIIUI TpeOyroTCs: 000-
3HAYEHMSI, BBOAUMEBIE TIPY MIOCTPOSCHMH TIPEABIAYIINAX YACTEH aCUMIITOTUKU. B CBSI3M ¢ 3THM TIpoIieaypy MOCTPOSHUS
PETYJISIPHOM U ITOTPAHCIOMHON YacTe aCUMIOTOTUKY BCIKUM pa3 MPUXOIUTCI CXEeMATUYHO IIOBTOPSITh.

B ypaBHenuu (1) dyHkius F 3aMeHsIeTCS BBIpaKEHUEM, aHAJIOTUYHBIM (5):

F(u,x,t,e) = F + IIF + QF + Q*F) + (PF + P*F). (6)

Broipaxenus (5) u (6) noacTaBistioTcs B ypaBHeHue (1), KOTOpoe pasieliseTcs Ha YaCTU: PEry/IsipHYIO, IIOTPaHCIION-
HBIC 1 YTJIOBEIE. PerysipHasi 4acTb aCUMIOTOTUKY CTPOUTCS B BUIIE Psiia ITO CTEIICHSIM €:

i(x,t,¢€) = Z X i (x, 1).

k=0

IlorpaHcnoiiHast 4acTb aCUMOTOTUKUA BBOAWUTCS JJIS1 YCTPAHEHUST HEBSI30K PETYJISIPHOM YacTy ¢ HaYaJlbHbIM U Ipa-
HUYHBIMU ycaoBUusiMU. [TorpaHcnoitabie pyHkumu I1, Q 1 QF uiyrcs B BUIE PSAIOB

M te) = > eTx1), QEHLe) =Y OEn, QE.te) =) e0iE.,,
k=0

k=0 k=0

rae
X _l—x t

€ g2
CYTb PACTSIHYTbIE TIEPEMEHHBIE.
C 1esbio ycTpaHeHUsI HEBSI30K ¢ HaYaJIbHBIM M TPAHUYHBIMU YCIOBUSIMU BOJIM3H YIJIOBBIX ToueK (0, 0) u (1, 0) mips-
MOYTOJIbHUKA £ BBOJSTCS YIJIOBbIe TOrpaHuYHble dyHKIMU P(E, T, €) U P*(E,, T, €), HaXOXIEHUE KOTOPBIX TOCTABISET
OCHOBHbIE TPYIHOCTH TMPU pellieHUH TTOCTABJIEHHOM 3agaun. DT GYHKUMU UILYTCSI B BUAE PSIIOB

PETe) =) eP(ED, P'E.Te) =Y ePiE,D).
k=0 k=0

3anaua s onpenenaeHust Po(E, ) CTaBUTCS B TIEPBOM YeTBepTH R MIOCKOCTU PACTAHYTHIX MEPEMEHHBIX (E,T) U
UMeeT BUIT

2
228 P0Gy 41y + Qo + Po) — F (0 + o) — F (g + Qo). )
0E2 ot
PO(O’ T) = _HO(09 .E)’ PO(E’ 0) = _QO(Ev 0)’ (8)
PoE,t1) >0 mpu E+71T > oo, ©)]

IJie IUIS1 KpaTKOCTHU UCIIONb3YIOTCA 0603HAUCHUS
F(u) = F(u,0,0,0), o =10(0,0), IIx =I1x(0,7), Ok = OkE0), Pr=PuE ).

Jna dynkumii P(E, 1), k > 1, B obmactu R? mostydyaroTcs JMHENRHbIE 31241

&P, OP
azﬁ—a—; = F' (iig + Ip + Qo + Po) Py + hy, (10)
Pr(0,7) = —-IIk(0,7), Pi(E,0) = —0Ok(E,0), an
P& >0 mpu E+71— oo, (12)

i€ HEOMHOPOIHOCTH hy, = hi(E, T) YIOBIETBOPSIIOT 3KCIIOHEHIMAIbHBIM OLIEHKaM YObIBaHUS BUIa

(€, DI < Cexp(—k(€ + 1)), 13)

€CJIM MOIOOHBIM OLIEHKAM yIOBJIETBOPSIOT GYyHKILUU Py, ..., Pr_1. 31ech C U K — HEKOTOPbIE MOJ0XUTEIbHbIE YKUCIIA.
3agauu 18 yrioBbix norpaH®yHkuuil Pi(E,, T), k > 0, cTaBsTCS aHAIOTUYHO.
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B manpHeimeM nas ONnpeneieHHOCTU CUMTAETCS, YTO B KaXIOM YIJIOBOM TOYKE TPAHUYHOE 3HAYEHUE (@ OOsbLIe
KOPHSI BBIPOXACHHOTO ypaBHEHUS iiy. (Ciydail @ < ity CBOOUTCS K MPEIbIIyLIEMY C TOMOILbIO 3aMEHBI 1 Ha —11.)

7151 moka3aTebCTBa CylIeCTBOBaHUS pelieHus 3anauu (7)—(9) ucnosb3yeTcsi METOA BEPXHUX U HUXKHUX PelIeHU
(cM. [12]—[14]), kOTOpBIii 3aKITIOYAETCI B TOM, UTO 3aavya

L(Z)=0 Bobaactu D,

Z =h HarpaHuue 0D

UMEET pelleHuEe Z B TpaHULIaX
Z_<Z7Z<Z,

€CJIU B 001aCTU D BBIMTOJTHAIOTCS HEpaBCHCTBA
LZ)<0, LZ)>0, Z <Z,

a Ha ee TpaHuLIe
Z_<h<Z,.

ITpu uccnenosanuu 3anauu (7)—(9) 6ynet yno6HO MOIb30BaThCS OO03HAUEHUEM

2
L(Z) := aza—z _9z — F (itg + Iy + Qo + Z) + F (g + I1y) + F (i1 + Qo) .
082 Ot
Torna 3agaya (7)—(9) npuMeT Buf
L(Py) =0 BoGmactn R?2, (14)
PO(O’ 1:) = _HO(O7 T)a PO(E’ 0) = _QO(E» O)s (15)
Py(E,1) >0 mpu E+1—> oo. (16)

3. OCHOBHBGIE PE3VJIBTATHI

IIpeanonaraeTcs, 4To B yri0OBbIX TouKax (k, 0) mpsiMoyrojbHuka Q, rae k = 0 wiau 1, pynkuus F(u) = F(u, k,0,0)
UMeEeT BUJI,
F(u) = uw - ES, rae yucna iy = ip(k,0) < 0.

B atoM caryuae dyHKINS F (1) TIpY 1 > iy CHa9aJIa BRIITYKJIa BBEPX, B TOUKe 1 = 0 IMeeT ITeperud 1 qajaee CTAaHOBUATCS
BBITTyKJIOM BHM3. B pabote [9] 3amaua (1)—(3) paccMoTpeHa mpu yCJIOBUM, KOT/IAa TPAHUYHOE 3HAUYEHUE ( B YTJIIOBBIX
TOUKaX OTAEJCHO OT TOYKM Ieperuda u = 0 yclioBUeM

7]
ﬁ0<cps50<0.

[Tpu Takom ycnoBuu 1utst 3anauu (14)—(16) Ha poJib 6apbepHBIX MOAXOSAT IIafKue (PYHKIIMK “TIPOCTENIEro” Buaa,
MPUTOIHBIE Cpa3y BO Bceil paccMaTpuBaeMoi 06actu. beuto moka3aHo clieAyrolee yTBEpXKIECHUE.
Teopema 1. Ilycmo vinoanenst ycaosus 1—5 u 6 yenosvix mouxax (k,0) npamoyeonvruxa Q, ede k = 0 uau 1, ¢pynxyus
F(u) = F(u,k,0,0) umeem éud
F(u)=u’ - ﬁg, ede uucaa g = iip(k,0) < 0.

Ecau epanuunvie 3navenus ¢ = @(k) yooenemeopawom ycioguro
_ lg
g << > <0,

mo 05 docmamouno manvix € 3adaua (1)—(3) umeem pewenue u(x, t, €), 045 KOMOpPo2o pso

[e]

e (1) + T8 D) + QUE D + QG ) + PUET) + Pi(E D))
=0

k

ABNAEMCA ACUMNMOMUYECKUM npedcmae/leHueM npu e — (0 3AMKHYMOM NPAMOY20/1bHUKE 5
,[lanee CYMTACTCA, YTO

%<(p<0. (17)
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Panee ¢ ncnonp3oBaHMEeM MOTPAHCIONHBIX (DYHKIIMI, ONpeneIsieMbIX OOBIKHOBEHHBIMU NudbdepeHIInaTbHBIMU
YPaBHEHUSIMU Y HEOOXOAMMBIMU 3KCIOHEHLIMATbHBIMUA OLIEHKaMM, ObUTM MOCTPOCHBI TaK Ha3blBa€Mble “IPOCTEii-
mue” GyHKIUU

Zi(§1 =0, Z(E 1) =Cexp(-k(E+1), ZE 1) =-2y/I1o(0,1)00(E,0),

Zien) = ~To0.D0(E 0)
® —Uo
B oTaenbHBIX Clyyasx Takue pyHKLIMK MOAXOAAT Ha POoJib 6apbepHbIX BO Beeit obmactu R2 . Tpu ycnosuu (17) atn
(bYHKIMY HE TOAXOIAT Ha poJib 6apbepHbIX i 3amaqn (14)—(16) Bo Beeit obmactu R2. O6nacts R? npuxoamtes pas-
OMBaTh HA YaCTU U B KaXIOW U3 HUX CTPOUTH TaK Ha3bIBAEMbIE KyCOUHO-TJIaKNe Oapbephl, a 3aTEM CIJIaXUBATh UX.
Onpenenenne. 111 3anaumn

L(Z)=0 Bobnactu D, Z =h Harpanuue dD,

¢yHkuMu Z, (€, t) u Z_(€, 1) ABAAIOTCA KyCOUYHO-IIAAKUMU BEPXHUM U HIDKHUM PEIICHUSIMU 3a0a4uu, eCJIv
1) Z.(E,7) u Z_(E, T) HEMpPePHLIBHLI B 3aMKHYTOI obactu D;
2) cyliecTByeT pa3doueHue o0gacTi D Ha KOHEYHOEe YMCI0 MoaobaacTeil, Ha BHYTPEHHOCTH KaxKa0W M3 KOTOpOi
BBITIOJTHSIIOTCSI HEpaBEHCTBA
L(Z) <0, L(Z)>0, Z_ <Z,;

3) Ha rpaHu1ie 00JacTU D BBIMOJIHSIOTCSI HEpaBeHCTBA
Z_<h<Z,.
Jlemma 1. Ecau 6 mouke (0, 0) npamoyeonvhuka Q ¢pynkuyus F(u) = F(u, 0,0, 0) umeem eud
Fu) =u’ - 128, 2de uucno gy = ip(0,0) < 0,
mo npu ycaosuu (17) cywecmeyem noaodcumensroe Hucao py makoe, 4mo 6 oonacmu

QO = {(E’ T)'E = Po, T = pO}

QyHkyus suda
Zy- = —r exp(—Kk(E + 1)),

20e r u X — HeKOMOopbie NONOICUMENbHBLE YUCAA, ABASAeMC HUNCHUM bapbepom 3adayu (14)—(16).
Jloka3areancTBo. TpeOyercst mokazathb,uto L(Zy_) > 0. I1yctb

s =I1p(0,7), t=Q0E0), Z=Zy., h=iig+s+t.
Ipu Takux 0603HAYEHUIX UMEEM

2
L(Z):az%—g—f—F(x+Z)+F(u0+s)+F(u0+t)=

= CZ+xZ- [(M+2) -] + [(o + 5)° — )] + [(@o +° — &) =
=7 +xZ -\ =3\2Z -3\Z% = Z° + (fig + 5)° + (g + 1)° — i) =
=[N+ @@+ + o+ -] + (A +x-30)Z-3\2" -2’ =
= —3st(iig + ) + (@*x* + x — 3AZ - 30Z* - Z°.

Tak KaK s ¥ ¢t mpuHaaIexatr npoMexyTky (0, ¢ — ig], To ripu ycaosuu (17) mepBoe ciaraeMoe B BbipaxeHuu L(Z)
ITOJIOXKUTEIIBHO:
—3st(itg + \) > 0.

OcranbHasg 4acThb L(Z) UMeeT BU,
(@ +x-3\NZ-3N22 -2 =-Z[Z* +Z+ BN - a’k* - x)] .

Boipaxxenue L(Z) OyaeT MOJOXUTEbHBIM TTPU YCIOBUM TTOJOXKUTEIbHOCTU BhIpaXKE€HUSI, CTOSIILIETO B KBaAPaTHBIX
CKOOKax:
2 2 2.2
Z°+3M + B\ —a"x” —x).
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3HavyeHus A = iy + § + 1 3ATOJHSIIOT MTPOMEXYTOK (iig, 2¢ — ity ). Tak kak iy < 0, a 2¢p —iip > 0, TO A MOXET MPUHUMATh
HyJIeBO€ 3HAYEHME, TP KOTOPOM
3N —a?’k? -k < 0.

Y100l M30€XaTh 3TOT0 HYKHO BOCIIO/Ib30BaThCSI MOHOTOHHBIM YObIBAHUEM U CTPEMJICHUEM K HYJIIO 3HAYEHUI 5 =
Ip(0,t) ut = Qy(E,0) mpu t u &, cTpeMsiuxcs K co. TO MO3BOJISIET YTBEPKAATh, YTO s iroboro uucna f € (i, 0)
CYIIECTBYET MOJIOXUTENbHOE YKCIIO Py TAKOE, UTO

it + Io(0, po) + Qo(po. 0) =P < 0, (18)

¥ B o0JIacTH
Q) ={E,DIE = po, T2 po}

BBITIOJIHACTCA HEPABECHCTBO
A= uy+s+t< 120+H0(0,p0)+ Qo(po,()) = ﬁ < 0.

Torz[a JUCKPUMMHMWHAHT KBaApaTHOI'O TPEXYJICHA, CTOALLICTIO B KBaJAPaTHBIX CKOOKax:
N2 — 4302 — A’k* — K) = 4(a* + ¥) - 302 < 4(a* +¥) - 3p% <0,
€CJIn

0<xk<

V1+3a2p2 -1 19)

2a?

ITpu BemmomHeHNY yenoBuit (17)—(19) 3Hauenus L(Z,_) > 0 u GyHKINS B
Zy- = —r exp(—k(§ + 1))

SIBJISIETCS. HYKHUM OapbepoM 3agaun (14)—(16) B obnactu Q. Jlemma 1 mokasaHa.
3ameuanue 1. Jlemma 1 He BHOCUT OorpaHUYEHUI Ha BETUUUHY KOoadbuimeHTa r y GyHKIMUU Z_.
TMocne BoLaenenus u3 R? momo6macty €y ocTaBIIylocs 4acTh 06aactu R2 pa3o0beM Ha [IBe MOJ00IaCTH:

Q ={EDE2T,0<t<p) u Q={ETDO<E<py T2E}.
Jlemma 2. Ecau 6 mouke (0, 0) npamoyeonsuuxa Q ¢pynxyus F(u) = F(u,0,0,0) umeem eud
F(u) =u’ - ﬁg, 2de uucao iy = ip(0,0) <0,
mo npu yeaosuu (17) nuxcnum 6apvepom 3adauu (14)—(16) 6 oonacmu Q| s6éisemes gynkuyus euda
Z,_(&,1) = —h(t) exp(—KE),
2de K — docmamouHo Manoe noaoicumensvroe yucno, a pynkuyus h(t) Ha npomescymee [0, po] o6aadaem ceoiicmeamu
h(t) > Tp(0,t) >0, H'(t)>0, AK’(r)<O. (20)
Jloka3areancTBo. TpeOyeTcst mokazathb,uto L(Z;_) > 0. [1ycTb
s =TIp(0,t), t=Q0E0), Z=Z_, h=dpg+s+t
ITpu Takux 0003HAYEHUSIX UMEEM

2
L(Z)=a2(3é—(;—f—F(?»+Z)+F(ﬁ0+s)+F(ﬁ0+t)=

= a®K*Z + W (v) exp(—KE) — 3st(iig + A) — 3\2Z - 3\Z* - 73 =

2 H(t)
h(t)

= 3st(ig + V) + |a’x -3 z-3z2? -7

Kaxk u B 1emMe 1 3HaueHuUs
=3st(ig + \) > 0.

JKYPHAJI BBIYMCITUTEIBHOM MATEMATUKU U MATEMATUYECKOM ®U3UKU  TomM 65 Nel 2025



42 AEHNUCOB, JEHUCOB

OcranbHag 9acThb L(Z) UMeeT BUJ,

22 PO g0l w2 s 2z (PO in2_22)].
h(T) h(t)

JMCKpUMUHAHT KBaAPaTHOTO TpeXWIeHa, CTOSIIIIEro B KBaIpaTHBIX CKOOKax

_o2 4 [ I A N S & O N
D =9\ 4(h(r)+3x aK)— 3A 4(h(r) aK><O

IpH yCJ10BUN

h () 2.2
- >0,
e a’x
YTO TOCTIKMMO, €CJIN
hl
a*x? < min h((:))

Tak kak pyHkiug 4’ (t)/h(t) yobiBaeT Ha mpoMexyTke [0, pg], TO

K _ H(po)
min = s
hv  h(po)

a2K2<h(Po)’ 0<x< L [P0
h(po) a\l h(po)
C yuerom (19) KoppekTupyeMm BbIOOp Yncia K:

0 < K < min (1 po) V1 +3af - 1) . 21

N HY2>KHO UMCTb

al\l h(po)’ 242

ITpu ycnoBuu (21) BeIMONHSAETCS HEpaBeHCTBO L(Z,-) > 0. Jlemma 2 noka3aHa.

B o6mactu Q, HUKHMIT 6apbep CTPOUTCS CUMMETPUIHO Oapbepy M3 00JIaCTH £, ¥ CIIPABEIJINBO CIICAYIOIIee YTBep-
KICHHE.

Jlemma 3. Ecau 6 mouke (0, 0) npamoyeonsuuxa Q ¢pynxyus F(u) = F(u,0,0,0) umeem eud

F(u)=u’ - ﬁg, ede uucno iy = ip(0,0) < 0,
mo npu yeaosuu (17) nuxcnum 6apwvepom 3adauu (14)—(16) 6 ooracmu Q, aersemes yHkyus
Z5-(§,v) = Z1-(v, §) = —h(§) exp(—KT),

ede Z,_(E,v) — ynxuyus u3z semmor 2.

Jlemma 3 3aBeplaet MoCTpoOeHNE HIKHUX OaphepoB IIJIs OLIEHKHU peineHus 3agaun (14)—(16) Bo Bcex Tpex 001acTsIxX
Qo, Q) 1 Qy, Ha KOTOPBIE ObLTa paszeseHa 061acTb R2 . DTu 6apbepbl MOKHO HETPEPHIBHO COCTHIKOBATD YT C IPYTOM.
Tak ¢pynkuuu Z;_(€, 1) u Z,_(E, 1) yXe Mo MOoCTPOSHUIO HEMPEPLIBHO CTHIKYIOTCS APYT C APYTOM Ha o0liielt TpaHuLle 00-
Jacteii Q u £, To ecTb Ha 0Tpe3ke § = T, rae t € [0, po]. Ha ob1ieit rpanuiie obnacteit Qg u Q;, KOTopas MPeACTABISIET
€000l JIyd T = py, & € [po, ©0), HEMPEPHIBHYIO CTHIKOBKY KYyCKOB Zy_(E, T) 1 Z;_(E, T) obecrieynBaeT BHIOOp TapaMeTpa K
It GYHKIUK Zy_(E, T), KOTOPBIi OCTAICST CBOOOIHBIM:

h(po) = rexp(—Kkpo).

DTO XKe yCcJIOBUE 00ecreynBaeT HeMpephIBHYIO CTHIKOBKY KYCKOB Zy_(E, T) U Z,_ (&, T) Ha o0lleit rpaHulle obaacTei
Qo 1 Q,. TakuM 00pa3oM IOJIy4aeTCs KYCOUHO-IIaAKOoe HUXKHee perieHue 3agadu (14)—(16).

anee MeTogaMu pabOThI [ 5] IPOBOAUTCS IIPOLIEAYPA CLJIAXKMBAHKS KYCOYHO-IJIAAKOT0 HUXHETO PELEHMS 10 I1a-
KOTO HIMKHETO PEILIeHMS, YTO MPUBOAUT K CIIPABEIIMBOCTHU CJEAYIOIIETO YTBEPKICHMS.

Teopema 2. Ecau 6 mouxe (0,0) npamoyeonsvruxa Q ¢pyuxyus F(u) = F(u, 0,0, 0) umeem éuo

F(u) = u’ — i, 20euucao iy = iip(0,0) <0,

mo npu ycaosuu (17) zadaua (14)—(16) umeem Huxncnee pewenue Z_(E,T), yoosremeopsouee 3KCHOHEHUUANbHOU OUeHKE
YyobieaHus 8uda
0 < —Z_(& 1) < Cexp(—x(§ + 1)), (22)
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2de C u K — HeKomopble NoA0NCUMeNbHbIe YUCAA.

Ternepb mepeiiaeM K IMMOCTPOEHUIO BepxHero pemreHus 3agadn (14)—(16). Ha aToM mmyTn UMeIOTCST JOTMOJTHUTEb-
HbIE TPYIHOCTH, CBSI3aHHEBIE C ITOJIOXUTEIBHOCTHIO CBOOOIHOTO YieHa B BeIpaxkeHnU L(Z) yepe3 Z. TeM He MeHee, 3TU
TPYAHOCTH YIaeTCs IIPEOHOJIETh 3a CUET IPYToil TEXHUKU.

Jlemma 4. Ecau 6 mouke (0, 0) npsamoyeonsruxa Q ¢pynxyus F(u) = F(u,0,0,0) umeem eud

F(u)=u’ - ﬁg, ede uucao iy = ip(0,0) <0,
mo npu ycaosuu (17) cywecmeyem noaodcumensHoe 4ucio po makoe, 4mo 6 obaacmu
Qo ={(E,DIE = po, T po}

Qyukuus euda
Zoy = r exp(=K(€ + 1)),

20e r u X — HeKOmopble NOAOICUMENbHBLE YUCAA, A6A51emcs 6epXHUM bapvepom 3adauu (14)—(16).
Jloka3areabcTBo. TpeOyeTcst noKa3aTh HEpaBEeHCTBO L(Zy,) < 0. BBoauM 0603HaYeHMs1, aHAJTOTMYHbIE TTPUHSITHIM
paHee:
s =1IIp(0,7), t= QO(E, 0), Z=2Zy, A= g+ s+t

I1pu Taknx 0003HAUYEHUSIX UMEEM

LZ) =a i FO.+2Z) + F(iig + 5) + F(iig + 1) =

= =3st(iip + M) + (@* + x - 30)Z - 302% - Z°.
B BeIpakeHuu wisi L(Z) repBoe ciaraeMoe 0Ka3bIBaeTCs MOJ0XKUTETbHBIM:
=3st(iig + \) > 0,
MO3TOMY OTPULIATEIBHOCTD L(Z) HYy>KHO 00eCIeunTh 3a CUET IPYyTruX cjlaraeMbix. Bocmoab3yemcs olieHKaMu
0 < s =Tlp(0,7) < (¢ — @Hg)exp(—K; 1),

0 <t= 00, 0) < (¢~ itg)exp(—KE),

TI€ K|, — HEKOTOPBIE TTOJIOXKUTEIbHbIE Yicia. B BeIpaxxeHUU 1Sl Zy, BIOMpaeM K, TOMYMHEHHOE YCIOBUIO
0 < x < min(xy, 7). (23)

Torma mipu € u T, CTpeMsIIMXCSI K O6CKOHEYHOCTH, 3HaK L(Z) ompenenseTcs KoaddUuueHToM Ipu Z, KOTOPhIiA
paBeH
@+« — 302

ITpu € 1 T, cTpeMAIINXCST K 6ECKOHEYHOCTH, 3TOT KO3GDGUIIUEHT
Ak +x - 3N = @ +x -3,
IlocnenHee BuIpaxkeHue OyAeT OTPULATEIBHBIM:
ax? +x -3} <0,

MIPU CJICAYIOIIEM YCIIOBUU Ha BBIOOD K:

1+ 123 -1
0

0<xk<
2a?

Koppektupyem 3to ¢ (23) u moaydaem

0 < K <min | Ky, K3, 5
2a

-2 _
1+ 122 1)_ o

IIpu € u T, cTpeMAIINXCSI K 66CKOHEYHOCTH, L(Z) 3KBUBAJICHTHO BEJTMYMHE

L(Z) ~ (@®k* + x = 3@})Z < 0,
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MO3TOMY CYILIECTBYET MOJOXUTETBHOE YUCIIO Po TAKOE, YTO B 00JIACTH
Qo =1{(€,DIE = po, T = po}
BBITIOJTHSIETCS HEPaBEHCTBO L(Zy,) < 0, u, TakuM oOpa3om, GyHKINS BUIA
Zo = r exp(—k(E + 1))

SIBJISIETCST BepXHUM GapbepoM 3amaun (14)—(16) B obaactu Q. Jlemma 4 nokasaHa.

Kak 1 paHee ocTaBIyiocs 4acTh 06/1acTu R? pa3buBaeM Ha aBe Moa061acTH
Q ={EDlE=27, 0<t<p)} m QH={EDI0O<E=<py, T>E}L
Jlemma 5. Ecau 6 mouke (0, 0) npamoyeonvruxa Q ¢pynxyus F(u) = F(u,0,0,0) umeem eud
F(u) = u’ — @, edeuucro iy = iip(0,0) <0,
mo npu ycaosuu (17) eepxuum 6apvepom 3adauu (14)—(16) 6 o6racmu Q| saersemes Qynkyus euda
Z14(8, 1) = h(t) exp(—KE),
2de K — docmamouHo Manoe noaocumensvhoe yuco, a pynxuyus h(t) Ha npomescymee [0, po] obaadaem ceoiicmeamu
ht)>0, K(t)>0, h'(t)<O0. 25)
Jloka3areancTBo. TpeOyeTcst nokazatb,uto L(Z;,) < 0. [1ycTb
s =Ip(0,t), t=0QuE0), Z=Z,, A=ig+s+t
I1pu Taknx 0003HAYEHUSIX UMEEM

L(Z)—azaz—z—a—Z—F(x+Z)+F(ﬁ +5)+ F(ig + 1) =
B =™ 0 0Ty

= a°*Z — W (t) exp(—KE) — 3st(iig + A) — 3M*Z - 302> - Z° =

(22 KON, L exp(KE) , .o, a2 B
—<aK h(r))z 3st(ig + \) 7o Z-3\Z-3\" -7 =

_ 2.2 n(v) _ _ exp(k&) 22 _ 2 53 _
= <a K 7o 3st(ig + \) no 3\ > Z-3\Z" -7 =

(o K@ L exp(E) L, )]
= Z{ (aK e 3st(itg + \) 7o 3}\)+37\Z+Z}_

h(t) h(t)

O003HauMM BbIpaXeHHUE, CTOsIIIIEeE B KBaAPaTHBIX CKOOKax, uyepe3 H(Z):

-7 {22 + 307 + <h/(’) +3stig + 0 TPED) 32 aZKZ)] .

HZ)=7>+3\ +q,

H (7) _ exp(KE)
o + 3st(ig + ) 7o)

TpebOyercs nokasath, uto H(Z) > 0. CHavana 100beMcCs TTOJIOXUTEIbHOCTH g. UMeeM

+ 302 - a%x’.

rme q=

W |
gz ((:)) + 3st(ip + N) eX]f((tK)E) = = [ (v) + Bst(iig + 1) exp(kE)] — a*.

YT0OHI YIOBIETBOPUTH HEPABEHCTBY

R (t) + 3st(ig + \) exp(xE) > 0,
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BOCITIOJIB3YEMCA OLICHKaMU
0 < s =Tlp(0,7) < (¢ — ilp)exp(—KT),
0 <1t =QyE,0) < (¢~ iig)exp(—KE),

rae K1,2 — HECKOTOPLIC ITOJTOKUTCJIbHBIC UM CJIa. C‘II/ITaH , UTO
0 < x < min(xy, ), (26)
NMEECM
0 < texp(xE) < (@ — itg)exp(—K28) exp(kE) = (¢ — ip)exp(—(K2 — K)E) < @ — iip.

Benmunna
0 < —(ig + \) < —2ig.

Takum o6paszom,
0 < —=3s1(itg + 1) exp(kE) < —6iig(ep — itp)°,

nJIn
3st(dig + 1) exp(KE) > 6iig(( — fig)’

MO3TOMY (PYHKITUIO /4(T) TOAYUHSIEM YCTIOBUIO
I (t) + 3st(iig + 1) exp(KE) > (1) + 6itg(qp — fig)* > 0.
YuurteiBag, uto A’(t) yObiBaeT Ha mpomexyTke [0, po] , Tpedyem, 4TOOBL
1 (po) + 6iio(¢p = iio)” > 0. @7

Tenepb, 4TOOLI ¢ GBUIO MOJTOXKUTENLHBIM, HYXXHO CKOPPEKTUPOBATH BBIOOD K:
1 1
> —— | (t) + 3st(iig + T S —— ¢ + 6ig(p — iig)*| —a*x* >8>0
q h(r)[ (v) + 3st(ity + M) exp(kE)| — a’x h(po)[ (po) + 6itg(@ — iig)*] — a’x
MIPY yCIOBUU

1
0<d*k? < W (o) + 6itg(p — itp)?| — 8,
) (7 (po) + 6itg(¢p — iig)°]

nim

1 1
0<x< a\/h(po) [ (po) + 6ig(¢p — i1g)?] = O,

rae & — Kakoe-arubo YKCI0 U3 MTPOMEXYTKa

0<d<

oo (1 (po) + 6ito(p — Ti)°] - (28)

BriGop K KOppekTUpyeM ¢ yciioBreM (26):

1 1
0 < ¥ < min (Kl, K2, a\/h(po) [ (po) + 6ig(ep — i1)?] — 6) .

an/I HaJIOKCHHBLIX BbBIIIC YCJIOBUAX JUCKPUMHWHAHT KBaApaTHOI'O TPEXUJICHA H(Z) PaBCH

_ 02 _ _ 02 _ I (t) _ exp(k&) 2 2.2 _
D =9\~ —4qg =9\ 4<h(r) + 3st(itg + \) 7o +3\ —a K) =

_ a2 h (1) - exp(kE) )
= -3\ 4<h(1)+3st(u0+7») 1o aK><O.

Takum obpaszom, H(Z) > 0, a L(Z) < 0. JleMmma 5 moka3zaHa.
B obnactu Q, BepxHUil bapbep CTPOUTCSI CUMMETPUYHO Oapbepy U3 001aCTH £, U CITpaBeIJIMBO CleAyIolIee yTBEP-
KICHHE.
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Jlemma 6. Ecau 6 mouke (0, 0) npamoyeonsuuxa Q ¢pynxyus F(u) = F(u,0,0,0) umeem eud
F(u) = uw - ﬁg, ede uucno iy = ip(0,0) < 0,
mo npu ycaosuu (17) eepxrnum 6apvepom 3adauu (14)—(16) 6 obracmu Q, s61semes Qynxyus

251(€,1) = Z1+(1, &) = h(§) exp(—k),

ede Z1,(E,v) — yHxyus u3z semmol 5.
AHaJIOrMYHO TeopeMe 2 ToJTydaeTcs Caeaylolee yTBepXIaeHue.
Teopema 3. Ecau 6 mouxe (0, 0) npsamoyeonvruxa Q pynxuyus F(u) = F(u, 0,0, 0) umeem éuo

F(u) = u’ — iy, 20euucao iy = iip(0,0) <0,

mo npu yeaosuu (17) 3adaua (14)—(16) umeem eepxnee pewrenue Z.(E, 1), yoosremeoparouiee 3KCROHEHUUANbHOI OUeHKe
YyobieaHus 8uda
0 < Z,(§, 1) < Cexp(—K(E + 1)), (29)

2de C u K — HeKomopbie NoA0NCUMeNbHbIe YUCAA.

IIpuMeHeHUe MeTOIa BEPXHUX U HUKHUX pellIeHUIi 1 yueT oleHOK (22) u (29) Mo3BoJISIOT J0Ka3aTh Cleayiollee
yTBEpXIeHUE.

Teopema 4. Ecau 6 mouke (0,0) npamoyeorsnuxa Q pyuxuyus F(u) = F(u, 0,0, 0) umeem 6ud

F(u) = u’ — @i, 20euucno iy = iip(0,0) <0,

mo npu ycaosuu (17) 3adaua (14)—(16) umeem pewenue Py(E, ), yoosremeopsroujee IKCROHEHUUANbHOU OUeHKe YObleaHUS
euda

|Po(E, T)] < Cexp(—k(E + 1)), (30)

2de C u K — HeKOmopble NOA0ICUMENbHBIE YUCAQ.
[Mocnenyroiue YieHsl YIJIOBOI YacTH aCUMIITOTUKU Py (€, 1), k > 1, onpenensitorcs u3 JuHeHHbIX 3anay (10)—(12),
paccMmatpuBaeMbIX B o6mactu R2:

&P 0P
azfzk_[)irk ZF/(ﬁ0+HQ+Q0+P0)Pk+hk,

Pr(0,1) = ~TI(0,7),  Pi(§,0) = —Ok(§,0),
P& >0 mpu E+71— oo,

e HEOMHOPOTHOCTH /iy, = hyi (&, T) YIOBICTBOPSIOT 3KCIIOHECHITNATBLHBIM OIleHKaM BUIA

/i (E, D)l < Cexp(—x(§ + 1)),

€CJIV TTOMOOHBIM OLIEHKAM YIOBJIETBOPSIOT GYHKLIMY Py, . .., Pr_1. 3mech C M K — HEKOTOPBIE ITOJIOXKUTEIbHBIE YMCJIA.
B cuty ontenok utst bynxumii Iy, Qg u Py MOXXHO TapaHTHUPOBATH CYIIIECTBOBAHME TIOJIOXKUTETHHOTO YMCIIA Q TAKOTO,
YTO MpU § + T > Q 3HauYeHus iy + [y + Qp + Py OynyT < —9, Te & — HEKOTOpOe MONOXUTeNbHOE Ynciio. [1pu Takux
3HAUYEHMUSIX IEPEMEHHBIX &, T B CUITY CBOMCTB QYHKIUU F KoapduimeHT F’ (i + Iy + Qg + Po) OymeT MoaoXKUTeTbHBIM
1 OTTpaHWUYECHHBIM OT HYJIS:
F/(Ijto + 11y + Qg + Py) > F’(—6) > 0.

DTO 00CTOSTENLCTBO MO3BOJISIET UCIIONb30BaTh Pe3y/IbTaThl paboThI [15] 1 J0Ka3aTh Clieayiolilee yTBEPKIECHUE.
Teopema 5. Ecau ¢ mouke (0, 0) npamoyeonvrura Q ¢ynxyus F(u) = F(u,0,0,0) umeem 6uo

F(u)=u® — @, edeuucro iy = iip(0,0) <0,

mo npu ycaosuu (17) 3adauu (10)—(12) umerom pewenus Pi(E, t), Komopbie y0081emeopsom 3KCHOHEHUUANbHbIM OUCHKAM
yovieanus suoa (30).

3anauu 1id yrioBbix nmorpaH®yHKuMii Pi(E,, 1), k > 0, cTaBATCA M pEIIAIOTCSA aHATOTMYHO. ACUMIITOTUYECKUI
pAn (5) oKa3bIBaeTCS TTOTHOCTHIO IIOCTPOSHHBIM. OcTaeTcs 000CHOBATh ACUMIITOTHYECKYIO CXOOAUMOCTE 3TOTO psiga K
pemmenmio 3agaqn (1)—(3).
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Teopema 6. Ilycmb gvinoanenst ycaosus 1—5 u 6 yenogvix mouxax (k,0) npamoyeonvuuxa Q, ede k = 0 uau 1, ¢ynxyus
F(u) = F(u,k,0,0) umeem éud
Fu) =u’ - 128, ede yucaa iy = ig(k,0) < 0.

Ecau epanuunsie 3navenus @ = @(k) yooeaemeopsaiom yciosuio

7
— <@p<0,
) ¢

mo 015 docmamouno manvix € 3adava (1)—(3) umeem pewenue u(x, t, €), 041 Komopozo pso

(e

(106 1) + (D) + OB 1) + QilEe 1) + P& D) + Pi(5e))
=0

k

A6AAEMCA ACUMRMOMUYecKuM npedcmaegnenuem npu € — 0 6 3aMKHYMOM NPAMOY20abHUKe Q.

Jloka3zaTesbCTBO TEOPEMbI OCHOBAHO Ha pa3pelIMMOCTH 3a/1a4 /ISl TOrpaHUYHbIX QyHKuuii [T, Ok, Of, Py v P} ipu
k > 1 1 MOBTOPSIET 1OKA3aTeJbCTBO COOTBETCTBYIOIIEH TeopeMbl U3 padoThl [3]. I1pu 3TOM ucToIb3yeTcs yHUBEpCab-
HbI MeToa auddepeHIMaTbHbIX HepaBeHCTB (cM. [10]).

3ameuanue 2. OyHKINS F B pa3IMYHBIX YIJIOBBIX TOYKAX He 00s13aTeJIbHO JOJKHA MMETh OIWH M TOT e Bud. Bee
pe3yabTaThl padoT [3]—[9] coxpaHSIOTCS, eClIM B KaXXI0# YIII0BOi TouKe (PyHKIMS F MMeeT ONMH U3 PACCMOTPEHHBIX
B 9TUX paboTax BU/I.

SAKJIIIOYEHUE

B pabore moydeHO OIMMcaHue YIJI0BOTO MOTPAHUIHOTO CJIOS IS 3a1ad ¢ KyOMYeCKUMU HEJTMHEHHOCTIMH TP
YCIOBMH, YTO IPAaHUYHBIE 3HAUEHMS OEPYTCS BILIOTh 0 TOUYKU nepernda. OCHOBHOM Mpo0ieMoi ObLIO J0KA3aTeIbCTBO
pa3pelIMMOCTH HeJIMHEHHBIX KPaeBhIX 3a1a4. B oTimyme oT mpeapimymmnx paboT 3TO IMOTPeOOBAIO0 KOHCTPYUPOBAHUS
0oJiee CIIOXHBIX OapbepHBIX (PYHKIIUIA.
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NONLINEAR METHOD OF ANGULAR BOUNDARY FUNCTIONS
UNDER THE INFLUENCE OF THE INFLECTION POINT
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*e-mail: den_tspu@mail.ru
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Abstract. In the rectangle Q = {(x,1)|0 < x < 1, 0 < ¢ < T} the initial boundary value problem for the
singularly perturbed parabolic equation

2
&2 (angzt - ‘;‘;) = Fu,x 1), (60 e€Q,
X

u(x,0,e) =(x), 0<x<1, wut,e)=wyi(?), ul,t,e)=wyy(), 0<r<T.
is considered. It is assumed that at the angular points (k, 0) of the rectangle Q, where k = 0 or 1, the function
F(u) = F(u, k,0,0) takes the form

Fu)=u®—ul, tHe up=uo(k) <0.

The nonlinear method of angular boundary functions is used to construct the asymptotics of the solution to
the problem. Earlier, we considered the case when the boundary value of ¢ at the angular points is separated
from the inflection point u = 0 by the condition

up(k) < k) < <0,

uo(k)
2
at which functions of the “simplest” form suitable in the entire domain in question fitted to the role of
barrier functions. In this work, the case
uo(k)
2

is considered, where the domain has to be divided into parts, the barrier functions have to be constructed
in each subdomain taking into account their continuous junction at the common boundaries of the
subdomains, and then the piecewise continuous lower and upper solutions have to be smoothed. As a result,
a complete asymptotic expansion of the solution when ¢ — 0 is obtained and its uniformity in the closed
rectangle is justified.

<q@k) <0

Keywords: boundary layer, asymptotic approximation, singularly perturbed equation

JKYPHAJI BBIYMCITUTEIBHOM MATEMATUKU U MATEMATUYECKOM ®U3UKU  TomM 65 Nel 2025



XKYPHAII BEITUCITUTEJILHOH MATEMATHKH H MATEMATHYECKOH ®HU3HKH, 2025, mom 65, Ne 1, c. 50—61

YIIK 519.642

TEOPUA PASPEHINMOCTU OCOBbIX
WHTErPOIU®PEPEHIIVAJIBHBIX YPABHEHUI
B KJIACCE OBOBIIIEHHBIX ®YHKIIUN

©20251. H. C. Ta66acos!*

1423810 Habepexcuvie Yennvt, np-m Mupa, 68/19, Habepescnoueanunckuii un-m Kazanckoeo yn-ma, Poccus
*e-mail: gabbasovnazim @rambler.ru
TMocrynuna B penakuuio 22.07.2024 1.
IMepepaboranHblii BapuaHT 22.07.2024 1.
[punsra k myoaukanuu 23.08.2024 .

HccnenoBaHo nuHeltHoe uHTerpoarddepeHIMalbHOoe ypaBHeHUE ¢ 0COObIM U hepeHINaTbHBIM OIepaTopoM B
rJIaBHOM yacTu. J1Jist ero nmpuOJMKeHHOro pellieHusl B MIPOCTPAHCTBE 0000IIEHHBIX (DYHKLIMI TTPEIIOKEH 1 000CHO-
BaH CIielalbHbIA 0000IIEHHBIN BapUaHT MeToaa Koytokau. buor. 16.

Kimouessie cioBa: wHTerponuddepeHIManbHOe ypaBHEHNE, TPUOINXKEHHOE pellleHue, TIPSIMOU METOT, TeOpeTuIe-
CcKoe 000CHOBaHUE.

DOI: 10.31857/50044466925010058, EDN: CDAYGX

1. BBEAEHHE

[aHHast paboTa MOCBSIIEHA TTPUOIMKEHHOMY pElIeHUI0 JIMHEHHOTO MHTeTpoauddepeHINaTbHOTO YpaBHEHUS

nay) 1
/ P
A0 =220 [Je-pm+> / K;(t, )xP(s)ds = y(1), (1.1)

Jj=1 j:0_1

BKOTOpoM? € I = [-1, 1], uncnat; € (-1,1),m; € N, j = 1,1, uq, p € Z* snsitorcst GuKcupoBaHHBIMU; K, j = 0, py —
U3BECTHBIE “Iankue” QyHKIUM, a x — uckoMasl (pyHKuus. MccaenoBaHre TaKMX ypaBHEHUH MpeaCTaBIsieT HECOMHEH -
HBII MHTEpeC KaK ¢ TOUYKHU 3peHus Teopud (B yactHoctu, MUY (1.1) sBrsieTcst 06001eHrEM psiia KJIACCOB JIMHEHBIX
WHTETPaJIbHBIX ypaBHeHUI TUa ®penronpma), Tak U OpwioxkeHnil. O4eBUIHO, YTO 3a1a4a 00 OTHICKAHUY PEIICHUS
MY (1.1) B Kiracce OOBIYHBIX INTATKUX QYHKIIW SIBIISICTCSI HEKOPPEKTHO MocTaBieHHoM. CiemoBaTeIbHO, BaXKEH BO-
IPOC O IMMOCTPOSHUM OCHOBHBIX ITPOCTPAHCTB, 00ECIIEUNBAIOIINX KOPPEKTHOCTD JaHHOM 3amaun. [1pu pemeHun aToro
BOIIpOCa BITOJTHE €CTECTBEHHO YUMTHIBATh TO, UTO B ciydae g = p = 0 MUY (1.1) mpeobpasyeTcs B IMHEIHOE UHTE-
rpajbHOe ypaBHeHUE TpeTbero pona (YTP) (T.e. B 3ToM CMbIC/IE 3T YypaBHEHMUS SIBJISIOTCS “pOACTBEHHBIMU ). XOpO-
110 M3BECTHO, 9TO Y TP mMpoko mpuMeHSIIOTCS B pa3IMYHBIX 00JIACTSIX, B YaCTHOCTH, OHM BCTPEUAIOTCS B PsIIE 3aad
TEOpUil TIepeHoca HEHTPOHOB, YIIPYTOCTH, paccesiHus yactuil (cM., Hanpumep, [1; 2, c. 121—129] u npuBeneHHy10 B
HUX 6ubaunorpaduio), B TCOPUM YpaBHEHUI C YaCTHBIMM ITPOU3BOIHBIMM CMEIIaHHOTO TUMa [3], a TakXke B TeOpuun
CHUHTYJISIPHBIX MHTETPaJIbHBIX YPaBHEHU ¢ BhIpoxknaoimMcs cuMBosioM [4]. IIpu aToM, Kak MpaBUIO, €CTECTBEH-
HBIMU Kjiaccamu pemeHuid YTP 9BasioTcs cnenuaibHble MPOCTpaHCTBA 00001IeHHBIX hyHKuMH Tuna D wiu V. Ilon
D (COOTBETCTBEHHO V) MTIOHMMAETCSI MPOCTPAHCTBO O00OIIEHHBIX (PYHKIIUIA, MOCTPOEHHBIX TTPU MOMOIIN (PYHKIIMO-
Haia “menbra-QyHKUus Jupaka” (COOTBeTCTBEHHO (DYHKIIMOHAIA “KOHEYHAs JacTh MHTerpajia mo Agamapy”). Ilo-
JIPOOHBII 0030p MOJYYEeHHBIX PE3YJIBTaTOB U OOIIMNPHYI0 oubimorpaduio mo YTP moxHo HaiiTu B MOHOTrpaduu |35,
c. 3—11, 168—173] u B nucceprauum [6, c. 3—6, 106—114]. Ha ocHOBe yrmoMsHyTOM BhIle cBsa3u mexay MAY (1.1) n
VTP cooTBeTCTBYIO1IME UIEU U PE3YIbTATh /1 Y TP MOXHO YCIIEIITHO UCITOIb30BaTh 1S KOPPEKTHOM MOCTAaHOBKHU 3a-
Jlauu peureHus ypaBHeHus (1.1), pa3paboTKu M TEOPETUUECKOTr0 000CHOBaHMS MPUOIVKEHHBIX METOJIOB €r0 PeIIeHUS
B IPOCTPAHCTBAaX 0000IIEHHBIX (PYHKIIUIA.

Oy (1.1) mpu [ = 1,4 = 0, p = 0 uccinemoBaHo B padote [7, ¢. 25—43], B KOTOPOI1 ¢ MCITOTb30BaHEM M3BECTHBIX
pe3yabraToB 1o YTP nmoctpoeHa reopus Hérepa m1s1 Takoro ypaBHeHUs B KJIaccax MTagKuX U 0000IIeHHBIX (PYHKLIMIA
tuna D. B cratbe [8] pazpaboraHa 1mosHast Teopusi paspemmmoctu oodmiero MY suaa (1.1) nmpu p = 0 B HEKOTOpOM
MPOCTpaHCTBE TUIA D 00001IeHHBIX (QyHKIMI. CleayeT OTMETUTh, YTo ucciaeayemble MY TouHO pelaroTcs Wb
B OYEHBb PEAKMX YACTHBIX cayJasx. [103ToMy 0coOeHHO aKTyalbHa pa3paboTKa 3(D(HEKTUBHEIX METOIOB WX IIPUOIIM-
JKEHHOTO PEIleHMUSI B IIPOCTPAHCTBAX 000OIEHHBIX (PYHKIINI ¢ COOTBETCTBYIOIINM TEOPETUICCKIM 0OOCHOBAaHHEM.

50



TEOPUS PABPELIMMOCTHU OCOBbIX UHTETPOAU®OEPEHLIMATIBHBIX YPABHEHU N 51

OrmpeneneHHBIE pe3yNBTaThl B 3TOM HalpapiieHuu noxydensl 1t UAY (1.1) mpu p = 0. UmeHHO, B padortax [8§—11]
MPeUIOKEHBl U 0OOCHOBaHBI MPSIMbIE MPOEKIIMOHHBIE METOABI €0 MPUOIMKEHHOTO PEllIeHUsI, OCHOBaHHbIE Ha MPU-
MEHEHUH CTaHIAPTHBIX U HEKOTOPHIX CIIeLIMAIbHBIX TTOJIMTHOMOB, a TaKXKe CIIJIaifHOB TIEPBOTO M BTOPOTO MOPSIIKOB.

B HacTos11el cTaThe BIEpBbIE MOCTPOEHA MoHas Teopus pazpemmmoctv MUY (1.1) B HEKOTOpOM MPOCTpaHCTBE
Tna D 06001meHHBIX (PYHKIUM (PPearoJbMOBOCTh YPABHEHMSI, YCIOBUS Pa3peIIMMOCTH, AITOPUTM OTHICKAHMS TOU-
HOTO pellleHNsI, TOCTaTOYHbBIC YCIOBUS HEIIPEPHIBHOM 00paTMMOCTH omiepaTopa A). bojee Toro, pa3padoTaH MOJIMHO-
MUATbHBINA MPSIMOM MTPOEKIITMOHHBIN METO, CIIeLIMaIbHO IMPUCITOCOOJEHHBII K MpubakeHHOMY pemeHuto MUY (1.1)
B KJ1acce 0000I1IeHHbIX (DYHKIIMI, U JaHO ero obocHoBaHue B cMmbiciae [12; . 1, §1—5]. UMeHHO, J0Ka3aHa Teopema
CYIIIECTBOBAHUS M €MMHCTBEHHOCTH PEIIEHMS] COOTBETCTBYIOIIETO TPUOIMKEHHOTO YPaBHEHMSI, YCTAHOBJIEHBI OlIEH-
KU TIOTPEIITHOCTH 3TOTO pellIeHUs 1 JoKa3aHa CXOMMMOCTbD ITOCIeI0BATEIbHOCTH TPUOIIKEHHBIX pEeIIeHU K TOTHOMY
PEIISHMIO B IIPOCTPAaHCTBE 0000IeHHBIX (hyHKIIMI. M ccenoBaHbl TaK:Ke BOIIPOCH YCTOMIMBOCTH M 00YCIOBICHHOCTH
anIpoOKCUMUPYIOLIUX YPABHEHU.

2. MTPOCTPAHCTBA OCHOBHbBIX MU OBOBILIEHHBIX ®YHKIIU

ITyctb C = C(I) — 6aHax0BO MPOCTPAHCTBO BCEX HEMPEPBIBHBIX HA [ (YHKIIMI C OOBIYHON max-HOPMOM U m € N.
0O603HauMM gepe3 C {m; 0} = Cg"](l) MHOX€eCTBO BceX PyHKuUi f € C, UMEIOIIMX B TOUKe ¢ = () TEHJIOPOBCKYIO MPO-
usBoaHylo f(0) nopsaaka m (cM., Hanpumep, [13]). HaszoBeM ero kjiaccoM To4eUHO-IIagKUX GYHKLMI (CTECTBEHHO
cuutaeM, uto C {0; 0} = C). BekropHoe npoctpaHcTBo C {m; 0} cHAOAUM HOPMOIi

m—1

1l = 1T flle + Y |F90)], 2.1)
i=0
e T : C{m;0} —» C — “xapakTepucTndeckuii” onepatop kiacca C {m; 0}, onpeneasieMblil CJIEIyIOIINM 00pa30M:
m—1
Tf=(T"f)1) = [ fO =" oy /i!] "= F@)eC, F(0)=lmF(). (2.2)
=
i=0
CnpasemiuBa (cM., Haripumep, [5, c. 12,14])
Jlemma 2.1. i. Brarouenue f € C {m; 0} ax6usareHmuo vlpaxcenuro
m—1
fO=1"F@O)+ > at, (2.3)
i=0
npuvem T f = F € C ¢ mounocmuio 0o yempanumozo paspwiea 6 mouke t = 0, a f(0) = o;i!, i = 0,m — 1.
ii. [lpocmpancmeo C {m; 0} no nopme (2.1) noaro u HopmanvHo 610x4ceHo 8 npocmparcmeo C.
Hanee, BBeJeM CIEAYIOMIMI KJIacC “TOYEUHO-TIAAKUX™ HDYHKIIMNA:
C{m,q;0y= {feC{m0}: f0)=0, i=0,9g-1, qeZ', q<mj}.
CrnenoBarenbHo, ¢ yaetoM (2.1)—(2.3) (B Hux umeeM i = ¢g,m — 1) o Hopme (2.1) mpocTtpanctBo C {m, g; 0} IOJHO 1

HOPMAJIBHO BJIOXEHO B C.
0603HaunM yepe3 C@ = C'9(]) BeKTOPHOE POCTPAHCTBO ¢ pa3 HeNpepbIBHO AP depeHUnpyeMbIX Ha | GYHKLIMIA.
B cuity popmyiisl Teitiopa ¢ MHTErpaTbHBIM OCTATKOM SICHO, UTO (DYHKIMS f MPUHAMLIEXUT Kiaccy C9 Torna u ToIbKo

TOraga, Korga oHa UMEECT BU
g-1
O =UF) @)+ b+ 1Y, (2.4)
J=0
rae

JF = (Ji.1F) () =(g- DY / (t = )" F(s)ds, (2.5)
-1

npuuem DIf = f9(f) = F(t) € C, f9(=1) = b;j!, j=0,g— l;mpusrom J : C — CP, (JF)V = J,_1_;F,j=0,q-1,
Di1JF = F.
B BexTOpHOM IIpocTpaHcTBe C9 onpenennM crnennantbHylo HOpMY

g-1

Il = D fllc + > [fP=D], feC?. (2.6)

Jj=0
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N3 cootHolenuii (2.4), (2.6) u oleHKM UHTerpajia (2.5) mo max-HOpMe JIETKO CIeayeT
Jlemma 2.2. IIpocmpancmeo C'P ¢ nopmoii (2.6) noano u enosiceno 6 npocmparcmeo C.
Caenctsue 1. O6b1uHas HOPMA || - ||cw B C'9 1 (2.6) S5KBUBAJIEHTHBI, T.€. CYLIECTBYET IOCTOSIHHAs dy > 1 Takas, 4To

q
1Al < Ifllcw < dolifllg Mfllcw = D IFP|le- feC.
i=0
Mycts C9 = 1) = {fec@: fO(-1)=0, i=0,q- 1} —6aHAXOBO IPOCTPAHCTBO IMALKMX (YHKLIMIT C HOp-
Moit [|fllg) = 1D fllc-

B nanpHeimx vccaeoBaHUSIX HaM MOHAA00MTCS el OAUH KJIaccC Taakux hyHKIIWIMA:

D = ¢y = A CD n=g+p.

B cuty (2.4) oueBuaHO, 9TO BKIIIOYEHUE f € C(_k,) (@) PaBHOCUJIBHO TIPEICTABICHUIO
A1
f@O = (hafP) O+ > fPD+ D k. (2.7)
k=q

CJ'ICI[OBaTCI[BHO, Ha OCHOBaHUU JIEMMBI 2.2 OYECBUAHO, YTO I10 HOPMEC

A1

Ifllgy = [ D" fllc + D 1FP D) (2.8)

k=q
IPOCTPAHCTBO C(_xl)’(") NOJHO U B10XeHO B C. [TosToMy 06braHas Hopma B C™ u (2.8) 5KBUBaIEHTHBI:
< <d cHD g =1 2.9
Illgy < Ifllcor < dillfllgys £ € CHP, dy > 1. (2.9)
Jlemma 2.3. /[as nroboii pynxyuu f € C (_Xl) @ Cnpaseonuso pageHcmeo

17l = 1Al (2.10)
Joka3areancTBo. B cury (2.7) umeem

- (q)

p-1
FO0) = (hoagfP) O+ D P+ D k| = (T fY) 0+ f9P =D+ 1)/ ),

k=q j=0
oTKyna B cuiy (2.4)—(2.6) u (2.8) Haxonum

p—1

1£79 ) = D7 £ | + D [ £ =D = M1l

j=0

YTO U TPeOOBAJIOCK.

B nmanbHeieM Mpu KUCCAEAOBAaHUM PETYISIPHOTO MHTerpoauddepeHIMaIbHOro onepaTopa MoHago0UTCsl OQHO
BasKHOE CBOMCTBO “TOYeUHO-TIanKux’ ¢GyHKIMA. B 3T0i1 CBsI3M BBeieM B pacCMOTpEHHUE CIIeIYIOIINIA KJTace “TIagkux”’
GYHKLIMIA:

M =" = {peCm0}: T"peC?, r=0,1,2,...},

roe T" — “xapakTepucTuyeckuii” onepatop kijacca C {n; 0}, onpeaeaeHHbII corjacHo npasuiy (2.2). byaem ncnosnb-
30BaTh CEMEICTBO o
Y, = Cém—q—lﬂl,(n’ j= @’ g<m,
rae m,q U p — GUKCUPOBaHHbIE MapameTpsl, purypupyromme B UAY (1.1) npu [ = 1.
Jlemma 2.4. Jlna aroboii pyuxyuu @ € Y;, j = 0, p umeem mecmo pagencmeo

((p(,»)){k;(o) =¢%0), j=0,p, k=0Om-q-1 (2.11)
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JlokazareanctBo. [1pu j = O cBoiicTBO oueBUAHO. B crury cTpyKTyphl (2.3) “ToYedHO-IIIagKoit” GYyHKIINMY UMEeM

m—q—2+j

O =" 00+ Y ad, (2.12)

k=0
rae
O, =7"""pec?, "MO)=ak!, k=0m-g-2+j, j=1p.
HudbdepeHuupys (2.12) mocaenoBateabHO j pa3 ¢ IpUMEHeHUeM o0bIYHON opmyiibl JIeiibHuIIa, IeTKO MOJyYuM
cienyoouiee NpeacTaBieHUe:

m—q-2 m—q-2

@) = (T D) (0 + Y Tt = [T @40 + g5 0] + Y T aa it (2.13)
k=0 k=0

J _
B KOTOPOM g j OTpe/ieIeHHBIM 00pa3oM BblpakaeTcs uepe3 @, npuueM g (1) = o()mput — 0,at; = [[(k+ D), j = 1, p,
I=1

Tk = 1.
Cornacho (2.13), (2.3), (2.12) u onpenesieHUIO TEMTOPOBCKOI MPOU3BOIHOM (CM., HarpuMmep, [5, ¢. 12]) HaxonuMm
IIPOU3BOIHEIEC COOTBETCTBYIOIINX ITOPSIIKOB:

i 1k . .
(@) ™0) = T jags jk! = @ (k+ DLk =0,m— g =2 (2.14)
M im—g—1 . m—g— i .
(¢2)" 0 = (m = g = Dim (7" ¢0) () = (n = g = Do lim ®; (1) =
- , - (2.15)
=(m=q-1+Pim®; (@) =" 0), j=Tp.
- :
C npyroii cTopoHsl, B cuity (2.12) u (2.3) umeem
@ O0) = gk + ), k=0m—g=2, j=Tp. (2.16)
N3 (2.14)—(2.16) cnenyet (2.11), 4TO ¥ TpeGOBAIOCH.
IMocTponM Terepb OCHOBHOE B HAIIIMX MCCIEAOBAHUIX TPOCTPAHCTBO:
Y =CP{m,q;0t={yeCimq0}: Ty=T"ye CP}.
3agagyM B HEeM HOPMY
m—1
Mlly = 1Tyl + > O, yer. (2.17)
i=q
Jlemma 2.5 (cM. [14]). i. Bratouenue ¢ € Y pasHocuabho npedcmasienuro
p-1 m—1
@)= (UJpoy @) () + 1" aj(t+ 1)+ Bit, (2.18)
J=0 i=q

npuuem DPTgp = @ € C, (Tcp)(j)(—l) =a;j, j=0,p—1, ¢"(0) = Biil,i = gm—1; Uf = t"f(t), onepamop J,_
onpedenen coenacto (2.5).

ii. IIpocmpancmeo Y omuocumenwvro Hopmut (2.17) noano u r0xcero 6 npocmparcmeo C {m, q; 0}.

Kputepuit KoMIakKTHOCT MHOXECTB B IIPOCTPAHCTBE Y yCTaHABIMBAET

Jlemma 2.6 (cM. [14]). Muosxcecmeo M C Y omuocumensro komnakmuo 8 Y moeda u moavko moada, koeda: (i) M oepa-
Huuenro; (ii) cemeticmeo DPT (M)nenpepwiehbix Ha I (pynKyuil pasnocmenenHo HenpepuléHo.

Aanee nad npocmpancmeom Y 0CHOBHbIX QYHKYULL nocmpoum cemelicmeo X = D(}l)’(q) {m; 0} oboowennbix Qynxyuii x(r)

euda
m—gq—1

=0+ Y v, (2.19)
i=0
edet el ze C(_hl)’(‘”, A = q+p, Vi € R— npoussonvbie nocmosanusie, a & u 8% — coomeemcmesenno deabma-gynruyus
Jupaxa u ee “meiinopoeckue” npousgodusie, delicmeyroujue Ha npocmpancmee Y 0CHOGHbIX PYHKUUIL CO2AACHO CA0VIOUeMY
npasuny:
1
(8",y) = / O () y(wdr = (~D)YN0), i=0m-¢-T. (2.20)

-1
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OlteguaHO, Ymo 6eKmopHoe npocmpancmeo X s6asemcs 6aHAX08bIM OMHOCUMENLHO HOpMblL

m—q—1

lelly = llzllgy + Y |vil- (2.21)

i=0

B 3akmmroueHMe 3TOTO0 pasaesa MpuBeaeM Hy>XKHOE B TaJTbHEMIIIEM CBOMCTBO O “CMEIIaHHBIX MPOU3BOIHBIX IeTbTa-

(GYHKLIMU.
Jlemma 2.7. Ha npocmpancmee Y ; ocHo6HbiX pyHKYUIL CNPA6eONU6o pagencmeo

(5 (t))(j) =8, j=0,p, i=0,m—q-1. (2.22)

JlokasarebeTBO. 3aMETUM, 4TO (CM., Harpumep, [15, c. 419]) g nro6oit pyHKIMK ¢ € Y; UMEET MECTO COOTHO-
1IeHue

((5”’)“) )—( 1/ (8%, ) = (-1y* () N©0), j=0.p i=0m-q-1. (2.23)

C apyroii CTOpOHBI, B cuity (2.20) umeeM

(8", @) = (-D™g!*0), j=0,p, i=0,m—q- L (2.24)

CrnenoBatenbHo, U3 (2.23), (2.24) u (2.11) cnenyeT TpebyeMoe paBeHCTBO (2.22).

3. DPEATOJIbMOBOCTb UCCIEAYEMbBIX Y

ITycts 3amano MY (1.1). Pangu coxpanieHns TpOMO3IKMX BHIKJIAOOK M YIIPOIIEHUS (DOPMYJIUPOBOK, HE OIpaHU-
yyBas MPU 3TOM OOIIHOCTU MIeil, METOOOB U Pe3yJbTaTOB, BCIONY B JanbHeileM OyneM cuurtath [ = 1, 1 = 0, T.e.
paccmotpum UJTY Buma

Ax) (O =@+ (Kx) (@) =y, tel, (3.1)

V=UD!DIf = f9%U, Ug=r"gt),Kx = Z / Kj(t, $)x(s)ds,
J=0 -1

tneq,peZt,meN,qg<m;ycY =CP{mq;0}, K; — u3BeCTHBIC si1pa, OOJIAAIOLINE CIICAYIOLMMH CBOACTBAMH:

Kit,) €Y, Ki(.9)€Y;, quls)=(K ) 0,s)€C,

il 3.2)
yi(t) = ( ) t,0)eY, j=0,p, k=gm-1, i=0m—qg-1;
a x € X — UCKOMBbIii 3JIEMEHT.
Teopema 1. B ycaosusx (3.2) onepamop A : X — Y ¢hpedzonvmos.
Joxka3zareabctBo. [IpegBapuTebHO U3YYUM YpaBHEHUE
Vx = "X = y(r), yev. (3.3)
IToxkaxewm, uto orrepatop V : X — Y orpanndeH. B cuiy (2.19) u (3.3) umeem
m—q—1 m—1
(D7) () = (D) () + Y vid™ (@) = (D7) () + Y 1i-gd(0). (3.4)
i=0 k=q
Torma, y4uThIBasi CBOMCTBO
(- 30, g(n) = (3%, "q(n) = -1 (" )Y@ =0, k=0m-1, geC (3.3)

moiydaeM Vx = UD%x = UD9z, 0oTKyna Ha OCHOBaHUHM cooTHoIeHu# (2.17), (2.18), (2.21) u (2.10) caemyeT, uTo
IVxlly = IUDlly = ITUD|,) = 1Dl = llzllgy < lIxllx,

Te. [Vl = IVllx-y < L.
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Teneps B mpocTpaHCcTBe X = D(_Xl)’(q) {m; 0} HaiimeM pereHne ypaBHeHUs (3.3) 1 mHIEKc onepaTopa V. M3 paBeHCTB
(3.4) u (3.5) BBITEKAET, YTO B IMPOCTPAaHCTBE X 00IIee pellieHne OMHOPOAHOIO ypaBHeHUST Vx = 0 UMeeT BUJ

m—q—1

= Y vdla, vieRr
i=0

cienoBarenbHO, o (V) = dimker V = m — ¢. C 1pyroii cTopoHbl, HeonHOpoAHOe ypaBHeHue (3.3) pa3peniumo B X Torna
U TOJIBKO TOT/IA, KOT/IAa BBITIOJHEHBI IOTTOJHUTEbHBIE YCIIOBUS (6“}(0, y) =0,i = g,m— 1. [1pu ux BeIIOJTHEHNHU OOIIIee
pelieHue ypaBHeHus (3.3) npencrapiseTcs GopMyJoi

m—q—1

0= (JeaTy) O+ Y vd@), yvieRr.
i=0

D10 o3Havaert, uto B(V) = dimcoker V = m — ¢. Takum obpazowm, indV = a(V) — B(V) = 0, T.e. orrepatop V : X — Y
¢pearoabLMoB.

Hanee odbcynuM cBoiicTBa MHTerpoauddepeHIMaibHoro oneparopa K. B cuty cootHomenuii (3.1), (3.2), (2.19),
(2.22) u (2.20) umeeM

p m—gq-1
(K0)(0) = (KD + D Y (=D vy o). (3.6)
j=0 =0

Orcrona ¢ yaeToMm yciaoBuii (3.2) BuguM, uto Kx € ¥, x € X.
Ipexne yeM mepeiTh K oLieHKe 00pa3a (3.6) oneparopa K IpuMeM ClIeAyiolie 0003HaYeHUS:

d> = max HD‘,"T,KJ-|
J=0.p

p-1 14
o &= “@Z H (TtKj)il) =1, S)’ ¢ ds= max Z HW/"'HY'
Jj=0,p =0 i=0,m—qg—1 =0

m—1
o = ;g%kzij o]

Torna, ucnons3ys onpeneyeHue (2.17), oueHky (2.9) u onpenenerue (2.21), mocaeaoBaTeJbHO HAXOAUM, YTO

m—q-1

1 ool 1
ST Willlwall, =112 / (DITK)) (1, )20 ()ds|| + > 1> / (T.K;)\" (=1, 9)2(s)ds
4 c B4

P
IKxlly < IIKzlly +
j=0 =

+

33

-1

1

Q)2 ()ds| + > il [liill, < 2dadilizliay + 2dsdilizllgy + 2dadhlicllgy +ds D [vi] < delldly.
J i

de =2d, (dy + ds + dy) + ds.

CnenoBatebHO, oniepaTop K AeiicTByeT U3 X B Y orpaHndeHHo, mpuueM ||K|| = |[|K]|x_y < ds.

Hanee, myctb L = {x} C X — IpoM3BOJIbHOE OTpaHMUYEHHOE MHOXKECTBO. Paccykmast aHaTOTMYHO CTyJar0 MHTErpaib-
HBIX ypaBHEHUH TpeTbero poaa (cM. [5, ¢. 52, 53]), ¢ ucnoib30BaHUEM JIEMMBI 2.6 HECIOXKHO TT0Ka3aTh, YTO MHOXECTBO
M = K(L) OTHOCUTEIbHO KOMMAaKTHO B Y. [Ipyrumu cioBamu, oriepatop K : X — Y BIIOJIHE HelpepbiBeH. Toraa yTBep-
XIeHUe TeopeMbl | HeMmOCpeACTBEHHO CEAyeT U3 TOTO, YTO BO3MYIIEHNE HETEpOBa oriepaTopa BIIOJHE HEMPEPbIBHBIM
OIepaTOpOM COXPaHSET HETEPOBOCTb M HE U3MEHSIET €r0 MHAEKCA.

4. HETPEPBIBHASI OBPATUMOCTb MUHTETPOAUPPEPEHLIMAJIBHOI'O OITEPATOPA

Paccmorpum MY (3.1), B KoTopoM sipa K; MOTYMHEHEBI yclIoBUAM (3.2), y € ¥, a x € X — McKoMas 06001IeHHas
dyukuus Buna (2.19). C yuetom cootHoweHuii (2.19), (3.4)—(3.6) npeodbpasyem ypaBHeHue (3.1) K Bumy

m—q—1

A (D) =y = Y cfid), (4.1)

i=0

P 4 . _
rae fi(t) = Y (-D/yi(0), ¢; = (-1)'y;, i = 0,m — g — 1. Haa 3anaua 3axnodqaercs B HAXOXASHUU QYHKIWU 7 € C(_kl)’(") u

HpOH3BOJ'IBHbIX ITIOCTOAHHBIX C;.
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Jlemma 4.1. [Tycmo évinoanenst credyroujue mpeboganus:
Ki(t,) €Y, @us) = (K ) 0,5)€C, yeY, j=0,p, k=gm-1.

Toeoa HJTY (3.1) (A cch@ Y) skeusanenmno ¢ npocmparcmee C"? WY

1
P
Bx= D))+ / §) (&, ) xV(s)ds = (Ty)(r)
j=0 "

U COOMHOULCHUAM
> / Pie()xV(s)ds = y¥(©0), k=gm—1.

Joka3zareabcTBo. B cuuty BeipakeHus (2.3) o4eBUIHO, YTO IS 000K (PYHKIIMU g € ¥ MMeeT MeCTO SKBUBAJICHT-
HOCTb:
g=0Tg=0, ¢¥M0)=0, k=qgm-1. 4.2)
Torma, B3iBB (4.2) g=Ax—y€e Y, x€ C(_Xl)’("), y € Y, ybexaaeMcs B CIpaBeJIMBOCTU YTBEPXKIEHMUS JIEMMBI.
W3 aroii teMMEI clienyeT, 9to ypaBHeHUe (4.1) paBHocmibHO MY

m—q—1

(B2)() = (Ty)6) = Y, ci(Tf)®) (4.3)
i=0
B IIPOCTPAHCTBE C(_Xl)’(q) U COOTHOLLIEHUAM
m—gq—1
®0) - Z / @) ()ds = > cif0)=0, k=gm—1. (4.4)
j= 0_1 i=0

IIpenBapurenbHo ToapooHo u3yanm MY Buma (4.3) ¢ orrepatopom B:

(B)() = 29(t) + Z / wi(t, $)29(s)ds = f(o), (4.5)

Jo_l

B KoTOpoM W; = T,K;, j = 0,p, f € CP. Bynem ucIob30BaTh MOACTAHOBKY 29 = u(r) € CP. B cuny (2.4), (2.5) u
onpeesienns Kiacca C) umeem

z=Jpu, YV =Ju, j=0,q- 1 (4.6)

3aiimemMcs Terepb HCCIeI0BaHNEM OIIepaTopa

7= Z/u,(t $)Z9(s)ds.
j=0

-1
PaccMoTpuM cHauana cinyvait p < g. I3MeHsIs1 MOpsiI0OK UHTETPUPOBAHUS B ABOMHOM MHTErpase, HaXOAuM, 4YTO

1 s

M) (1)=> ((g=1- )" / (1, 5) / (s=p)"" utp)dp | ds =
J -1 —1
1 1
=Y ((g-1-j))" / u(p) / Wz, )(s — p)~'ds | dp.
J _ o

CnenosatenbHo, B 3ToM caydae MY (4.5) skBuBajieHTHO cliieayioiieMy ypaBHeHo ®pearonbma BTOporo poaa B mpo-

crpaHcTBe CP) :
1

Gu = u(t) + / G, (. pulp)dp = (1), @.7)

-1
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rae
|

P
Gp(t,p)= > ((g—1- )" / w1, $)(s = p)~'ds. (4.8)
Jj=0 5

IIpu p > g c yuetom (4.8) umeeM

1

1
p
(M2)(1) = / Gyor(t.pu (p)dp + / wi(t, =P (s)ds =
J=a 24

-1

. | ol 4.9)
= / Gy1-u(p)dp + / g (. Pup)dp+ > / gkt P)u (p)dp.
4 5 k=17
Hanee BBeeM B paCCMOTPEHUE sipa:
G,_1(t,p) + u,(t, npu k = 0;
atp) =40 1(Z,p) + ug(r,p)  TIP
Ug+k(t, P), eciik=1,p—q.
Torna ¢ yuetom (4.9) UJ1Y (4.5) npyuHUMaeT BUj
pP—q !
Lu=u(t)+Y / gt PP (p)dp = £(2), (4.10)
k=0 7|

npuyeM gy (t,-) € CP.
WTak, Ipu p < g NOACTAHOBKA 79 = 1 paBHOCUJIBHBIM 00pa3oM rpusoaut MY (4.3) K ypaBHEHMIO BTOPOIO poja

m-q-1

Gu) () = (T = > ci(TAH®. (4.11)

i=0

ITycts v = —1 He ABIAETCSA COOCTBEHHBIM 3HaYeHMeEM ypaBHeHus (4.11) (mm aapa G,) ¥ R — pa3peliaroluuii one-
partop aToro ypaBHeHus1. Toraa pyHKUMs

u'(1) = (RTy) (1) - Z ci(RT f) (1)

SIBJISIETCS] €IMHCTBEHHBIM IJIaIKUM pellieHueM ypaBHeHus (4.11). CnenoBatenbHo,

() = (Jgu') (1) = (JgaRTy) () = Y ci (Jg1RT£;) ()
eCTh eAMHCTBeHHOe riankoe pemeHre UIY (4.3), kotopoe OyaeT pellieHueM U UCXOOHOro ypaBHeHus (4.1), eciau B
cuity (4.4) mocTossHHBIE {c;} YIOBIETBOPSIOT KBaIpAaTHOW CUCTeMe JTMHEHHBIX anredpandyeckux ypasHeHuii (CJIAY)

m—q—1
D @m0 = (@)M0), k=g.m—T1, (4.12)

i=

rae oneparop Q = E — KJ,_(RT orobpaxaeT Y BY, a E — eIMHUYHBIA orepatop B Y.
B ciiyqae p > ¢, ¢ yuetom (4.9) u (4.10), U1V (4.3) skBuBasieHTHO ypaBHeHUI0 Openronsma 11 pona

m—q—1

(Lu) (1) = (TY)O) = D e (T (4.13)

i=0

C paspeLIaolM ofepaTopoM R : P — CP,
TakuM o6pa3om, ToKazaHa
Teopema 2. Ilycmb vinoanerst caedyrougue yCcaosusi:
a) adpa K, j = 0, p, yooeaemeoparom mpebosanuam (3.2), a pynkuyuay € Y;
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0) uucno v = —1 He aeasemcs coocmeenubvim 3HaueHuem ypaeuenus (4.11) npu p < g (coomeemcmeeHnno, ypasHeHus
(4.13) 6 cayuae p > q);

B) onpedeaumens CJIAY (4.12) omauuen om nyas (npu p > q poas onepamopa R uepaem R).

Toraa st mo60it mpaBoii yactu y € Y MUY (3.1) uMeeTr enHCTBEHHOE 00001IEHHOE pellleHue x* € X, mpencTaB-
snsiemoe (popmyJIoin

m—q—1 m—q—1
X0 = (JaSTy) 0= Y ¢ (JSTH) 0+ Y Dicidl ),
i=0 i=0

meS =Rnpup<gq,S =RBciaydae p > g, a {cj} — equHcTBeHHOE perieHne CJIAY Buna (4.12).
Cnenctsue 2. B ycnoBusx TeopeMbl 2 nHTerpoaudepeHIMaIbHbIN orepatop A : X — Y, onpeAcaeHHbIN paBeH-
ctBoM (3.1), HenmpepbIBHO 0OpaTHM.

5. OBOBIIEHHBIY METO/1 KOJIJIOKALIMU (OMK)

Mycts 3amano MY (3.1), B kotopoM sanpa K, j = 0, p, obnagaror ceoiictBamu (3.2), y € Y, a x € X — UCKOMBIA
aJieMeHT. Ero nmpubimkeHHoe pelleHue 0yaeM UCKaTh B BUIE

m—q—1
Xz x ({e}) 2@+ D cinnd @), (5.1)
i=0
n+i—1
z,() = Zciti, A=qg+p,n=2,3,.... (5.2)

i=q
HewussecTHbIe mapaMeTphl ¢j = c}"), j=¢q,n+m+ p—1,Haitnem, cornmacHo OMK, uz kBanparnoii CJIAY (n+m+ p—q)-
o TMopsiaKa:

(D’Tp,) v) =0, k=T, (Tp,)"(-1)=0, j=0,p—1, pH0)=0, i=gm—-1, (5.3)

e pa(f) = p2 (1) = (Ax, — y)(f) — HEBA3KA IPUOIMXKEHHOTO PelleHys, a {v;} C I — cuctema y3nos Yebbimésa I (wam 1)
pora.

Hns BerauciautenpHoro anroputma (3.1), (5.1)—(5.3) cnpaseniuba

Teopema 3. ITycms 00nopodnoe HIIY Ax = 0 umeem 6 X auuib Hynesoe peutenue (Hanpumep, 8 ycao8usax meopemst 2), a
gyukyuu h; = DIT,K; (not), g;; = D’Tvyji, j = 0,p, i = 0,m—q— 1, u D’Ty npunadnexcam kaaccy Junu—/Tunuuya.
Toeda npu écex n € N, n > ngy, CJIAY (5.3) obnadaem eduncmeenHbvimM peuieHuem {c;} U nocnedogamenbHOCMb NPUOSUICEH -
HbIX peulenuil X, = Xy (t; {c*]‘}) cxodumces k mounomy pewienuto x* = A~'y ypaenenus (3.1) no nopme npocmpancmea X co
CKOPOCHbIO

P m—q—1
Ax, =g -x| =04 (> (E;_l(hj)+ > En_,(gji)> +E,_, (D’Ty)| Inn p, (5.4)

j=0 i=0

ede E|(f) — Haunyuwee pagnomepHoe npubauscenue ynkyuu f € C areebpauteckumu nOAUHOMAMU CIeneHU He eviule |, a
uepes Ej(-) o6osnauen gynkyuonan E,(-), npumenenHbiil no nepemenHol t.
Jloka3areancTBo. OueBrunHo, uto MUY (3.1) npencrasiasieTcs: B BUae JUHEIHOTO ONIEpaTOPHOTO YpaBHEHUS

Ax=Vx+Kx=y, xeX= D(_)‘l)‘(q) {m;0}, yeY= P {m, q;0}, (5.5)

B KOTOpOM orepatop A : X — Y HemnpepbiBHO odopatuM. Cucremy (5.1)—(5.3) 3anuirem Takke B OIlepaTopHOit hopMe.
C 3Toi1 LIeNIbIO TIOCTPOUM COOTBETCTBYIOIIME KOHEYHOMEPHBIE OApocTpaHcTBa. UMeHHO, yepe3 X, € X 0003HauuM

(n+m+p—q) — MEPHOE MOANPOCTPAHCTBO 31eMeHTOB Buaa (5.1),a3a Y, ¢ Y npumem kace IT, ™7 ! = span {ti}z+m+p -
Jlanee BBeAeM TUHENHBIN onepaTtop I, = yimip—q - Y = Y, CcOracHO npaBuiTy
p-1 : m—1 .
. M+ 1y N
Ty = Dasmip-gs ) = (U, 1 LiDPTyY) () + Y (TyW)(—l)T £ Mo, (5.6)
Jj=0 ' i=q ’
rne L, : C — Hg" = II,_; = span {ti }3—1 MpeJcTaBisieT cO00M MHTEPIOSALIMOHHBIN oniepaTtop JlarpaHxka mo cucteme
y310B {v;}]. Toraa cuctema (5.1)—(5.3) sKBUBaJIeHTHA CJeAYIOLEMY JIMHEITHOMY YPaBHEHUIO:
Anx, =Vx, +I,Kx, =Ty, x,€X,T,yeY,. 5.7
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B aTOM HeTpymHO yOemnuThesl, TIPOBEsS COOTBETCTBYIOIINE PACCYXKICHUsI, TIPUBENCHHBIE B OKA3aTeJIbCTBE TEOpe-
™Mbl 3 [8].
Takum obpazom, 15 foKa3aTeIbCTBA TEOPEMbI 3 JOCTATOYHO YCTAHOBUTH CYILIIECTBOBaHUE, €TUHCTBEHHOCTD U CXO-
JTUMOCTb pelieHU i ypaBHeHUi (5.7). B aTuX 11e/151X HaM MOHAaI00UTCS alpOKCUMATUBHOE CBOMCTBO oneparopa I',.
Jlemma 5.1. /[as aro60il pynkyuu y € Y cnpasedausa ouenka

ly—=Tully < d7E -1 (DPTy)Inn, n=2,3,... (5.8)

(3decwb u danee d; (i = ﬁ) — HeKomopbvie KOHCHAHMbL, 3HAUEeHUsI KOMOPbIX He 3A8UCAM OM YUCAA ).
CrpaBeIMBOCTh JaHHOM JIeMMbI JIETKO cieayeT u3 npeactasienust (2.18), onpeaenenuii (5.6), (2.17) u oLeHKu
(cM., Hampumep, [12, c. 107])
If = Lufllc < d7Eu-1 (f)Inn,  feC. (5.9)

OO0cynuM Terepb BOIPOC 0 “OJu30CTH” onepaTopoB A U A, Ha roarnpocTpaHcTBe X,,. Ucrionb3ys ypaBHeHus (3.1),
(5.7) n onteHKY (5.8), IIsI MPOU3BOJILHOTO 3JIEMEHTA X,, € X,, HAXOIHNM, 4TO

”Axn _Anxn”Y = ”Kxn r KX””y d7En 1 (DpTKxn) Inn. (510)
B cuny (3.6) u (5.1) umeem
p m—g-1 o
(Kx)() = (Kz)O + Y > (=D einnyi(o).
j=0 =0
CrenoBaTesbHO,
DKy =Y / b 95 st 331 s 5.11)
J=0 —1
B uensix noamHoMuanbHoro npudakeHust yHkuuu DPT K x, € C TOCTPOUM CJIEAYIOLIUIN JIEMEHT:
(Po-12,) (1) = Z / 1) ($ds+ S (=1 gl (0, (5.12)
i
rae hf;_l u gf_l — MOJIMHOMBI CTETIEHH 71 — 1 HAMIy4lIero paBHOMEPHOTO MPUOJIVIKEHUSA 114 /i (TI0 f) U g ji COOTBET-

ctBeHHO. CornacHo cTpyKType (5.12) sicHo, uto P,,_1x, € I1,,_;.
Ha ocHoBanuu BoipaxkeHnuit (5.11) u (5.12), ouenku (2.9) u onpeneneHus (2.21) nocienoBaTeIbHO BBIBOJUM MPO-
MEXYTOUYHYIO OLIEHKY:

En—l (DPTK)C") < ||DPTK)C” - Pn—lxn”C =

= max Z/ n (l‘ )z (s)ds + ZZ( D™ i (8;[ g,, 1) (GRS
< Waalleor 3 EL )+ 3 eiwmalEuct (31) < 2illealloy > Evy(ip +lbally YN Euy (g) < O19)
j joi i S

< 2l > Efy () + 2dilIxally D > Euct (g50) =ds >
J Jjooi

J

E;,_(hj)+ ZEnl(gﬁ)] llxqll, dg =2d.

N3 HepaseHcTs (5.10) u (5.13) cnenyet uckoMas olieHKa “OJM30CTA” ONEepPaTOpoB A U A,;:

en = IIA = Ayllx,y <dy S Y [E,z_l(h,) +) En_1<g,-,->] Inn. (5.14)
J i
Torma Ha ocHoBaHUM OIIeHOK (5.14) 1 (5.8) u3 Teopemsr 7 (cMm. [12; T 1, §4]) mosrydyaeM yTBEpXKIeHUE TEOPEMBI 3 C
OLIEHKOI1 morpenrHoctu (5.4).
Cuencreue 3. Ecnu pynkunu h; (no t), g; 1 DPTy npuHaiexar kiuaccy H;(S), To B yCJIOBUAX TeOPEMbI 3 BEPHa

OLCHKa
Ax, =0 (n_’_“lnn) , r+l1eNae(0,1],

rae
HS)={feC”D:o(f7;A) <SA*, S =const>0},

a o (f; A) — MonyJib HENPepbIBHOCTU GYHKIMHU f € C c maroM A, 0 < A < 2.
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6. SAKJIFOUUTEJbHBIE 3AMEYAHU A

3ameuanue 1. CorjacHo ornpeaeaeH1I0 HOPMbI B TPOCTPAaHCTBE X = D(}l)’(q) {m; 0} HETPYAHO 3aMETUTh, UTO U3 CXO-
JIMMOCTH TIOCJIEIOBATEIHOCTH (X)) MPUOJIMKEHHBIX PEIICHUIA K TOYHOMY peleHuio x* = A~ly B MmeTpuke X ciemyer
00BIYHAS CXOMUMOCTh B MPOCTPAHCTBE 0000IIEHHBIX (DYHKIIUIA, T.€. c1abasi CXOMUMOCTb.

3amevanne 2. [Ipu gricIeHHOM peIIeHUN OIEPaTOPHBIX YpaBHEHWI Ax = y BO3HMKAET €CTCCTBEHHBIN BOIIPOC O
CKOPOCTH CXOJMMOCTH HEBA3KM 0} (¢) = (Ax] — y)(¢) uccnenyemoro meroga. OLWH U3 Pe3yJIbTaTOB B 3TOM HallpaBieHUU
JIETKO BBITEKAET U3 OCHOBHOM TEOPEMEI 3, a MMEHHO: €CJIM UCXOIHbIE JaHHEIE /1, g ;; U DPTy ypaBHeHus (3.1) npuHaz-
nexar knaccy H, (O<oa<1, r=0,1,2,...), To B ycJIOBUSX TEOPEMBI 3 CIIpaBeUIMBa OLICHKA ’ P v = O(n"“Inn).

3ameuanue 3. [Ipu ¢ = 0 ucciaenyemoe MY (3.1) senserca MUY tperbero poaa ¢ onepatopoMm A : D) {m; 0} —
- Cf)m”(” ), a TIpsSIMOIA TIpOoeKIIMOHHBIN MeTox (5.1)—(5.3) — crrermansuabiM tst MY Tpetbero poma Bapumantom OMK.
CiienqoBaTeibHO, TeopeMa 3 COIEep:KUT B cebe M3BECTHBIE pe3yabTaThl [16] Mo 000CHOBAaHMIO CITELIMAILHOIO BapyaHTa
OMK npu npubIMXKeHHOM PellleHUU YpaBHEHU I TPETHEr0 pojaa B Kjlacce 0000IIEeHHbBIX (PYHKIIMIA.

3ameuanue 4. Tak Kak B YCJIOBUSIX TEOPEMBI 3 alMPOKCUMUPYIOIIKE ONepaTopsl A, 00JagaloT CBOWCTBOM BHIA
|4 = o), A" : Y, - X, n > m, 10, 0deBnano (cM. [12; rr. 1, §5]), 4TO MPEIIOKEHHBI B HACTOSILICIH
pabote npsiMoit MmeTon mst MY (3.1) ycTOIMB OTHOCUTEITBHO MAJIBIX BO3MYIIEHU MCXOMHBIX TaHHBIX. DTO IO3BO-
JISICT HAMTHU YMCICHHOE PeIlIeHNEe UCCIeIyeMbIX ypaBHeHNI HAa D BM ¢ 1100011 Hanepen 3a1aHHOM CTEIIEHBIO TOYHOCTH.
Bonee Toro, eciu MUY (3.1) xopolo o0yclIOBIeHO, TO XOPOILIO 00ycioBiaeHHOM siBasgeTcsa Takke CJIAY (5.3).
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Abstract. A linear integrodifferential equation with a special differential operator in the principal part is

studied. For its approximate solution in the space of generalized functions, a special generalized version of
the collocation method is proposed and justified.
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B cTatbe MccnenyeTcst MHTEpeCHOE SIBIEHNE, OOHApY:KEHHOE BO BPEMST 3eMJIETPSICEHUI, MMPOUCXOASIINX B OTHOM
MECTHOCTH I0XKHOM yacTu AsepbaiimkaHa. C yyeToM peaKux OCOOEHHOCTEM 3TOM YacTh KOpbl 3eMJIU, TPOUCXOIsI-
1iee coObITHE ObLIO CMOIEIMPOBAHO B BUIE MAaTEMAaTUYECKOM 3a1a4l TMHAMUYECKON TEOPUH YIIPYTOCTU, KOTOpast
pacKpbljia IPpUYMHY UCCIeayeMoro saBieHus. buoi. 3. ®ur. 3.

Kiouessie ciioBa: 3emieTpsiceHue, YIIPYTUil CI0U, XUIKOCTh, ypaBHeHUe Jlame.
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1. BBEAIEHHWE

ITpu 3emueTpsiceHUsIX, Kak 0ObIYHO, HAOIIOMAI0TC 2 TOJYKa, CJAeAyIolle APYT 3a ApyroM. I1epBblii U3 HUX CO-
OTBETCTBYET THUITY ITPOIOIBHEBIX BOJIH, TIOSBIISTIOIIXCS B BUIE KOJieOaTeIbHBIX IBIKEHWM ¢ BO3pacTalonleid aMILIH-
TyIO# B IJIOCKOCTH, MapaljIcIbHOM MOBEPXHOCTH 3¢MJIA. 3a HUM CJIEAYeT BTOPOM, OMMHAPHO-MTHOBEHHBI TOTYOK,
[10-BUAMMOMY, COOTBETCTBYIOLIMI IIOBEPXHOCTHBIM BOJIHAM Pajiest, B KOTOPOM ABMKEHME HAaMlPaBIeHO BBEPX, T.€. Iep-
MMeHANKYISIPHO TTOBEPXHOCTH 3eMJIH.

Hamu obHapyxeHo, 4To pU 3eMJIeTPsICEHUSIX B Topoie JIeHKopaHb AzepOaiimkaHckoit Pecmydarku mepBoro tumna
BOJIH B BUJIe KOJIeOaTeIbHBIX IBVDKEHUI MIOYTH He HAOIIOMaeTCsl, Jaxke MPY 3eMJIETPSICEHUSIX C BBICOKMMY MarHUTYIa-
MM, OJTHO M3 KOTOPHIX — IIITUOAITEHOE — IIPOU30IIUIO COBCEM HEIAaBHO B 3TOM MECTHOCTH.

[IbiTasich HAMTU IPUIMHY, Mbl 00PATHIIMCH K (DAKTY 0COOEHHOCTHU CTPYKTYPbI 36 MHOI KOPBI 3TOI MECTHOCTH. A OT-
JINYAETCS OHA TEM, YTO 3[1eCh OYEHb MHOTO KOJIOALIEB, U YPOBEHD MOA3EMHbBIX I'PYHTOBBIX BOJ TOBOJIBHO OJIM30K K I10-
BEPXHOCTH. DTOT YPOBEHb KOJIEOJIETCS OT 3 10 5 METPOB OT MOBEPXHOCTHU 3EMJIH.

YuurteiBasg 3T 0OCOOEHHOCTH M TO 00CTOSTENBCTBO, UuTO JIeHKOpaHb HaxoouTcst Mexay Kacrmitckum mopem u Ta-
JIBIIICKAMU TOpaMU, ¥, 00BIYHO, SITUILIEHTPHI TOJTYKOB HAXOISITCSI Ha MOPCKOM ITHE, OBLIa ITOCTaBJIeHa 3a1aya O HecTa-
MMOHAPHOM TMHAMUKE YIIPYTOTO MOJIyOeCKOHEUYHOTO CJI0SI, HIDKHSISI YaCTh KOTOPOTO TPAaHUIUT CO CKMMAaeMOM MIe-
aJTbHOM XUAKOCTHIO (¢ur. 1). JBrmkKeHNe KUAKOCTH CUMNTAETCS ITOTCHIIMAIBHBIM, T.€. 0e3BUXPEBBIM. YIApHOMY BO3-
JIEHCTBUIO TTOIBEPraeTCsl HeKash WIM BCsl YacTh TOPIIA CJIOSI.

Jlng pelieHus1 3Tol 3agaur ObLIA MCIIOJIb30BaHbl HEKOTOPBIE pe3yJbTaThl paboThHI [1], MOCBSIIEHHON MCCIea0Ba-
HUIO JUHAMUKHA MPSIMOYTOJTEHBIX IIPU3M, C TTO3UIINY TOYHOM TPEXMEPHOM TEOPUH SJTACTOANHAMUKI. B 9acTHOCT U, TIpn
BBITTOJTHEHUM HEKOTOPBIX YIIPOIIEHHBIX KpAaeBbIX YCIIOBUI, MCCieayeMas TpexMepHas 3a1ada CTAHOBUTCS IBYMEPHOIA,
T.€. IIOJIy4aeTCsI pellieHue IS CJI0sL. 3mech OyaeM UCII0Ib30BaTh MMEHHO 3T FOTOBBIE PEILIEHUS /15T ITOJIyOECKOHEYHOTO
YIIPYTOIO CJI0SI, TTIOABEPKEHHOIO AEMCTBUIO IMPOAOJBHOIO yaapa 1o TOpLEBOi o01acTu 3Toro ke ciaost. Ho B HacTos-
1Iel 3amaye, CyIIeCTBOBaHME IPaHUYALIX MEXKIY COOOM pa3HbIX TUIIOB CPell, KOHEYHO, HAMHOTO YCYTYyOJIsIeT IPOIIECC
peLIeHUS; TIOJTyYaeTCsT 3a1a4a C MIThI0 HEM3BECTHBIMU.

IIpenoxeH HOBBIM METOM OIIPeAe/ICHUSI OPUTHHAIOB OT (PYHKIINIA-IIpeoOpa30BaHIii, KOTOPEIE B HACTOSIICH pa-
00Te UMEIOT OYEHbD CIOXKHBIA BU/I; OHU IIPEACTABIECHBI YePE3 I€TEPMUHAHTEI IIITOr0 paHra. B HEKOTOPOM CMBIC/IE 3TOT
METO/[I SIBJISIETCSI 0000IeHNEM aHAJIOTMYHOTO METO/Ia, KOTOPbIiA, C 3TOM Xe LIeJIbIo, BIIepBbie ObUI MpeaioxeH B [1], a
JIJISI OCECUMMETPUYHBIX CIy4aeB — B [2].

ITosryyeHBI TOYHBIE PEIICHMsI, KOTOPhIE CIIpaBeIJIMBEI B HAYaJIbHOM KOPOTKOM BPEMEHH ITIpoliecca, HO JaloT I0-
BOJIbHO IIMPOKYIO BO3MOXHOCTh BUACHHMS LIEJTOTO Ipoliecca 1 IS ITOCIeIYIOIINX BpeMeH. Pe3yIBTaThl ¢ BHICOKOM TOY-
HOCTBIO TIOATBEPKIAIOT BEPHOCTH OIpeAeSICHUS IPUIMH OTCYTCTBUS IIEPBOTO THIIA TOJTIKOB Ha MOBEPXHOCTU 36MHOM
KODBI IIPU 3eMJIETPSICEHUSIX.
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YN

Kunkas obnacTb

Dur. 1.

2. [IOCTAHOBKA 1 METO/J, PELIEHHUA

YuuTsiBas pacnojiokeHHOCTh ropoja JleHkopaHb A3epbaiimkaHckoit Pecnyoiuku, paccMaTpruBaeMast 3agadya Mo-
NEeJTUPYETCS CASAYIOIIMM 00pa3oMm.

Ynpyruii moayoecKoOHeUHbI CI0i, TOMIIMHON 2a, HAXOAUTCS Ha MTOBEPXHOCTU MAEATbHON CXXUMaEeMOU XUAKOMN
obnactu 6eckoHeuHOl r1yOrHbI. (cM. ¢ur. 1). Ha rpanuiie x)xuakoit o61actu z = 0 MPUHSTO CYIIECTBOBAHUE HEMTPOHU -
aeMoi creHku. [Ipennonaraercs, 4To ynap HAaHOCUTCS MO TOPLEBOM 001aCTH CJI0ST, U ABUXKEHME XKUIKOCTU CUATAETCS
MOTEeHIIMAAbHBIM. [IpK 3TUX yCIOBUSX, ITOCTaBAeHHAs 3aa4ya MOXET OBbITh c(hOpMYIMpPOBaHa CICAYIOIEeH HaYalbHO-
KpaeBoii 3aaueil 1j1s1 AaHHOM KOHCTPYKLIMU, COCTOSIILEH U3 IBYX pa3HbIX Cpel.

ou .

pﬁ: (X+u) graddivU + pAU, U=TU(u,w), M
u=w=0,
@_CLW_O npu t = 0, (2
or o

0,=00f (), u=0 mnpuz=0,

3)

Oy =0,;=0 mnpux=0.
B nanpHeitiemM 6yneM cuutats, uto f (1) = H (t) ,rae H (f) — dyHkuusa Xesucaiina.
Ha rpanuiie xxuakoi o6;1acTi U CJIOSI UMEIOT MECTO CJIEIYIOIIUE YCIOBUS:

99
ot
0y, =0 mpmx = -2aq, “)

0

a=22
0x

Oxx = —Px npu x = —2a,

a—q):O npuz =0 %)
0z

1 YpaBHCHME, OMMMUCBHIBAIOICC IBUKCHUEC KUIKON O6.J'IaCTI/I, caenymouice:

Yo Py _ 109
oxr 072 ak o’

3necb U = U (1, w) — BEKTOp NIEPEMELLEHMST YIIPYTOTO €101, A U 1 KoadduimeHTsl Jlame, ax — CKOPOCTb pacmipo-
CTpaHEHUsI 3BYKOBBIX BOJH B XUJAKO cpele, NBUXEHUE KOTOPOii OMKUChIBAETCS MOTEHUUANbHON GyHKIMER — ¢, p,
Px — COOTBETCTBEHHO, TUIOTHOCTH CJIOSI U XKUIKOCTH, ¢ — BPEeMs.

15T pelieHusT 3TO CUCTEMBI OyIeT MPUMEHEH aHaJOTUYHBIM METO/I, KOTOPHIN pa3paboTaH M MCITOIb30BaH B [1].
Brnaromapst aToMy MeTOIy, CCTeMa ypaBHeHMI JlaMe, CBOOUTCS K IIPOCTEMIIei ccTeMe HEOTHOPOIHEIX YpaBHEHUI
[enpMTONBIIA, B IPABOI YaCTH KOTOPBIX MPUCYTCTBYIOT KpacBble (DYHKIMU YAAPHBIX HATrPy30K. DTOT METOM IIPEIy-
CMaTpUBaeT IIPUMEHEHNE IBYKPATHBIX MHTEIPAIbHBIX MPeoOpa30BaHuil, HAPSIAY C METOAOM 3aMEHbI OThICKMBAEMbIX
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(byHK1IMIA, YTO IPUBOAUT K BBILLIEYTIOMSHYTOMY TIpeKpacHOMY pe3yibraTty. Ho aToT chakT eiie He n30aBisieT HaC OT TOi
CJIOKHOCTH, KOTOpasi CBsI3aHa C MEPEXOIOM OT Mpeodpa3oBaHuil K opurnHaiaMm. M s mpeonoseHust 3TuxX TpyIHO-
CTel, TaM e MpeasIokeH HanboJiee yHUBEPCAIbHBIN CIOCOO AJ1s1 HAXOXASHUST aHAJIOTUYHBIX OPUTMHAIOB JBYKPATHbBIX
WHTETPaIbHbBIX TPEe0Opa30BaHU.

HTak, ucnosib3ys TOTOBbIE YPaBHEHUS 3TOW pabOThI 1151 JBYMEPHOTO ABUKEHMUS, MOCIE HECIOXHBIX BBIKJIAA0K B
OTHOIIEHWY YPABHEHUS JBUXEHUS XKUIKOW YACTU 3TOM KOHCTPYKIIMY MOXXHO MOJYYUTh CIEAYIOULYIO are0panyecKylo
CHUCTEeMY JIMHEWHBIX YPABHEHU J1s1 ONIPENEICHUS MSATU HEU3BECTHBIX MOCTOSIHHBIX, (PUTYPUPYIOIIUX B COCTaBE HOBBIX
MOTeHUUATbHBIX (PYHKIIWIA:

Coq 0

Co2 Qq*

A sipi=4 0 V. teq-= —L)G"z. (6)
Ao 0 (7»+2u) vigq

80 0

3nech {D} = {ay} e*™1e*®> , {D} — MaTpuLa 5-ro paHra

aip = 2qvi,
2
ar = (1 + ;) V% —qz,
az = 2qvie >,
2u\ 5 2| —2av
aq) = 1+ 7 Vi —¢q ,
as; = pvie ™,
app = —2qvie
2u\ 5 2| —2av
ay = 1+T vi—q | e,
azx = —2qvi,
2
aqp = ((1 + )\I‘L> V% —q2> ,
asy = pvi,
api = — (CI2 + V%) V2,
2
axs = Tuq\%,

aszz = <q2 + V%) Vo X 6_2av2,

2u
2 —2av.
a3 = 5=qvae 2

_ —2av.
asz = pgvae 7,

dig = (qz + v%) vze_zmz,
ary = —%qv%e‘z‘m,
azs = (¢* +v3) va,
Qg4 = —%CIV%,
as4 = pqva,

ais =0,

azs =0,
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azs =0,

P _2av
Q45 = —Pxxe *,
ass = Vye 2%,

31ech NPUHSTHI CISIYIOIINe 0003HAYCHUS:

2 2 A+2
Vi = <pz+q2>, k=12, u vx= (pz+q2), ¢ = | E, Cz=\/E
i Cx p p

SIBJISTIOTCST CKOPOCTSIMU PACIIPOCTPaHEHMS ITPOIOILHBIX M TIOTIEPSYHBIX BOJIH B MaTepraje CIIos.
Bunouzmenum {D} cienyoliuM oopa3oMm:
(D} = e7>=(Dy}.

Toraa B HOBoOit MaTpuLe {Dy} 6yayT GUIypUPOBaTh TOJLKO MUHYCOBBIE CTENEHU e > (k = 1,2).
IIpeo6GpazoBaHue MPOAOJIBbHON CKOPOCTU HAa CBOOOMHON MOBEPXHOCTU cjiosd Npu x = 0, coracHo [1], u mpu BbI-
OpaHHOI1 KoopaUHATHOM crucTeMe ((ur 1) BeIpaxkaeTcs ClIeayomnieit (hopMyoii:

W=- 5+ Co1q + Coog — V3Ao1 = V3Aqn. (7)

O‘ + 2“) Vi

TakuM 00pa3oM, B MepeMEHHBIX ITapaMeTpax Mpeodpa3oBaHUil pellleHKe OIpeneeHo MoTHOCThi0. Ho oHO BhIpa-
KEHO Yepe3 AeTepMUHAHTHI 5-T0 paHTa, W, TI03TOMY, HAXOXICHIEe OPUTHHAIIOB OOBIYHBIMM CITOCOOaMU ITOYTH HEBO3-
MOXHO. B Takux cirydassx yMecTHO IIpUMEHUTH METO/I, OCHOBAaHHBIH B [1]. [IpuHIIMII, Ha KOTOPOM 0a3MpPyeTCsT TaHHBIN
METOJI, CTAHOBUTCS 00Jiee aKTyaJIbHBIM, KOTIa MBI IMEEM JIeJIO C OY€HB CIIOKHBIMM (DYHKITUSIMU-TTPE0Opa30BaHUSIMU.

IIpexne Bcero, COINIAaCHO BRIIIEYIIOMSIHYTOMY METOY, YTOOBI OTIPEIeINTh MOBEICHNE IIpeodpa3oBaHUil B 0€CKO-
HEYHOCTH, KOIJIa p — 00 , HEOOXOAUMO UX PA3I0XUTh B CXOAsLIMECS psiibl O pyHKUUSAM 1/v]. UMeHHO B 3TOM ciyyae,
KaXKIbIil YIEH 3TOro psiia OKaxeTcsl GyHKIIKe-IIpeodpa3oBaHKeM JJIsi ODUTMHAJIOB U 110 Jlarutacy, u mo dyphbe.

CHauajia Bo3bMeM OCHOBHOM AeTepMUHAHT{D(}¥ BUTOM3MEHIM €TO CJICIYIOIINM 00pa3oM: moctaBuM () B TeX Me-
cTax, rae Gpurypupyer BblpaxeHue e >® (k = 1,2) Tak KaK Bce cjaraeMble C y4acTUEM 3TUX YWIEHOB, 00pa3yIoLIUXCs
MIPY PACKPBITUU 3TOTO JETEPMUHAHTA, B CyMMe ObICTpee MPUOIMKAIOTCS K HYJIIO, YEM JII00ast CTENEHb Vi ".

B takoM ciydae BEIpaxXeHUe WIS { Dy} 3aMETHO YIIPOIIACTCSI — Y HETO OCTAeTCs TOJIBKO BOCEMb WICHOB M3 00IIeit
CyMMBI. I3 3TuX 8-1 4JIeHOB COXpaHUM TOT WICH, KOTOPBIi B 0ECKOHEYHOCTH p — ©0 MMEET HAaOOJIBIIIYIO CTETICHD:

2
|Do| ~ —Qq”axi1a13a34 - (assasn — assasy).

TeM Xe crioco60M OMNpeIe MM IJIaBHbIE WIEHBI ¥ IPYTUX IETEPMUHAHTOB |D,| - e72* (n = 1,2, 3, 4), 06pa3yromuxcs
u3 cucTeMsl (6), cornmacHo npaBuity Kpamepa miist onpeneneHust moctostHHBIX Cop, Con, Ag1, Agy:

2av, 2av,
b

2
IDi| ~ —Qq° - a13 - az4 - (assas — asgsasy) - e - e

~ 2 2av
|Ds| =~ —Qq° - a1z - az4 - ass - e,

~ 2 2av 2av
|D3| = —Qq” - ay1 - azs - (assas — assasy) - e - e™,

2 2av
|D4l = —Qq° - ary - a3 - axn - ass - e

JI7m1 KOpOTKMX IIPOMEXYTKOB BpEMEHHU, B T€UeHHE KOTOPBIX ASHCTBYET ymapHasi Harpy3Ka, IOBEICHUE OTHOIIE-

HUU %, k =1,2.3,4, B0eCKOHEUHOCTH, KOHEYHO, OyIIEeT ONpPeaeaThCs, B OCHOBHOM, U3 OTHOIIIEHUI 3TUX e YJIeHOB
HauBBICLIEH cTerneHu. Toraa nmojay4yum

—2av —2av,

qu

qu s dss - e
Cop=—, Cpn=
asy

Qq* - ay Qq¢* -ax -ass - e
) AO] = ) A02 = - . (8)
(ass - aq — ays - asp) az - ai3 azq - (ass - ag — ags - dsp)

ITocTaBUB 3HAYEHUS 3TUX TTOCTOSTHHBIX B (pOpMYITHI (7), TTIOTYINM BBIpAasKEHME MCKOMOTO PEIICHUS B TTapaMeTpax
peobpa3zoBaHuii. MIcroib3ys CyIIeCTBYIOIIMM aHATUTUISCKUI MeTO I [ 3], JIErKo MOXHO OMPEASTUTh IBYKPATHBIC OPU-
TUHAJIBI 3TUX ITpe00pa3oBaHMiA.

OTmesbHO OIpeNe MM OPUTHHAJIBI TIEPBOTO, BTOPOTO U YETBEPTOTO YieHa B CyMMe IpaBoit yactu (7):

(o1§) 0Op - Cq Z .
) ‘<x+2u>~v%H'(k+2wH(“c1)’ @
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2)C _% _ 006]2 1 _ OO'C% H(t_ é&) H(t_f) (10)
0ng =" (A +2wv? (1 + %) Ny L+ 2w V2¢, cr ,
O . 2 202 (2 =2e2 H<f_ Zw)
3) - V%AOI _ —V% (827 -an OoV; q-Vi 0o - (] Cz)ﬁ V2¢, . an

= . —
az - as (A + ZM)V% [(1 + %) V% _ qz} (q? + V%)Vz] A+20) o \/ECQ

3aMeTHM, 4TO B IOCIeIHEH (popMyJie UCITOJIb30BAHO OUEBUIHOE MPUOIMKEHNE

V2
—~ — TIpu p — oo,
Vi (&)

Kak BugHO 13 3THUX (hopMyJ1, CyMMa MX TOXIESCTBEHHO paBHA HYJIIO IJIS COOTHOIIEHUS ¢ = 2¢;, KOTOPOE CIIpaBel-
JINBO IS 3HaYeHMsT Koaddunmenta [lyaccona v = %, 1 9YTO JUTS OOJIBITMHCTBA MAaTEPUAJIOB 3Ta BEJIMYMHA UMEET KakK
pa3 3To 3HaYEHUE.

DTO HEOOBIKHOBEHHO MHTEPECHBIN Pe3y/IbTaT, IMOATBEPXKIAIOIINI BEICOKYIO TOYHOCTD OIIPEaeICHUS IPUINHBI MC-
CJICITyeMOTO SIBJICHHSI, TaK KaK OCHOBHOI TOH B (DOpMMPOBAaHNH ITPOIOIbHBIX IBIKCHUI Ha TTIOBEPXHOCTH CJIOS 33al0T
WMEHHO 3T KOMIIOHEHTHI. OcTabHbIe 1Ba KOMIIOHEHTA B (7) MpeacTaBiIsTIOT AIMMDPaKIIMOHHbIC BOJTHBI, IPUILIEAIIIE C
HU3IIEN CTOPOHBI, KOHTAKTUPYIOIIEH ¢ XXNUAKOCThI0. OHU He3HAYNUTEIbHbBI, U HE B CHJIaX NU3MEHUTH BOJTHOBYIO KapTH-
HY, CJIOXXUBIIIYIOCS OT BEIIIE TOCTPOSHHEIX peleHuii. TeM He MeHee, BHU3Y IIPUBOINM TOTOBEIE pPEIIeHUs U TpadpuKy
pacnpeneIeHUi IJTs TOCIeAYIONINX 3HAYeHWIT BpeMEeHH, IIPOAOIBHBIX CKOPOCTE Ha BepXHEH I'paHUIIE CJIOSI, COOTBET-
CTBYIOIIME KaXXKI0I BOJIHE OTHEIBHO.

CriepBa pacCMOTPUM IIPOIOJIbHBIE TU(PAaKIIMOHHBIC BOJIHBI, OTPAa3UBIIMECS ¢ HU3IIEH CTOpOHHI cios. U3 dop-
mya (7), (8) 1 U3 BeIpaXkeHUI KOMIIOHEHTOB OCHOBHOTO IETEPMUHAHTA () MOXHO JIETKO OINpeAeIUTh MaTeMaTUYeCKOe
BBIpaXeHME 3TOi BOTHBL. OHO clienyollee:

. Q 3. . p—2avy . . 2_2 2\ .2 ,—2av;
Wopon, = Cong = —24 @55 €70 _ 001 lej-26)qe . (12)
(ass - ap —ass -asy) (M +2u) V2. (pz (1 4P ﬂ) +2. C%qz)
P

(4]

ITycTb %* . Z—’l‘ = o, Toraa oopatHoe rpeodpazoBaHue no Jlamnacy popmyiibl (12), MOXET MpPeACTaBASITLCS B CAEAY-

IOIIEM BUIC!:

t T]

020 7 \4

OTMETUM JIMLIb, YTO JJISI TTIOJy4eHUs 3TOI (DOPMYJIbl ObLIU UCMOJIb30BaHbI TEOPEMbI D(Ppoc, TEOPEeMbI O CBEPTKax
1 TaOJIUIIBI, TIpUBeaeHHBIE B [3]. Terepb, coBepImB oOpaTHOE IMpeodpaszoBaHre 10 Pypbe-KOCUHYC, MOKHO IIPUBECTH
rpadmKy MPOIOJILHON CKOPOCTH Ha BEPXHEH ITOBEPXHOCTH CJIOS.

Pacuer npousseneH njid v = % W UIS CICOYIOIIMX 3HAYCHU BPEMEHU | = fn, U 7151 6e3pa3MepHOil TIPOIOIbLHOM

CKOpPOCTU ﬁ/npoﬂ_ = W{}—‘”ﬁ
+20
(a) (©) (B)
0.03 T T 0.04— T T T 0.05 —— T T T
0.02 :’\\\\\\ n=3 ] 0.02F \\\\\ n=3.5 B \\\\};l: 4
0.011 \ N ok \\ 777777 | 0 \\\ 1
f  of NG -1 ) 0.0l N\ | @ \
—0.01F \\\ / N e \\ / —0.05 \\,/ N
—0.02F N —0.04- i
! ~ _ ! ! ! _ ! ! !
—0.03, 1 2 3 0.06 1 2 3 4 015 1 2 3 4
Z Z Z

Dur. 2.
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(a) (6) (B)
4-X10_3 T T T 0.01 T 0.02
2x10-3 P\ n=4.5 n=> - =33
fa O f2) S _4 02t
—2x103 e
—0.01
—4x10-3}+ —0.04
—6x10°3 I R— _ . _
0 1 2 3 4 5 0.02 0 1 2 3 4 5 0.06 0 2 4 6
z z z

®@ur. 3.

[lepBas nudpakimoHHas BoJIHA IIepecedeT 3Ty ITOBEPXHOCTh IpU 1 = 2.
Tenepb BEIYMCIUM COOTBETCTBYIOLIMIA Oe3pa3sMepHBI KOMIIOHEHT IUPPaKIMOHHO MTOMepeYHOM BOJHBI, KOTOpast
rnepecevyeT BEPXHUIA cJioif B MOMeHTe n = 4. Toraa rnojy4yum

. 2 5 2q2a32a556*20\’2 00C1 (C% - 26‘%)26]2672“"2
W = —V;Ap = =
nonep. = ~V2A02 =V

asq(assam — ass - asy) (A +2p) e (p? +2c2) (p2 (1 4 Px Lx) i 2c§q2) ’
P cl

o = [ (cos (Sir) —cos (4o y) ) s (447
Whronep. = Za(1+a)/(005 (2(17 4)) cos (2 ,_1+a(17 4))) Jo(z\/ﬁ) dr.
4

Kaxk BuaHO 13 3TUX rpaMKOB, UX 3HAUYEHUS JOCTATOUHO MaJibl; OHM MEHBbIIIE, YeM COTasl YacTh 3HAYEHUST KaXKI0M
BoJiHBI (9)—(11), KoTopasi oOpa3yeTcsl Ha BepxHell rpaHule clos. EcTecTBEHHO, OHUM HEe MOTYT BbI3BaTh OLIYTUMBIX
Kosnebanuii. CiienyeT OTMETUTD €1lle OJWH UHTEPECHBIN (haKT: B 9TUX COCTABISIOIIMX, IBUXKEHUE BIOJIb HalTpaBJIeHUS
yaapa OBICTPO MEHSIET 3HaK B 00paTHBIM, KaK 3TO MOKA3bIBAIOT I'paprKH.

3. BAKJTFOYEHHME

ITomyyeHHBIN pe3yabTaT ITO3BOJISICT COOPMYIMPOBATH CICAYIOIINE MHTEPECHOE 3aKITI0UCHNE: BEPXHUI CI0i1 00b-
€KTOB, HaXOISIIMXCS Ha TIOBEPXHOCTH XXUIKOCTH, TIOYTH HE MCITBITHIBACT IMIPOAOJBHOM HArpy3KH yuapa.
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Abstract. An interesting phenomenon discovered during earthquakes occurring in one area of the southern
part of Azerbaijan is studied. Taking into account the rare features of this part of the Earth’s crust, the
occurring event was modeled in the form of a mathematical problem of the dynamic theory of elasticity,
which revealed the cause of the phenomenon involved.
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ITocTpoeHo u uccaenoBaHO OMEKTUBHOE OTOOpaXKeHUE MPOCTPAHCTBA ONEPATOPHO3HAYHBIX (DYHKIIMI B MHOXKECTBO
KOMILIEKCHO3HAYHBIX KOHEYHBIX aIINTUBHBIX IMINHAPUIECKUX MEP Ha MTPOCTPAHCTBE TPACKTOPUIA. YCTAHOBICHBI
YCJIOBUS IPU KOTOPBIX 3amada Kol m1s ypaBHEHMS IIEPBOrO MOPSIAKA C IEPEMEHHBIM OIEPATOPOM Te€HEPHUPYET
JIBYXITApaMETPUUYECKOE DBOIOLIMOHHOE CEMEMCTBO oreparopoB. IToydyeHo npencraBieHye pelneHus 3agaun Koy
¢ MIepeMEHHBIM BO3MYILIEHHBIM T€HEPaTOPOM € IIOMOIIBI0O KOHTUHYaJIBHOTO MHTETPaJia OT OIIPEIC/ISIEMOTO BO3MYIIIE-
HeM GYHKITMOHAJIA Ha IPOCTPAHCTBE TPASKTOPUIA IO IIMITMHAPUIESCKOM TICeBIOMEepE, OTIpeIesieMOil HEBO3MYIIIEH-
HBIM JIByXIIapaMeTPUUECKUM 3BOJIIOLIMOHHBIM CEMECTBOM oneparopos. bub. 13.

KiroueBbie ciioBa:  2BOJIOIMOHHOE CEMEMCTBO OIEPAaTOPOB, OMHOIApaMETpUYecKas IMOJyTpyIna, KOHEYHO-
aJIUTHBHAsI Mepa, MapKOBCKUIA IIpoliecc, Teopema YepHoBa, popmyna Deiitnmana—Karia.

DOI: 10.31857/50044466925010077, EDN: CCYPJK

1. BBEAEHHE

PemieHnst 3BOTIOLIMOHHBIX TUHEMHBIX MM GhEpEeHIINATbHBIX YPaBHEHNI ¢ HE3aBUCSIIIUMH OT BpeMeHH Ko3dhdu-
LIMEHTaMU TIpeACTaBIsAtoTCs Cy-IOJYTpyHIlaMy JIMHEHBIX OIIepaTOpoB, a B Cllyyae MepeMEeHHBIX KO3(hGhUIIMEHTOB —
SBOJIIOIIMOHHBIMU JBYXMapaMeTpUYECKUMU ceMeiicTBaMu ornepaTopos [ 1, 2]. B pabotax [3—5] pa3pabaThiBaloTcs Me-
TOIBI MPeACTaBAEHUS OJHONAapaMeTPUUECKUX SBOTIOLMOHHBIX MOJIYTPYIIT MaTeMaTUYECKUMU OXKUAAHUSIMU HYHKIIU -
OHAJIOB OT CJIy4aiiHBIX IIPOLECCOB, a B paboTax [6—8] moIyrpyImbl MpeacTaBIsSOTCs PYHKIMOHAIbHBIMU HHTErpaIa-
MM 110 TIPOCTPAHCTBY TPACKTOPHUI IIPOLIeCCOB. MeTOMbl KOHTHHYAIPHOTO MHTETPUPOBAHMS B [9] U METOIBI UTEpALINiA
®eitnmana—YeprHosa B [10] mpMMEHSIIOTCST K TTOCTPOHMIO aIlMPOKCUMALIMI PEIICHUI 9BOIOLIMOHHBIX YPaBHEHUNA 1
aHaAJIM3Y CXOAUMOCTH TaKUX alllPOKCUMAIIWA.

KoHcTpyKI1Ms KOHTUHYaJIBHOTO UHTETpasia, OMUCHIBAIOLIETO BO3ZMYIIIEHHYIO MOJYTPyIIITy, ObLIa pacCMOTpPEHa B pa-
6ote [11] nns ciydasi, Koraa 3BOJIOLIMOHHOE YpaBHEHUE MUMEET He3aBUCSIIME OT BpeMeHU KO3 ULIUEHTHI U 3BO-
JIIOIIMOHHEIE CEMEHCTBA OIIePaTOPOB SIBIISIIOTCS OMHOIIApaMeTPUYECKUMU TTOIYyTPpYyITaMu. TaM e morydeHa hopmyia
®deiinmana—Kalia, mo3BosIsiiolast BIpa3uTh BO3MYIIEHHYIO MOJIYTPYIITY ¢ HOMOIIBIO KOHTMHYAJIbHOTO UHTErpajia oT
3aBUCSILErO OT BO3MYILEHUS (DYHKIIMOHAJIA Ha ITPOCTPAHCTBE TPAEKTOPHUIA IO LIVUIMHAPUYECKOM IIceBIOMepe, Onpee-
JIsieMOii HeBO3MYILIEHHOI mosryrpynioii. LlunnHapuyeckas nceBaoMepa OTaMYaeTCs OT [UJIMHIAPUIECKON Mephl, 3a-
JTAaHHOW Ha KJIacce BceX 0OpeeBCKUX LIMIMHAPOB, 00JIACThIO OMpPeaeIeHUS, TOPOXIEHHON KJIaCCOM LIWJIUHAPOB C Oa-
3011 13 HEKOTOPOI (BO3MOXHO, MEHBIIIEH, YeM O0opesieBCKast) aaredphbl MOAMHOXECTB KOOPIWHATHOTO TIPOCTPAHCTBA.
MHorma njist KpaTKOCTH TaKue TICEBIOMEPBI OyieM Ha3bIBaTh Mepamu.

B paMkax uzyyaeMoro B HacTOSIIECH CTaThe MeToJa O0O0OILEHHBIN CayJYaifHbIN MPOLIECC CO 3HAYEHUSIMU B HEKO-
TOPOM U3MEPUMOM MPOCTPAHCTBE (E, A) OTOXIECTBISIETCS C MAPKOBCKOM LIUJIWMHAPUYECKON TICEBAOMEPO, 3alaHHON
Ha ajredpe UMIMHAPUYECKUX MHOXECTB Ay B POCTPAHCTBE OTOOPaKEHMIA BpeMeHHOTo nipoMexyTka T = R, npo-
1iecca B usMepuMoe NpocTpaHcTBo (E, A(R)) ero 3HayeHwuii (cM. [11]). [ToctpoeHo 6GuekTUBHOE 0TOOpakeHue V MHO-
JKEeCTBa MApPKOBCKMX KOMIUIEKCHO3HAUYHBIX KOHEYHO-aIIUTUBHEIX MEP, 3alaHHBIX Ha LIWJIMHAPUYECKOH anreope Acy,

D PaGora BbinoHeHa npu yacTUYHOI huHaHCcOBON nonnepxke PH®. Pasgerst 2, 3, 4 pa6ors! BoimoseHs! FO.H. OpioBbimM, a pasnenst 5 u 6 — BIK.
Caxko6aeBbiM. MccnenoBanue B.2K. CakbaeBa BbimosHeHO Tpu ¢hrHaHcoBo# momaepxkke PH® (mpoekr 24-11-00039 B MateMaTHn4eCKOM MHCTUTYTE
uM. B.A. CreknoBa PAH).
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Ha MHOXECTBO IByXIapaMeTPUISCKIX IBOTIOIMOHHBIX CEMEICTB JIMHEMHBIX OTpaHMYCHHBIX OTIEPaTOPOB, ACHCTBYIO-
LIMX B TUJIOEPTOBOM TMPOCTpaHCTBE Ly (E) (PYHKLMIA, KBaApaTUYHO MHTETPUPYEMBIX Mo Mepe Jlebera Ha TpoCTpaHCTBE
3HaYeHMH ciryyaiiHOTro mpoiiecca E. MapKoBcKoe CBOHCTBO UIMHAPUYECKONH MEPHI (TOUHOE OMpeeIeHUE CM. HILKE)
COCTOMT B TOM, YTO 3HAYEHUE MEPBI HA BCEW COBOKYITHOCTU LMJIMHAPUYECKHUX MHOXECTB (a 3HAYMT, U Ha aredpe Acy)
oIpeelIsIeTCs Cy>KeHNeM Mephl Ha COBOKYITHOCTh HUJIMHIPUIECKIX MHOXKETB C IBYXBPEMEHHBIMU LIMIMHAPIICCKIMU
YCIIOBUSIMH.

B HacTosieit pabore moyuyeHO 0000IIeHre KOHCTPYKIIMM KOHTUHYasbHOro MHTerpaia MeiiHMaHa Ha ciaydaid
SBOJIIOIIMOHHBIX YpPaBHEHUN € MEpeMEHHBIMU OINEPaTOPHBIMU KO3 hUIIMEHTAMU, MOPOXAAIOIIMMU JBYXIapaMeT-
pHUYECKHEe SBOJIIOIMOHHEIE ceMelicTBa onepatopoB (cM. [1, 2]). Meron nmoctpoeHnst popmyn Deitimana—Kana ms
pemenusa ypasHeHus IlpémmHrepa ¢ mepeMeHHBIM T¢HEepaTOpPOM BIIEpBBIC MPEMIOKEH, HACKOJIBKO HaM M3BECTHO,
B [12]. YciaoBus IpUMEHUMOCTHU TIOCTPOSHHOTO 0000IIEeHNS PACIIUPSIIOT BO3MOXKXHOCTH aIlIIPOKCUMAIIN (hopMyJIa-
Mu PeitimaHa—Kalia pelieHnii 3BOMIOLIMOHHBIX YpaBHEHMI ¢ IIepeMeHHbIMU reHepatopaMmu. IlonxydeHa dopmyna
Deitnmana—Kaiia, BeIpaxkaroiiasi BO3MYILIEHHOE IBYXITapaMeTPUUYECKOE SBOJTIOLMOHHOE CEMEMCTBO OIEPaToOPOB C MO-
MOIIbIO KOHTUHYAJbHOTO MHTETpaja OT 3aBUCSILET0 OT HECTAIMOHAPHOTO BO3MYIIEHUST (DYHKIIMOHAJIA HA TTPOCTPaH-
CTBE TPAEKTOPUIA IO LMIMHAPUIECKOI MeEPE, ABJIAIOIIEics 00pa3oM AeicTBrA 61ueKuuu V~! Ha HEBO3MYLIEHHOE 3B0-
JIIOITMOHHOE CEMEICTBO OTIIEpaTOpPOB.

2. ObO3HAYEHUA U ITPEABAPUTEJLHBIE PE3YJIGTATBI

B nacroseit padote OymeT MOCTPOeHO 0000IIeHNEe TIPEACTABICHUS OMHOIAapaMeTPUIECKIX OJIYTPYIIIT ¢ TIOMO-
B0 MIWIMHAPHMICCKUX Mep Ha CIyJail AByXImapaMeTPHIeCKIX 3BOJTIOIIMOHHBIX CEMEICTB OIIepaTOPOB, pa3pelIaroIinx
mnddepeHIInanbHbIe YpaBHEHUS € 3aBUCSIIIMMU OT BpeMeHU KoadduineHtamu. [IJis1 peaanusaiyy 3Toi LieJIM HaM T10-
TpeOyeTcsl BBECTH OIpeIe/IeHNsI, OTMChIBAIOIIME OIepaTOPHO3HAYHbIE (YHKIIMK, MEPbl HA IPOCTPAHCTBE TPACKTOPUI
U CBOMCTBA 3TUX 00BEKTOB. Takske OyIeT KpaTKO M3J10KEHA TEOPUSI, OMMUCHIBAIOIIAS CBSI3b OMHOMAPaMETPUYECKUX Ce-
MECTB OIepaTopOB ¢ MIMHIPUICCKIMH MepaMH Ha IIPOCTPAHCTBE TPACKTOPHIA.

Iycts E = R npu HekoTopoM d € N — KOHEYHOMEPHOE €BKJIMAOBO [IPOCTPAHCTBO, CHabKeHHOoe Mepoii JleGera;
H = L,(E) — Tuib0epTOBO MPOCTPAHCTBO (DYHKIIUI Ha E, KBaaApaTUUHO MHTETPpUPYEMBIX 1o Mepe Jlebera; u ImycTh
B(H) — 6aHax0BO MPOCTPAHCTBO OTPaHMYEHHBIX JTUHEWHBIX OIePaTOPOB, IEHCTBYIOIIUX B H.

ITycTb R ecTh 0-KOJIbLIO OTpaHUYEHHBIX O0OPEJIEBCKMX MHOXECTB MMPOCTPaHCTBA E U Ag — MOPOXACHHASI 9TUM KOJIb-
oM o-anreobpa. [Tycts M(R,, E) — nuHeliHOe 0ToOpaxkeHre BpeMeHHOM noiyocu R, B TPOCTpaHCTBO E, Ha3bIBAEMOE
MPOCTPaHCTBOM TPAeTOPHiA, ¥ MyCTh FAry — anredpa HWINHAPUYECKUX MHOXECTB B IIPOCTPAHCTBE TPAEKTOPHIA, T.€.
anrebpa, mopoxkaeHHas nmoxyanreopoit Cyl (cM. [8]) MIMHIAPUIECKIUX MHOKECTB BHUIA

t Hoyeesly . .
Cp=Cp " ={xe M(R,,E): x(t)) €B;, j=1,...,n} (D
neN, Bj,....,B,eAr, 0t <...<t, <+o0.
MHoxectBO t = {71,...,1,} Ha3pIBaecTCsI HAOOPOM BpeMEHHBIX MHIAECKCOB LIUJIUHAPUYECKOTO MHOXecTBa (1), a MHOXe-
c¢tBOo B = {By,..., B,} — 02301 TUIMHAPUYECKOTO MHOXECTBA.

Yepes A,,(H) 0603HauuM abesieBy anaredpy ornepaTopoB YMHOXEHHUS Ha (PYHKLMIO, IpUHAIJIeXKallylo 6aHaXOBY
MPOCTPAHCTBY Lo (E) U3MEPUMBIX orpaHnYeHHbIX GyHkuuit E — C. CumBoaoM M(R,, B(H)) 0003HauuM JTUHEHHOE
MPOCTPAHCTBO OTOOPaXeHuii moayocu R, B MpocTpaHCTBO B(H) Y MONIOXUM

MRy, B(H)) = {F € MR, B(H)) : F(0) € A,(H)}.

O6o3HaunM 4yepe3 a(Acy) TMHEHHOE MPOCTPAHCTBO KOMILIEKCHO3HAYHBIX aJIUTUBHBIX (DYHKLIMI MHOXECTBA
(KOHEYHO-aIIUTUBHBIX MED), 3alaHHBIX Ha alnreope Acy;.
OnpenennM oToopaxxeHue

At Mu(Re, BH)) = a(Acy), AF) = p¥, ImA = ap(Acy),
YAOBJIETBOPAIOLLEE CIEAYIOLIUM YCIOBUSAM:
uFey) = (s, Flty —1,.)Pp_, ... Pp F(t; —to)xs,). n€N, B;eR, Vi=0,...,n. 2)
Tak kak F(0) € A,,, T0 F(0)(e) = f(x)(®), e f € Loo(E). [loToMy 11t n = 0 ¥ 1151 TPOU3BOJIBHOTO #) > 0 MOJOXUM:
(x8, F(O)yp) = g' f()dhx), BeR,

My — f f(x)dM(x), Be AR), B¢ R,
E\B

W (Cp) = )
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rae M, € C — Hekotopas ¢hukcuposanHas KoHctanta u u¥ (MR, E)) = M, (cm. [13]).
I[Tycts CE € Cyl. Iyctb m € N — MaKCMMAbHBIIl HOMEp CPEIU TeX, KOTOPbIe COOTBETCTBYIOT MHOXKECTBAaM B Oase
B = {By,..., B,}, He nexamum B KoJiblie R. Torma u3 ycioBust aiAUTUBHOCTU (PYHKLIMK pLF Ha anredpe a(Acy;) caeayer
PaBECTBO
F(CB0 tmm] ] t,lng g,;] ...,ltgn” —

.........

_ uFetos s tmts ity sty _ Feto e tuets tny, sty oy ln
=W (Cp B, B p) — W (Cry B BB, B B,)-

~~~~~ n m+1seees

C))

Yenosue (4) TI03BOJIAET MPOAOJIKUTHL (PyHKLMIO MHOXecTBa 1F | 3amannyio paBeHcTBamu (2)—(3), Ha BCio anredpy
a(Ac yl)-
Teopema 1 (cMm. [8]). s kancdoeo omodpancenus ¥ € M, (R, B(H)) cyuiecmeyem eduncmeennas mepa A(F) €
€ a(Acy), ydoeremeopsaiowas ycaosusm (2), (3).
Omobpaxcerue
A Myu(Ry, B(H)) — a(Acy)

UHBEKMUBHO.
Omnpenenenne 1 (cMm. [8]). Mepa p € a(Acy) Ha3BIBAETCS CTALMOHAPHOI, ecn W(C'y ™ 3"™") = W(Cyp ) ¥ 520,
Y CZBU """ [’b” e Cyl.

[

Kaxnas uunuHapuyeckast Mepa ( 3aJaetT ceMeicTBO (pyHKIMIA
1011 yeeusln
Bug s s BiooosBioi €A, 051 <... <1, <+oo},

COIOCTABJIAIOLLUX KAXOW YIIOPSNOYEHHOM T1ape ¥, , KB, Bo, Bn € R KOMILZIEKCHOE YKCJIO C IOMOLIBIO PABEHCTBA!

n?

Bus ", (ksyox8,) = WCR), Ch € Cyl. (5)

Omnpenenenne 2 (cM. [13]). HnnmHaapudeckas Mepa W € a(Acy;) Ha3bIBAETCS HenpepbieHoli no 6ase, €CII OHA YIIOBJIE-
TBOPSIET CICIYIOIIUM YCIIOBUSIM:

YneN, Vi<---<t,eRy, IAMe(0,+0): VBy,..., B € A(R),

1041 sensln
sup B s s, (VI < Mllullg| VIl (6)
u,veS (R): llullg=Ivlln=1

Mycts a’ (Acy) — TMHEXHOE MTOAITPOCTPAHCTBO IIPOCTPAHCTBA MepP a(Hcy;), YAOBIETBOPSIOIINX yCI0BUIO J, TIe J €
€ (S, Bck; aSB(Acy) = a® (Acy) N aB(Acy).

Jlemma 1. Ecau p € aB"(ﬂCyl), mo @yukyus (5) donyckaem edurncmeeHHoe npoooadiceHue 00 02pAHUHEeHHOU NOAYMOopa-
AUHelIHolU gopmbl Ha npocmpancmee H:

(g’ Uﬁ);,gl’,t’-lu,anlf) = B:f %1 -~»,Bn 1(f g) f’ g€ H.

JokazareabcTBo. @yHKIIMS (5) MPOAOIKASTCS A0 MOJYTOPATMHEWHOM (POPMBI Ha IMHEWHOM 000JI09Ke MHANKATOP-
HBIX GYHKIIMI KOJbla R B CUITy TpeOOBaHUS MOJyTOpaTuHetHOCTU. [ToydeHHas mosyTopanuHeitHast hopma sIBJIsieTCs
HeTIPepPBIBHON OTHOCUTEIEHO HOPMHI || - ||,y B CHITy HeTIpepbIBHOCTH TI0 6a3e (6) Mepsl w. Tak Kak span(yp, B € R) —
IUTOTHOE B IIPOCTPaHCTBe H TMHEeiTHOe MHOTO00Opa3ue, TO HelpephIBHAS Ha HEM ITOJIyTOpaIMHeTHas (hopMa OqHO3HAY -
HO TIPOIOJIKAETCS TI0 HENIPEPBIBHOCTH 10 HETIPEPHIBHOM ITOJTYyTOPATMHEHOM (hOPMBI Ha IIPOCTPaHCTBE H.

Teopema 2 (cM. [8]). Ha auneiinom npocmparcmee a’-5¢ (Acyr) cymecmeyem auneiinoe omodpaxcerue V. : at Be(Acy) -
— M,,(R,, B(H)), onpedeasiemoe ycaoguamu

V1> 0 (s, (VOO )n = WA, ), V¥ Bo, B € R; (7)

(x8o» (V(D)OY13)m = W(AR) Y By € R. ®)

B nuHeiiHOM MpocTpaHCcTBe a’ ~B"(3{Ey,) BBIIEJIUM KJIaCC MEp, CYXKEHME Ha KOTOPBIA JIMHEHHOTrO OoTOOpaxXeHust V
WHBEKTUBHO.

Onpenenenue 3 (cM. [8]). Mepap € aB"(ﬂcyl) Ha3bIBACTCS MAPKOBCKOU, €CIIU

ln-151n I 1 tm
Uu B, 15 - B 1P Uu B| Uu B] (9)

By

Yitg, ... 1, : 0<tp<...<ty<...t,; YBy,...B,_1€R.
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Onpezenenne 4 (cM. [8]). MapkoBckast Mepa u € a®“M(Ae,,) Ha3bIBaCTCS cMpoeo Mapkoeckoii, eciu

[ 7R Ly 10y =15t __ 1o, ... 1,
Uu; Borers o Byt P, U!»UBlwumef]I - Uu: By, .B, (10)
Yig, ...t : 0<typ<...<typ<...ty; YBy,...B,_1 € Ax.

CumBosioMm a’M (Acy) 0603HAINM MHOXKECTBO MEP, YIOBIETBOPSIIOIINX YCIOBHIO J 1 yeioBuio (9). 3amMeTnM, 4T0
ecin p € ab“M(Acy), To Mepa | Ha Tonyanre6pe MHOXeCTB Cyl MOXKET OBITh BOCCTAHOBJIEHA 110 CBOEMY CYXEHHUIO Ha
KJ1acc MHOXeCTB Cyl, = {C(z);}f,B» t>0, By, BeR).

Teopema 3 (cMm. [8]). O6pa3z aa (Acy) omobpaxcerus A coenadaem c MHoxcecmeom aBesM (Acy)-

Omobpaxcerue

V : d®SM(Acy) > MR, B(H))

onpedenennoe ycaosuamu (7), (8), s6as1emes 00pamubim K 6UEKMUBHOMY OMOOPAICEHUIO

A Mu(R,, B(H)) — a®*SM(Ac,).

3. AIBYXTIAPAMETPUYECKHUE DBOJIIOLIMOHHBIE CEMENCTBA OTMTEPATOPOB U 3AJJAYA KOLIIU
CINEPEMEHHbIM OITEPATOPOM

Omnpenenenue 5 (cM. [1,2]). AByxmapamerpuueckoe cemeiictBo U(t, s), 0 < s < t < 400, OTpaHUYCHHBIX JIMHEWHBIX
OIepaToOpOB B TMJILOEPTOBOM MPOCTPAHCTBE H Ha3bIBAETCS SBOJIIOLIMOHHBIM, €CJIM BBIMIOJHEHBI CJICAYIOIINE YCIOBUS:
1) U(t,r) = I npu Bcex t > 0,
2) otobpaxenue U : Ri — B(H) HEenpepbIBHO B CUJIBHOMW ONEPATOPHON TOMOJIOTUMA HA MHOXKECTBE Ri ={(s,7) €
eER?: 0<s<1),
3) BeInmosHsIeTcs 3BoJonroHHoe cBoicTBO Uz, T)U(t, s) = U, s) V 5,7, : 0 < s <t <1 < 00,
Hac 0ynyT mHTepecoBaTh 9BOIOLIMOHHBIC CEMEMCTBA, YIOBICTAOPSIONINE CICAYIONIAM IIPEAITOIOKECHHUSIM.
IIpeanonoxkenne 0. I1peanonoxum, 4To CYIIECTBYET IVIOTHOE B MMPOCTpaHCTBe H IMHEliHOe MHOTooOpasue D Takoe,
YTO CYILECTBYET Mpeaes
lim (I(U(t +h,s) — U@, s))u) =A@, Su (11)
h—+0 \ h
TSI KaXXKI0To (s,1) € Ri ¥ Kaxnuoro u € D.
CornacHo cBoiicTBY 3) aBosmooHHOro cemeiictBa U(t+h, s)—U(t, s) = (U(t+h, 1)-I)U(t, s5), noaToMy yciioBue (11)
5KBUBAJIEHTHO CYIIIECTBOBAHUIO TPOU3BOTHOMN

hligrlo (;I(U(t +h,t) - DU, s)u) =AU s)u, t=>s>0.

B uacrHoctn, 4U(1, S)uls=; = A(u ¥ u € D ipu Beex 1 > 0 A(t, 5) = AU, 5), (1, 5) € R2.

Chopmynupyem mnpearnonoxeHus 1—5 o0 onepatopHo3HauHol GyHKuuu A(s), s > 0, mocTaToyHbIe (KaK OymeT
MOKa3aHo B TeopeMe 4) JJIsT TOTO, YTOOBI CEMENCTBO IMepeMeHHBIX TeHepaTopoB A(s), s > 0, OMHO3HAYHO OTIPEIEIISIIO
9BOJIIOLIMOHHOE CEMENCTBO, YAOBJIETBOpsItoliee ycaoBusaM 1)—3) u npeanonaoxeHuto 0.

IIpeanonoxkenne 1. [Tpeamnoaoxum, 4To CyIIECTBYET INIOTHOE B IPOCTPaHCTBe H TMHEeitHOe MHOTooOpasue D Takoe,
YTO MPU KaxoM ¢ > 0 TuHeiHbIl onepaTop A(f)u, u € D UMeeT CaMOCOIIPSKEHHOE 3aMbIKaHUE.

Ipeanonoxenue 2. [IpeanonoxumM, uTo 3aMblkaHue oneparopa A(0) uMeeT obpatHblii (A(0))~™' : H — D.

W3 npennonoxenuii 1, 2 cienyert, 9to mpu Beex ¢ > 0 onepatop A(1)(A(0))™! Bcromy ompenesieH, 3aMKHYT U, CIIEN0-
BaTeJIbHO, orpaHnyeH [1]. 3aMKHyTOCTE orepatopa A (0) ITo3BOISET HAACINTh MOAIIPOCTPAHCTBO D HOPMOI TpadrKa
omnepatopa A (0), mpeBpaliarolieii JMHeliHoe MHOrooopasue D B 6aHaXOBO IMTPOCTPAHCTBO.

IIpeanonoxkenue 3. I[TycTh o01as cyliecTBeHHasl 00J1acTh onpeaeaeHus D reHepaTopoB A(s), s € [0, +0), unea-
puanmua omuocumenvto noayepynnst e, t > 0, npu xawcoom s € [0, +oo). IycTb cemeiicTBO reHepaTopoB A(s),
s € [0, +00), paBHOMEPHO IOJTYOTPAaHNIECHO CBEPXY.

IIpennono:xenue 4. CyiecTByeT uucio B > 0 Takoe, 4To IS JIIoOoro u € D

e BN AUl < IA@Ully < P NAG)Ully V1,52 0.

3aMeTHM, 4TO U3 MPEANOIOXKEeHUN 2, 4 clieyeT, 4To MpU KaxaoM ¢ > 0 onepaTop A(f) orpaHUUYEHHbI OOpaTHBIA.
Ha nuneiinoM npoctpaHcTBe D BBEAEM CEMEICTBO SKBUBAJIIEHTHBIX B CUILy NpeanooxeHus 4 HopM |lullp, = [|Aullg,
u€D,t>0,unonoxuM |lullp, = [lullp.

>KYPHAJI BBIYMCITUTETbHOM MATEMATUKU U MATEMATUYECKOM ®U3UKU  TomM 65 Nel 2025



®OPMVYJIbl ®PENHMAHA-KALIA 73

IIpeamonoxkenne 5. [Tyctb onepaTop-QyHKIMS A : [0, +00)XD — H SIBIsIETCS pABHOMEPHO HETIPEPBIBHOM B CMBICTIE
BBITTOJTHEHUS CIIEAYIOIIETO YCIOBUS (CUIIBHO paBHOMEPHO HelpepbiBHA Mo [€1baepy Ha MHOXeCTBe D):

ALa>0: YueD Vi,s>0, [[(A®) - Als)ully < Lit — sllullp,. (12)

[MprMepoM ynoBIETBOPSIOINICH TTPENITONOXeHUSIM 1—5 orepaTop-(MyHKIIMM MOXET CIY>KUTh OIepaTop-(pyHKIINs
CO 3HaYCHUSIMU B MHOXXECTBE IEHCTBYIOINX B IIPpOCTpaHCTBe L, (R) symumrnaeckux nuddepeHIINaTBHBIX OTIepaTOpOB
BTOPOIO MOpSIAKA B IMBEPreHTHOM (hopMe C INIAAKO 3aBUCSIIMMU OT BPEMEHHOIO MapaMeTpa U IIPOCTPaHCTBEHHBIX
KOOpIAMHAT KO3(bUIMEHTaMu, KBaApaTUIHble (HOPMBI KOTOPBIX ONpesesieHbl Ha mpoctpanctee Cobonesa Wi (R) u
PaBHOMEPHO OrpaHMYEHbI CHU3Y U CBEPXY KBaApaTUYHOH GOPMOii CKaIpHOIo MPOU3BEIHHUS ITpocTpaHcTBa RY,

Jlemma 2. Ilycmsb ebinoanenst npeonosoxcenus 1—4. Toeda cywecmeyem uucao M > 0 makoe, umo npu aobwvix t > 0,
§>0,0>0unw0b60mu € D 6binoHeHbl HEPABEHCMBbI

A(s)t A(s)t

M . M §—
e ullp, < eMullp;  Nle*ullp, < M lullp, . (13)

Jloka3areabcTBo. [1ycThb s > 0. Tak Kak u € D, To B cuity npeanonoxeHus 1 u € D(A(s)). U3 paBHOMepHOI TToJyo-
TPAaHUYEHHOCTU CBEPXY CAMOCOMPSIKEHHBIX OIepaTopoB A(s), s > 0, CeAyeT CyllIeCTBOBAHME TAKOW HE 3aBUCSILEH OT
§ TIOCTOSHHO# m > 0, uTo [l A ully < e™|lully  [le"*Dullpacs) < €™ llullpas) ¥ NepBasi oleHKa nokaszana (D(A(s)) —
ITMJIb0EPTOBO IPOCTPAHCTBO, IIPEACTBIIAIOLIEE COO0M MONOIHEHNE TMHERHOTO IPOCTPaHCTBA D 110 HOPME || - [|p(s) TPa-
(¢rKa caMOCOTIPSIKEHHOTO 3aMblKaHUs ornepaTopa A(s)). V3 npeanonoxenuii 1—4 cienyet, 4To pu Kaxaom ¢ > 0
A9y e D ¢ D(A(0)) ¥ TIpH 5TOM

B\S*G|||etA(S)

A (s Bls— 2B|s—
e AV ullpac)y < e ulpac) < € ullpac < €Ml pao)-

3HayuT, otieHKa (13) BBIMOJHAETCS C TIOCTOSIHHON M = m + 2B.
B uacTHOCTH, 13 JeMMBI 2 cIenyeT, 4To ||leA® ullp < eM+9)||u||p mwist 11060r0 u € D ¥ MOGBIX s, f > 0.
Onpenenenne 6. O600IIEHHBIM penreHeM 3amadn Kot

%u(r) = A(Du(), t € (fy, +0), (14)

u(to +0) = ug, (15)

rae 0 < fy < 400, C yIOBJAETBOPSIOIIMMY MPEANOJOXEHNIO | MeEpeMEeHHBIMU FeHepaTOpaMU U C HaYaJbHbIM YCJIOBUEM
uy € H Oynem Ha3bIBaTh TaKylo QYHKUUIO u(t, fy, ug) € C([fy, +00), H), 4TO P KaXXI0M v € D cripaBeJIMBO paBEHCTBO

(u(t, ty, ug) — up, v) = /(u(s, to, ug), A(s)v)ds, t € [ty, +0). (16)

Jlemma 3. Ilycmo gvinoanenst npednonroxcenus 1—5. Ecau oboouennoe pewenue 3adauu Kowu cyuecmeyem, mo oHo
€0UHCMBEHHO.

Jloka3areabcTBo. [Ipenmonoxum, yto y 3amaun KoIny CymIecTBYIOT JABa pPa3jIMYHBIX OOOIIEHHBIX PEIICHUS
u(-, to, ug), (-, ty, ug). Torma nx pasHoCcTh w(-) MpUHAMIEXUT IIpocTpaHcTBY C([fy, +o0), H) u B cuity (16) ynoBiaeTBopsieT
PaBEHCTBY

w(0),v) = /(W(S),A(S)V)ds, 1 € [19, +00),

IIpH IIPOU3BOJILHOM v € D. dukcupyeM mpousBosibHOE v € D. Torma Ij1st HeoTpULAaTeIbHOM GYHKIWH z, (1) = [(w(2), v)|,
t

t € [ty, +00), cIpaBedIMBO yciaoBuE z,(fy) = O 1 nipu J106oM 7 > O BBIMOHEHO HEPABEHCTBO z,(f) < f Az, (s)ds, Troe
to
A = sup ||A()V| < +o0 B cuny npeanonoxenus 4. [loatomy z,(f) = 0, ¢ € [y, T'], B cuity temmbl [poHyosa.
telty,T]

Hrak, w(@@),v)=0Vte€[ty,+0), veED.

ITocKONBKY B CHIIY YCIIOBHIA IIPEOIIONOXEeHUS 1 TMHEITHOe MHOT000pa3re D OHO IUIOTHO B IIPOCTpaHCTBe H, TO w(t) =
=0VYte [t T).

Teopema 4. [lycmo ebinonnenst ycaogus npeonosoxcenuii 1—5. Toeda das awboeo ty > 0 u das awboeo uy € H 3adaua
Kowu (14), (15) umeem edurcmeenHoe 0600uieHHOe pellerue

u(t, o, up) = Ua(t, to)ug, 1 € [tg, +00). (17)
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IlIpu smom dsyxnapamempuueckoe cemeticmeo opnepamopos U (t, s), t = s > 0,  (17) moxcem 6vims onpedenero u3
yeaoeus

YueH VYT > 1 lim sup |[[Ua(t, s)u— AEDET) 5 o ACER)y 1, =0, (18)
[o([s:D1=0 4y <s<t<T
ede €, ..., &, — mouxu pasbuenusn o([s,t]) ompeska [s,t] u |lo([s,1])] = max{|& — &,...,1E, — E,_1|} — meakocmv smoeo
pasduenus.

JHokasatenabcTso. I1yctb u € D, Torna ey € D nnda Beex t > 0, s > 0.
IMyctb 0 <ty < s <E <t < T < +00, TOTIA

A8 AWES), _ fAS9) 1L = [[(eABE-D _ pAI-8) AGE) |

lle u-—e

Myctbu,ve D,u0<ty<s<t1<t<T <+co. Ecmut f(£) = eAO0)y o(f) = ¢AO0)y ipy Beex 1 € [ty, T, TO

d
7,80 = (1) = AMg(t) — A()f(1) = (A(T) — A()(®) + Als)(g() - f(1), € [t.T].

CrnenoBaTebHO, IPU BCeX ¢ € [1y, T'] uMeeM
t
g - f@) = eA(S)(I*ln)(u —V) + /EA(S)(FE)(A(T) _ A(S))EA(T)(E*to)udE_
1o
IToatomy, cornacHo (12) u (13), nis1 Bcex ¢ € [ty, T] umeeM
t
llg(®) = f@)ll < " llu = Vil + Lix - I / M| ADE) |, dE <

fo

< M0 = vy + LM — 10 udlp, (19)

Ilyctb T = {&p,...,En} — pa3bueHue otpeska [ty, 7], T.e. tp = &y < ... < Ey = T. Ilyctb u,v € D. Onpenenum
COOTBETCTBYIOLIEE Pa3OueHuIo T ceMeicTBO oneparopos U7, (fo, 1), t € [ty, T, 1o cienyrowemy npasuiy. Onpenenns
IO YHCITY ¢ > to BeIMUUHY & = max{E; € {&y,...,Ey} : §; < 1}, amounciy s € [1, ] Benmnmuuny §; = maxi{g; € {§,...,En} :
E; < s} monoXUM

A E)E=Er) , A (Er-1)(Ex—Ek-1) AE)Eir1—9) .
. _ e e ...e u, & <E§g,
UA(t9 S)I/l - q)‘[(s’ t’ M) - {eA(Ei)(t_s)u,

& =&
B yacTtHOCTH, N1 11000TO £ € [t), T] UMeeM
A E)(t-Er) pAEr-1)E—Ex-1) A(Eo)(E1-E0) E
e e ...e u, & <E&,
UYL (¢, to)u = ¢ (tg, t,u) = 20
A P ACN9,  E, = &, (20)

B cuny npeanonoxexuii 1, 3 v ieMMBbI 2 TpU KaXK10M pa30MeHNU T OTpe3Ka [z, T'] AByXImapaMeTpruieCcKoe CEMeCTBO
oneparopoB U7, (¢, 5), 0 < s <t < 400, JONMYCKAET OLIEHKY 10 HOPME

U & )ully < e ully Y ueH. (1)
OLeHUM pazHOCTb eAWT =0y — U (T, ty)v. [Tonoxum wy = eA& &Sy, k=1,... N, uwy =v. Torna
CAWT0)y _ (T, 1)y = eAEIE0)(, _ ) 4 [oAGIE-E)AGEE) _ AG-DEE-) o o pAGIEE) ], =
= ACIEL(, ) 4 AGEE) (AGIEE)  AGIET) |

+ (eA(Eo)(EN—&)eA(EO)(53—52) — AGN-DEEN-D eA(Ez)(§3—§2)) Wy=...=

N-1
— eA(to)(T*to)(u —V) + Z eA(Eo)(EN*Em)[eA(Eo)(EA-H*Ek) _ eA(EA-)(EA-H*Ek)]Wk.

k=1
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CrenoBarenbHO, coriacHo (19), (12) u (13), cipaBenIMBO HEPABEHCTBO

N-1
ATy — T (T, to)vlly < Tl = vl + Y M TSV L5, — Eol lwill, [Exe1 — &l
k=1
IMockonbky B cuny (13) [Iwilp, < eM(T_"’)llVIID,O mpuk =1,...,NuTaK KaK & — Ey|* < |T —to|* npu Bcexk = 1,...,N, TO
Alto)(T- 2M(T- 1
e Ty — U (T, to)vlle < &M [l = Vil + LT = 10)* [Vp, 1. (22)
IMyctb v = {51, ..., $5v} — IpoAOIKEHUE pa3OUEHMs T OTpe3Ka [fy, T']. st pacmmpeHust T pa30reHus T OMHO3HAY-
HO OIpeJie/IeH YIIOPAJ0YE€HHbIA 10 BO3pacTaHUIO HA0Op HaTypalbHBIX YMCEN {j;, i = 1,..., N} TakoW, 4t0 §; = s},

i=1,...,N.
ITyctb ¢ (19, 1, ug), dv(to, 1, up), t € [ty, T'], — BEKTOP-(PYHKIIUU, OTIpEieTICHHbIE IO PAa30MEHUSIM T, T COOTBETCTBEHHO
U M0 HaYaJIbHOMY YCJIOBUIO 1 ¢ ToMolbio paBeHcTBa (20). Torma cornacHo (22) cripaBeajivBa cieaylolias oleHKa:

U G, to)uo — Uy Ers to)uoll < Le™ &0y — 1) lugllp, -
CrnenoBaTeabHO, coryacHo (22),
llpe (10, E2, o) — D205 Eny o)l = U (B Ex, o (F0, E1, 1t0)) — eAEVETE G (20, 1, o)l
< MG |ide (10, €1, 10) — blto, Ex, o)l + L(E2 — &) Il (t0, 11, u0)llp,, 1 <
< MEELME(E) - Eo) M luollp,, + L& — &)™ C = lugllp,, 1 =
= LeMETRIE - 8™ + (&2 — &) luollp, - (23)
AHajorn4Ho, B cuiy (22), u ucnonnay4 (13), moayunm
lidpe (to, E3, o) — Delto, Ea, o)l = Uy (3, En, b (t0, Ea, t0)) — eAEE (g, B, o)l

< MG |idw (10, &2, 0) = bilto, Ea, o)l + L(Es — &) Il (10, Ea, o), 1.

C yuyeToMm o1uieHKH (23) aT0 maet

llp (10, E3, tt0) = Prlto, Es, o)l < €& [LPME2[(E) — E)™*! + (&5 — &N *“lluollp,, +

IN

IN

+L(Es — £)""lipw (t0, Ea, u0)llp., 1 < LM &) — B! + (B2 — BN + (&3 — &) “lluollp, -

[MpumeHsst MeTon MHAYKIIMY, TTOJTydaeM, YTo JIJIsS JIIOOBIX s € [fy, T'] ClipaBeuIMBa OLIeHKa

N
e (10, 5. 10) = Pelto, 5. uollzz < LT (& = Eeet) ™ )Nlutollp, -
k=1

3HAYNT, €CIIM MEJIKOCTB |t| pa30MeHMS T JOCTATOYHO MaJjia, TO JIJISI BCIKOTO IMPOIODKeHUS T pa30MeHMS T CIIpaBeUINBa
OLICHKa
2M(T- 2MT
sup |l (t0, 1, 10) = Prlto, 1, uo)lle < LM =T — to)nl|luollp,, < Le*™ (T — 10)lnlluollp-
telty,T]

Takum o6pa3oM, IPY CTPEMIIEHUM K HYJIIO MEJIKOCTU pa3OMeHUs TPOMEXYTKa [fy, 7] COOTBETCTBYIOIIAS MOCIEN0-
BaTeJIbHOCTh MHTErpajabHbIX KOMITO3ULIM (20) CXOAUTCS B CUJILHOM OMepaTOPHOI TOMOJOIMU PaBHOMEPHO T10 (%, 1) €
€ [0, T1x[0,T1N Ri k ipenery U(t, to)ug, (to,1) € [0, T1X[0, T1() Ri, He 3aBUCSIIEMY OT BbIOOpa MoCcaeA0BaTeIbHOCTH
pas6uenwuii. [pu atom [[U(t, 1)llpm) < €M~V t > 1y B cuy (21).

Ipu pukcupoBaHHOM pazdoueHnu t = {&, . .., Ey} oTpeska [ty, T'] oneparop-byHnkuus U, (1, 1), t € [fy, T], onpene-
JIeHHas KaK KoMno3ulus noayrpymni (20), yIoBieTBOpsieT UHTErPaIbHOMY PaBEHCTBY

t
U (f0, Dup = up + /AT(S)UK(IO, ugds, t € [to, T,
fo

rae

N
Ad9) =Dtz zoOAG- ), s € [0, T]. (24)
k=1
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I1pu 5TOM B cuiIy TIpeAIIONoXKeHUs 3 Ha TIOOOM ITPOMEXYTKE [E, E41] pa3dMeHMs T UMEET MECTO OlIcHKA
U (o, tisDuollp, < €7 UY (t0, tuollp,,
1, COTJIACHO TIPENTOIOXEHUIO 4 UMeeM

B —
U (o, 1 1)uollp,,, < €& U (to, trs1)uollp, -

Sk+1

CrnenoBaTeabHO,
UA™G, 10)ullp, < e llullp, ¥ u € D, ¥ u(lto, T1), ¥ 1 € [10, T]. (25)

M3 ycTaHOBJIEHHOI BbIIlIE CXOAMMOCTU MHTErpajbHbIX KOMIIO3MIIMI OINMEpaTOPHBIX CEMEUCTB C KYCOYHO-
MOCTOSTHHBIMU T€HEpPaTOPaMU CJIEAYET, UTO CYIIECTBYET HE 3aBUCSIINIA OT BEIOOpA PUMAHOBOI MOCIEN0BATEIbHOCTU
pasouenumit mpeaen U(., ty)ug. JlokaxeM, 4To ecinu ug € D, To npenes U(:, ty)ug sABasieTcs peiieHreM 3agauu Ko (14),
(15).

[1pu mo60M pa3dueHNN T KYCOUHO-TIOIYIPYIIoBas oreparopHo3HayHast QyHKIUs (20) 1o MOCTpOSHUIO SIBJISIET-
sl IByXIIapaMeTPUYECKUM 3BOJIIOLIMOHHBIM CEMENCTBOM OIepaTopos. B cuity paBHoMepHOCcTH cxonumocty Ul nipn
|t — 0 B CWJIBHOI omepaTopHOii Torosoruu npeaenbHas dbyHkuus U HenmpepblBHA B CUJIBHOM ONepaTopHO TOTOJIO-
TMU HA MHOXECTBE Ri U yIOBJIETBOPSIET BOJIOLMOHHBIM YCJIOBUSIM 1) 1 3) onpeneneHus S.

Ilycth uy € D m IIycTh T — pa3bueHne oTpeska [ty, 7] Toukamu &g, &y, ..., Ey. Torma mo omnpenereHUIO onepaTop-
dynkunu U (1, 1), t € [to, T], CTIpaBeUIMBO PaBEHCTBO

'
P<(t0, 1, u0) = uo + /Ar(s)q)r(lo, s,uo)ds, 1 € [to, T],
o
rae A, — cTyrneHyaTas reHepaTop-¢GyHKuus (24). 3HauuT, 1151 KaKA0To v € D CIIpaBeIJINBO PaBEHCTBO
t
(§<(t0, 1, up) — uo, v) = /(q)r(to,s, uo), A<(s)vds, t € 1, T1. (26)
fo

3aMeTHM, 4TO
lim sup [|[A:(s)v — A(s)|lg =0
[1=0 sefsy,7]
B CIJTY TIPEATIONIOKEHHUS 5 0 JummmmiieBoct pyHKImn A. TTosTomy nepexons K nipeneny npu |t| — 0 B paBeHCTBe (26)
noJiyyaem, uto ¢pyHkius U(t, s)ug sBsieTcst 000011IeHHBIM pellieHrueM 3aaauu Koiiim Ha mpoMexxyTke [tg, T']. [Tpu aTom
MOCKOJIbKY U151 KaX10To pa3dueHus t ornepaTopHo3HauHas pyHkuus UT ynioBIeTBOPSET OlLieHKe pocTa (25), TOo TOl Xe
OLICHKE YIOBJIETBOPSET U MpeAEIbHOE AByXIIapaMeTpruueckoe cemeinctBo U.
ITyctb Tenepb uy € H. Torma ecau mociaemoBaTeIbHOCTD {ugr} : N — D ymoBIETBOPSET YCIOBUIO klim [letor —
oo

—upllg = 0, To mocnenoBateabHOCTb {U(ty, -)upr} CXOOAUTCST paBHOMEPHO Ha [fp, T] K ¢dyHKumuu U(fy, -)ug MOCKOJIbKY

sup [[U(to, Dllpry < MT~"0). TIpu aTOM mpeesbHast GyHKIUS yAOBIETBOPSIET MHTETPAIbHOMY paBeHCTBY (16) u, ciie-
telty,T]
JIOBaTEIbHO, SIBJIIETCS] 000OIIEHHBIM peleHreM 3axadun Ko, eTMHCTBEHHOCTh KOTOPOro JoKa3aHa B iemme 3. Ta-

kM o6pasoM, U(r, s) = Ua(t, s), (1, 5) € R2.

4. BOSMYIIEHWA 5BOJOIMOHHBIX CEMEWVCTB
PaccMotpuM 3amauy Kot 11t BO3MYIIIEHHOTO YpaBHEHUS
“u(ty = AU + (0, 1€ (1,7, 27)

¢ HavyajabHbIM yciaoBueM (15). PemenueM 3agaun Koy HasbiBaeTcst GyHKLMS u(t, to, ug) € C([ty, T), H), KOoTOpas npu
KaxaoM v € D yIOBJETBOPSIET paBEHCTBY

(u(t, to, ug) — ug,v) = /(u(s, to, Up), A(s)v)ds + /(f(s), v)ds, t € [0,T). (28)

Io
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Ilyctp Lo (R, H) — 6aHAX0BO IPOCTPAHCTBO U3MePUMBIX 110 boxHepy oToOpaxeHuit mojayocu R, B riyibOEPTOBO
npoctpaHcTBO H = [,(E), HageaeHHoe HOpMOii L., (R, , H), T.e. monoJHeHue no HopMme L. (R, , H) mpocTpaHCTBa U3-
MEPUMBIX CTYIIEHYaTbIX OTOOpaxkeHuil R, — H.

Jlemma 4. [Iycmo gvinoanerst ycaosus npeonosoxcenuii 1—5. Ilycmo f € Lo (Ry, H). Ilycmbs ty € R, u uy € H. Toeda
0as 6cex t > ty 3adaua Kowu 0asa o3myujennoz2o ypasrenus (27) ¢ HauansHoim ycaoguem (15) cyuwecmayem, eOuHcmeerHo u
3adaemcs hopmynoil Hioamens

u(t) = Ualt, to)ug + /UA(I, $)f(s)ds. (29)

Hoxka3zateanctBo. [Toactasus (29) B (28) moMeHsieM MOPSIOK UHTETPUPOBABHUS B

/ / (Ua(s,D)/(E), A(s)v)dEds

o Ty

", YUUTBIBad, 4YTO

/(UA(S, 8 (), Als))ds = UA(1,E)f(E) - f(E) Y E € [10,1],
g

MOJyYuM, 4yTo pyHKIMA (29) ynoBaeTBOPSIET yCa0oBUIO (28).

HccnenyeM Bo3aMyllieHUs] ypaBHEHU 111 3BOTIOLIMOHHBIX CEMEICTB 100aBIeHUEM HeCTallMOHAPHOTO BO3MYILIEHUSI
ofHOMNapaMeTpUIYECKUM ceMeicTBOM V (¢), ¢ > 0, orpaHUYEHHBIX TUHEMHBIX OMePaTOPOB YMHOXKEHUS HA U3MEPUMYIO
dyuxiuio V(¢), t > 0.

Jlemma 5. ITycmb svinoanenst yeaosus npednonoxcenuii 1—5. Ilycmo eeugecmeennosnaunasn gyuxuyusa V€ C'(R,, Lo(E))
makoséa, ymo ||V(t)|lL.z) < (ICA@®)™! IIB(H))‘1 npu ecex t > 0 u onepamop V (s) ymHouceHus na pynxyuio V(s) y0oeremeo-
paem ycaosuto V(s)D C D npu ecex s > 0. Toeda cemeiicmeo onepamopos A(s) + V(s), s > 0, ydosremsopsem ycio8usm
npeanonoxceruil 1—5 u nopoxcdaem 36oaro0uuonnoe cemeiicmeo onepamopos U o v (1, s), (t,5) € Ri. IIpu smom 025 360110~
yuouHoeo cemeiicmea U p . umeem mecmo Kyco4Ho-noayepynnosas annpoxcumauus (18).

Jns nokaszaTeabCTBa JIEMMBI 5 1OCTATOUHO JIMIIb IMTPOBEPUTh, UTO CEMECTBO orepatopoB A(s) + V(s), s > 0, yno-
BJICTBOPSIET YCIIOBUSIM IIPEOIIOIOXEHUM 1—5 ¢ TeM Ke INIOTHBIM B H TWHEWHBIM IOAIIPOCTPAHCTBOM D, UTO M IUIS Ce-
MercTBa orepatopoB A(s) + V(s), s > 0.

PaccmoTpum 3agauy Koy 15t BO3MYILIEHHOTO YpaBHEHMUS

%u(l‘) = A®u@®) + V(Ou), t € (1, T), (30)

C HavyaJIbHBIM ycioBUeM (15).

Jlemma 6. ITycmo 0gyxnapamempuueckoe 360atouuorHoe cemeiicmeo onepamopos Ua(t, s), (t,s) € R% nopoxcdaemes
3adaueii Kowu (14), (15) ¢ cemeiicmeom onepamopos A(s), s > 0, yoosremeopsrowum ycaosusm npeonosoxcenuii 1—5.
Ilycmo V € Lo,(R,, Lo (E)) u V(s), s = 0, — cemeiicmeo onepamopos ymHoxceHus Ha Gyukuyuio V(s) € Lo(E), s = 0. Toeda
3adaua Kowu (30), (15) nopoxcdoaem osyxnapamempuueckoe 380a10uuonHoe cemeticmao onepamopos U a v (1, 5), (¢, 5) € Ri.

JlokazareabctBo. Pemnenue 3amaun (30), (15) Oyaem uckarb B Buzae (29), rae f — Heu3BecTHas (hyHKIIUS U3 MPO-
crpaHcTBa Lo (R, H).

Oyukums (29) siasiercs petenreM 3agaun Ko (30) Torma 1 ToabKo Toraa, Korma

f@®) = V@OUAA(L, to)ug + V(t) / Ua(t, s)f(s)ds, t € [ty,T]. (31)

Iy

t
3ametum, uto eciu f € Lo(R,, H), To Toraa f U@, 5)f(s)ds € C([t),T],H) n

o

||/UA(', $)f($)dslicnorim < (T = t0)e™ TN fllL wwo.r1.0)-
)
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t
3Hauurt, ¢pyHKLuUs V(1) f Ua(, s)f(s)ds, t € [ty, T], IpUHALIEXKUT IPOCTPAHCTBY Lo ([t9, T'], H) 1

fo

M(T—
||V(')/UA("S)f(s)ds”Lm([to,T],H) < (T = t0)e™ TNVl @, @l AL o100
1

0

B cuny yenosust V € Lo, (R, Lo (E)) n otierku |[U(2, 1o)||p) < €M) cymiectByet Takoe § > 0, He 3aBUCSILIEE OT uy ¥ OT
fp, 4TO HOpMa orepaTopa

1
Ks: f(r) » V(t)/UA(t, $)f(s)ds, t € [to, 1y + 8],
1o
B MMPOCTPAHCTBE L, ([1g, fp + 0], H) MeHbIe enuHuLibl. [ToaToMy ypaBHeHUe (31) MMeeT eTMHCTBEHHOE pelleHNe

f@0 = Q_KDHVOUAE to)uo), t € [to, 1o + ], (32)

Jj=0

Ha OTpe3Ke [fg, o + 0] U3 mpocTpaHCTBa Lo ([fy, fo + O], H). 3HauuT, 3amaya Kowwm (30), (15) umeeT enMHCTBEHHOE pellie-
HHe, 3aJaBaeMoe paBeHCTBOM (29) ¢ dyakumeit (32).

B Touke t) + O MoxeT ObITh CHOBa IocTaBieHa 3amadya Komwm mns ypaBHeHus (30) ¢ HayaabHBIM YCJIOBUEM
u(ty + 6), UMeroNIas eAIMHCTBEHHOE pellleHre Ha OTpe3Ke [fy + 0,7y + 28], u Tak gajnee. CiemoBaTenbHo, 3agavya Ko-
i (30), (15) uMeeT enMHCTBEHHOE pellieHUE U 3aaeT AByXITapaMeTPUUECKOe 3BOJIIOLIMOHHOE CEMECTBO OIepaTopoB
Uav(t,s), (t,) € Ré

5. DBOJIIOLIMOHHBIE CEMENCTBA U LIUWJIMHAPUYECKUE MEPHI

Otobpaxenne A, onpeieseHHOE B pasziene 2, MOXeT ObITh PaCLIMPeHo Ha MHOXecTBO M, (R2, B(H)) aByxmnapa-
Metpruueckux GyHkimii U(t, s), 0 < s <t < +00, CO 3HAUEHUSIMU B TPOCTpaHCTBE B(H) U yAOBIETBOPSIOLIUX YCIOBUIO
2 Be,M
U, 1) € Ay(H), t > 0. IToctpoum 6ueKLMIO MEXAY TPOcTpaHCTBOM M,,(RZ, B(H)) 1 MHOXECTBOM a(ﬂcyl ) MapKOB-
CKHUX HETIPEPHIBHBIX IT0 0a3¢ KOHEUYHO-aIIUTHBHBIX KOMIUIEKCHO3HAYHBIX MEP, 3aJaHHBIX Ha U3MEPUMOM IIPOCTPaH-
ctBe (ML (E), Acy) TPAEKTOPUIA B IPOCTPaHCTBE E:

A MR, B(H)) 4, — a(Acy), AlU]=py, ImA =d®M(Ag).

Kak u B hopmyiie (2), BcsikoMy AByXIapaMeTpUYeCcKOMY 3BOJIOIMOHHOMY ceMelcTByY U(Z, s), 0 < s < t < 400,
oToGpaxkeHue A COMOCTaB/AET LMIMHAPUYECKYIO Mepy WY TaKyio, 4To 1isl II06Oro LMIMHAPUYECKOTO MHOXeCTBa Cly,
obragaronero 6a3on, coaepXallei TOJIbKO MHOXKECTBA U3 KOJIbLA R, BBITIOTHSIETCS PABEHCTBO

wb(CE) = (s, Ultn, t-1)Ps, , ... P, Ult1, 10)%s,), (33)

neN, BieR, Vi=0,...,n.

His n = 0 ¥ IPOM3BOJILHOIO o > 0, mpuHUMas BO BHUMaHue, 4To Uy, o) € A, umeeT BuI U(fy, fo)(e) = fi,(x)(e),
rze f;, € Lo(E, R, ), C), monoxum

(x> Ulto, 1)) = [ fi, () dh(x), BeR,
B

My — f So(x)dMx), BeAR), B¢R,
E\B

nwu(Cy) = (34

riae koHcTauta My = WY (M(E)), Kak 1 paHee B pa3l. 2, MOXET ObITh BEIGpaHA TPOM3BOJILHO.

Takxke, Kak 1 B padote [8], moka3biBaeTcs, uTo ycjaoBus (33) u (34) ogHO3HAYHO OMPEAEASIOT UMINHAPUIECKYIO
mepy uY Ha anreGpe Acyl, a oTOOpaxeHue A : Mm(Ri, B(H)) — a(Acy) NHBEKTUBHO. Takxe yCTaHaBIUBAETCs, YTO
st moboro U € Mm(Ri, B(H)) Mepa [y HenpepbiBHA MO 0a3e U SBISETCS MapKOBCKOM.

Kak nokazaHno B [11], orobpaxkeHue A o6paTUMO U 00paTHOE 0TOOpaKeHue V BCSIKO MapKOBCKOI HETTPEPBIBHOM
o 6a3e LUJIMHAPUYECKOI Mepe | € a(ﬂgi’,M ) COIMOCTaBJISET IByXIIapaMeTPUIECKOe 3BOJIIOLMOHHOe ceMeiicTBo U,
ITOCPEACTBOM PAaBEHCTB

V11> 1o 2 0 (x,, (V(W)(t1. 10)x8,)n = WCpi ) ¥ Bo, By € R; (35)
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Vo 20 (%8, (V1081 = MUCp) ¥ Bo € R.

Teopema 5. Jsyxnapamempuueckoe cemeiicmeo U, (1o, 1), 0 < tg < t < +00, onepamopog yooenemeopsem 360A104UOHHO-
My ceoiicmey 3) onpedenerus 1
U(ta, 1)U(t1,10) = Uplto, ) V2 211 2 19 2 0

moeda u moavbkKo moeda, Koeda coomeemcmayouas YUAUHOpU1ecKas mepa | € a(ﬂg;’,M ) yOoeaemeopsiem YcA08uio CUAbHOU

Mapkogocmu.
Joka3zarenbcTBo. [lokaxeM, YTO eclii Mepa W € a(ﬂg;’,M ) SIBJISIETCSI CTPOTO MapKOBCKOIA, TO JJISI oTtepaTop-GhyHKIIMT

U, € Mm(Ré, B(H)) BBINOJIHSIETCS 3BOJIIOIIMOHHOE CBOIMCTBO 3). CortacHO paBeHCTBY (35) [is TIOObIX 1, > fy = 0 U

MOGBIX By, By € R umeeM (U, (12, f0)xs,. X5,) = W(C%)). Tlockonmeky Ci'% = C'y'% mpu Beex 11 € [fo, 1], TO

10,11,

(Uy(ta, t0)x3,» xBy) = WMCr £3,) ¥ 11 € [10, 12].
ITockonbky Mepa U SIBJISIETCS CTPOTO MApPKOBCKOW, TO U"”ZP U’O 4 U(g;’gjz pu 1oooM B, € Ag. CiaemoBareabHO,
I8 TIOOBIX By, By € R cnipaBeaivBa LIeNOYKa paBEHCTB

(U1, t0)Ut2, 11)%By» XBy) = (U{fg”szz,xBo) = W(CEE%) = (Uplta, 10)%8,- %Bo)-

OTKyJa CJeayeT BbIIOJHEHKE 3BOTIOLIMOHHOIO YCI0BUS 3).
JlokaxxeM, 4TO eciu p € a(ﬂg;’lM ) 1 dyskuua U, = V(u) yIOBJIETBOPSET YCJIOBUIO 3), TO Mepa (i ABJISAETCH CTPOTO
MapKoBcKo#. Tak kak Mepa (L MapKOBCKasl, TO BbITIOTHsIeTCs yeaoBue (9). CiaenoBaTenbHO, €CIU MPU HEKOTOPOM 1 € N

MHOXeCTBa By, ..., B,_| IexXaT B KOJIbIIE R, TO IJISI TIOOBIX t, > 1,1 > ... > fy > 0 BBIIIOJTHSICTCS PAaBEHCTBO

tUJls Jn ]»ln Tn—1,1, Th—2,In—1 11,0 To,1
Ul = Ul Py ULiPy . ULEP, UL,

n—1
CrenoBaTeabHO, paBeHCTBO (10) BBIMOJHEHO MPU YCJIOBUM, YTO BCE MHOXECTBA By, ..., B,_| JeXaT B KoJiblle R.
IIpenmoaoxuM, 9To IIpu HEKOTOpoM n € N Bce MHOXKeCTBA By, . . ., B,_| JIexXaT B KOJIBIIE R, 32 UCKITIOUYCHUEM OTHOTO
13 HUX, UMEIoILIEro Homep j € 1,...,n — 1. Torga i aToro Homepa j € 1, ..., n BHIIONHAETCH, 9T0 B; € Ar 1 B; ¢ R.
[otomy B} = E\B; € RuPp, =1 - Pp.. CiienosareinbHo,
J

105 seest jyeeerbn11, tivlsli tit
Ut = Ut Py, LU PR UYL UL P U

[N ST RS TR M AR o1l tiv1tj+2 ti-1:tj+1 j-2,lj-1 11,0 10,11
UM;BI’--~’B_/'—I»B/'+17 Bt T Ul:l nPB"*l e 'U“‘ Py U PB U : 'UH PBIUH .

j+1

IMockonbky pyHkuusa U, yIOBIETBOPAET YCIOBUIO 3BOJIOLIMOHHOCTH 3), BEDHO PABEHCTBO
UI; 1Lj+1 -U ;J,+1Ut, 1,1} — f,,fm(P + PBL)UI/ l;t/. (36)
3Hauwur, i1 106X B B, € R

10581 5eeesl jeestn—15In _ 1050l jruensln _ 1050l jruesln _
(Uib B8, X8, Bo) = WC) 5 g ) = WCp "5 p) =

foeees /ss

_ 10,05l jseensln 10,.. J,, wln 1001505l j= 15l j 1 eeostn=15In 105015005l jseesln—15In
= “(CBO ,,,,, E...B, )= “(CBU ) (Uu BirBj 1B}t ,.rBu 1 KB , Bo) — (Uu, BioBY,..B . By) =

tislsl tio1st tioosl;
(Utn ]stuPB Urrl J+2PB HUr 1 J+1P U J=2:1j-1 Utl,tzl:) U“’ XB, ,BO)_

n—1"*

Livlolj titi—
~(U Py, U PR U UL P, Uy By)

n—-1*°"

C ygeToM paBeHCTBa (36) MmoxydyaeM, 4To

tiv1,tj it
U P UL L ULE P, Uy, By),

n—-1*°"

10581 5eeesl joeeestn—1,1 Th-1,1,
Uy, 8.8, 1 XB,» Bo) = (U Pp

YTO B CMJIy TIPOU3BOJIBHOCTU By, B, € R 03HauaeT, uTo paBeHCTBO (10) BBIMOJHEHO MPU YCIOBUU, YTO BCE MHOXKE-
cTBa By, ..., B,_| 32 UICKJIIOYEHUEM, OBITh MOXKET, OHOIO JeXaT B KoJiblie R. C MoMoIblo MaTeMaTUYECKO MHAYKLIUN
HECJIOXKHO YCTAaHOBUTD, YTO PaBEeHCTBO (10) BRITIOIHSIETCS IPY MPOU3BOJIBHBIX By, ..., B, | € Ag.
JByxnapaMeTpu4IecKoe 3BOIOLMOHHOE ceMeiicTBo U (2, 1), 0 < o < t < +00, 3a1aET ONEPATOPHO3HAYHYIO (PYHK-
ouio FH() = U,(z,0), r > 0, Torga u TOJBKO TOrAa, KOraa COOTBETCTBYIOIIASA LIMJIMHIPUYIECKAs Mepa (L € a(ﬂg;;M )
YIOBJIETBOPSIET YCJIOBUIO CTallMOHApHOCTU. OnepaTopHo3HauHas ¢pyHKius F* sBisieTcs omHonmapaMeTpuyecKoi 1mo-

JIYTPYTITIOi OTIEPaTOPOB TOTJA U TOJIBKO TOTIA, KOTAa Mepa |L € a(ﬂg;}M’S ) SIBJIIETCSI CTPOTO MapKOBOCKOI.
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6. DBOJIIOLIMOHHBIE CEMENCTBA U KOHTUHYAJIbHBIE MUHTETPAJIbI

KoppekTtHast paspemmmocTs 3agaun Komm (14), (15) yctaHOBIeHA TIpU YCIOBUSIX TIPEATIONOXeHNI 1—5 Ha ce-
MEMCTBO ITepeMeHHBIX TeHepaTopoB. KoppekTHas pa3pellImMOCTh BO3MYIIIEHHOM 3a1aul YCTAHOBJICHA ITPH PA3TMIHBIX
MPEAIOJIOXKEHUSIX O BOZMYIIICHUSIX UICTOYHMKA f(-) 1 moTeHrana V (+). B cooTBeTCTBUM C TeOpeMoii 5 AByxXmapamMeTpu-
YyecKure BOIIOIIMOHHbBIE CeMeCTBa, MOPOXKAeHHbIE HEBO3MYIIeHHOH 3anaueii Ko (14), (15), onpeaensioT HecTalu-
OHApHYIO CTPOr0 MapKOBCKYIO HEMPEPHIBHYIO MO 0a3e LHUJIMHAPUYECKYIO MepY Ha IPOCTPAHCTBE TPAEKTOPUI CO 3HA-
YEHUSIMU B €BKJIUIOBOM MPOCTPAHCTBE. ISl TOTO YTOOBI OJTYIUTh MIPEACTABIEHNUE IBYXITApAMETPUUECKOTO IBOJTIOIIM -
OHHOTO CEMEMCTBA, MOPOXKICHHOTO Bo3MyIIeHHOM 3agadeit Ko (30), (15), ¢ moMOIIBI0 KOHTMHYaJIBHOTO MHTETpajia
OT 3aBMCSIIIIETO OT BO3MYIICHUS (DYHKIIMOHAJIA Ha TPACKTOPUSIX MO LMWIMHIPUIECKOMN Mepe, OMpeaesieMOil HEBO3MY-
IIEHHBIM 3BOJIIOLIIMOHHBIM CEMENCTBOM, HaM MOTPEOYeTCsS] HATOXKUTh JOCTATOYHO OIrPaHUYUTEIbHbIE MPEATONIO0KEHUS
OTHOCHUTEJIBHO OIlepaTop-(PYHKIINU, TPENCTABISIONIEH BO3MYIIIEHUE, a UMEHHO, YCIIOBUS, C(OPMYTUPOBAHHBIE B JIEM-
Me 5.

Jlemma 7. ITycms A — camoconpsicennbiii onepamop  npocmparncmee H, noayoepanuuennuiii ceepxy. Toeda das 1106020
t > 0 cywecmeyem camoconpsadicertulii onepamop ®, maxoii, ymo0 < O, <1, [@;,,A]=0u

e =T+ 1A®A. (37)

JHokazareabctso. [Tyctb E(L), A € R, — 0pTOroHaIbHOE pa3ioXeHUe eAMHUYHOTO OIIepaTopa, 3a4ato1lee CIIEKTPalb-
HOE Pa3IoXKeHME CAMOCOIPSLKEHHOro onepartopa A. Torna Ijis Kaxmoro BeKTopa u € H onpeeneda MOHOTOHHO BO3-
pacratomast ot Hysist 1o yncna |lull> yukums E,(A) = (E(Mu, u), . € R. Ipu atom D(A) = {u € H: [(1 + M)dE,(\) <

R

< +oo}, TIe MHTErpupoOBaHue BeaeTcsl B cMbicie Ctuntbecca, (Au, u) = f ME, (M),
R

(e®u,u) = / eMdE,(\)
R
115t Beex u € D(A). CornacHo Teopeme Jlarpanxka uist Kaxaoro ¢ > 0 cylllecTByeT HelpepbIiBHAS MOJOXUTEIbHAS U HE

npesocxonsiuas eauHuLy dyHkuus 6,(h), A € R, Takas, uto e — 1 = he®®? CnenosatenbHo, npu KaxaoMm ¢ > 0
omnpeaeaeH OrpaHMYCHHBIM HEOTPUILIATEIbHBINA CAaMOCOIIPSKEHHbIN onepaTtop ©; = f 0,(M)dE(\), He TIpeBOCXOASAIINI
R

eIMHUIHOTO OTlepaTopa, KOMMYTUPYIOIINH C OTIepaTopoM A U YIOBJIETBOPSIIONINiT paBeHCTBY (37).
Jlemma 8. Ilycmo A — oepanuuennbiii ceepxy onepamopom MI, M > 0, camoconpsisceHHblil onepamop 8 NPOCMpaHcmee
H u nycmo u € D(A). Toeda das aboeo € > 0 cywpecmgyem C. > 0 makoe, 4umo

e ~DAully < e+ |AC/Aully ¥ te(=1,1).

JokasateabcTBo. M3 ycnoBust u € D(A) cilefyeT, YTo sl KAXO0oro € > 0 CyIIECTBYeT Yucio re > 0 TaKoe, YTo
2
[ WdE,(\) < Se™*M. Torma ast kaxmoro 1 € (—1, 1) umeem

‘}\|>r€
(e — D Aul = / (e™ = 1)*NdE,(\) < / 4e*M)\2dE, (L) + / (€™ = 1)’N2dE,(\) <
R

[A[>re [N <re
Fe
<é+ / (e — 1)*N2dE,(\) < & + Pr2e” || Aull%.
2

Otcrona clieayeT yTBepKAeHUE JIeMMBbI TIpU Ce = ree'e.

W3 temM 6, 7 mosryyaeM ciaeacTBue

Cuenctue 1. [Tycts A — orpaHmyeHHBIN CBepxy onepaTopoM MI, M > 0, caMOCONPSKEHHBII OIIepaTop B IPO-
crpaHcTBe H u nycth u € D(A). Torna njs no6oro € > 0 cymectByeT Ce > 0 Takoe, 4TO

(e =T = tA)ully < ] + 2ClAully Yte(=1,1).

JokazareabcTBo. CoriacHO JjeMMe 7 ISt TI000T0 ¢ > 0 CYIIeCTBYeT CaMOCOIIPSIKEHHBIN oltepaTtop ©, TaKoit, 4To
0<0, <1, [0,,A] = 0 uBbmonHsaeTcs paBeHCTBO (37). CiaemoBareabHO, LI Kaxkaoro ¢ € (—1, 1) umeem

e =1 - tA)ully = ll(e"®* - DrAully < lI(e™ - DtAully.
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W3 nemMBl 8 mosryyaeM yTBepKIeHUE CIEICTBHUS.
Jlemma 9. ITycms K — komnakmuoe 6 6anaxoeom npocmpancmee D noomuoxcecmeo cemeticmea eekmopog {A(s)u, s €
€ [ty, T1}. Toeda das aoboeo € > 0 cywecmeyem Cg > 0 maxoe, 4mo

(€™ =T tA)ully < elt| + PCxllAully Yuek, ¥Yie(-1,1).

Jloka3areancTBo. [TycTbe > Oun € N. Toraa cyliecTByeT KOHeUHas €-CETh {vy, . . ., V,,} MHOXeCTBa K B IIpOCTPaHCTBE
D. s kaxnoro i € {1,...,m} B cuny cienctsus | cymectsyeT C; > 0 Takoe, 4ToO

(€™ =T —tAWilly < et + 2CiellAully V1€ (=1,1).
IMyctb teniepbu € K ui, € {1,...,m} : |lu—v;|lp < e Torma

e =TI = tA)(v;, = wlly <l = D;, — wllu + 1AV, — Wl < "7 + Dlv;, —ull +t sup [|A(s)(v;, — w)lly =
s€lty,T]

1
= (MT0) ¢ Dy, — ully + te®T|lv;, — ullp < —eeB(1 + MT),
n

PaccMoTpuM MHOXECTBO OTOOpaXXEHUI OTpe3Ka [y, 7] B IpOCTpaHCTBO D
{U st to)u, tg <t < T},7} (38)

MPU BCEBO3MOXHBIX pa3oueHusix t = {&y, ..., Ey} oTpe3Ka [t, T'].
Jlemma 10. Ilycmo evinoanernst npeonosoxcenus 1—5. Ilycmo pyuxuyus V(s), s > 0, ydoeremeopsem ycio8uam reMmbul 5.
Ilycmob u € D. Toeoa mHoxcecmeo
M ={U}Q v, to)u, tg <t < T,T1}

KOMnaKmHo 6 npocmparcmee D.

Jloka3areancTBo. Tak Kak oneparopHo3HayHasl ¢GyHKLIUS A + V B CUJTY IEMMBI 5 YIOBIETBOPSIET YCIOBUSAM Tpe-
MOJIOKEHUI 1—5, TO TS Hee CpaBeIIMBO YTBEPXKICHKE JIEMMBI 2 ¢ HEKOTOPOI KOHcTaHTOM My > 0. CiemoBaTesb-
HO, [UISl 1I000r0 pa3dueHus T OTpesKa [fy, T'] BekropHo3HauHas GyHKUMA Ul (2, fo)u YAOBIETBOPSET OLEHKE (25) ¢
KOHCTaHTO My BMecTO M. 3HaUMT, B CUJIy SKBUBAJIEHTHOCTU HOPM D U D,,, MHOXeCTBO (38) sIBJIsIeTCS. pABHOMEPHO
OrpaHMYCHHBIM 110 HOpME || - ||p. Kpome Toro, oHO sIBIIsIeTCSI paBHOCTETICHHO HeIpephIBHBIM. 00 Besikast (hyHKIIMS
U3 ceMelicTBa HempepbIBHA Ha OTpe3Ke [fy, 7] 1 Ha KaXIOM MPOMEXYTKe pa3oreHus GyHKIMS MpeacTaBiIseT co0oi
OpOUTY TONYTPYIIIBI C FEHEPATOPOM U3 ceMeiicTBa {A(s), s € [fy, T], 1 MOTOMY JOMycKaeT oleHKy (< eM'). [Toatomy
JIJISI BCSIKOTO pa3OMeHUsI T U JIIOOBIX 1, 1, € [tg, T], t, > t; cipaBeaiBa OlleHKa

(U v (12, t0) = Up v (1, toDullp = (U v (2, 1) = DU R (11, 00)ullp.

ITosToMy nist mo6oro € > 0 cyuiectByet yncio C. > 0 Takoe, 4To

MyT
(U v (12, 10) = U v (11, to)ullp < €+ Ce(ta — 1)U v (11, t0)ullp < €+ Cel(ta — )™ ||ullp.

CrnenoBaTelbHO, MO TeopeMe AckKoau—Apuena, ceMeicTBo oTobpaxeHuil (38) KOMMAKTHO B MPOCTPaHCTBE
C([ty, T], D), 1 IOTOMY MHOXECTBO 3HAUCHMIT OTOOpaKeHUI U3 ceMelicTBa (38) KOMIIAaKTHO B IIPOCTPAHCTBE D.

Jlemma 11. ITycmo evinoanenst ycaogus npednonoxcenuit 1-5. Ilycmo gpynxyus V(s), s > 0, ydosiremeopsiem ycaogusam
aemmot 5. Ilyems 0 < 1y < T < +o0. Toeda cywmecmeyem makoe a = a(ty, T) > 0, umo 045 4106020 u € D u 045 2106020 € > 0
cywecmeyem uucao A. > 0 makxoe, umo 0as awboeo pazouenus v = {Ey, &y, ...,Ey} ompeska [ty, T ¢ meakocmoio |1| < 1
umeem

I (U v (. 10) = Ulp v (1, 10)) ully < ae+ Adrl ¥ t € [1, T,
2de npu ecext € [ty, T
UR,V (1, 10) = B AEW) (=8 V Ei) o Ern—Er-D AErw-1) oGy =Sr-DV Ero-1) e(El—EO)A(EO)e(El—EO)V(EO),
k(t) = max{je(l,...,N}: §; <t}
Jloka3areancTBo. [1ycTh 4 € D. 17151 MpoU3BOJBHOIO ¢ € [y, T] UMeeM

k(1)
1—ENAE; i1—E; . i 1—EN(AE; .
1 (Ukiv(t.10) = U v (t10) lly = 1) U v (1. Ejup)[e & AEEm8VE — oG8 AEIVENTY 58 t0)ulls <
j=0
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< NZI ”UE,V(EN’EjH)[e(EMfE/)A(Ej)e(E,»rE;)V(E/) _ E(E_mfE_,-)(A(E_;HV(E,-))]UkJrB(Ej,to)u”H. (39)
j=0
CrenoBaTeabHO,
N-1
I (Uk+v(t’ t0) — R,V(t’ fo)) ully < Z eMv(T—Ejn)||[e(E/+1—E/)A(Ej)e(E/+1—E/)V(E/) _ e(E#l_E/)(A<E/)+V(E/))]UTA+B(Ej?tO)””H'
j=0

B cuny ycnoBuit Ha oniepaTopHo3HauHble GyHKUMU A (), V() cipaBeIMBbI OLIEHKHU
U vt 0)ullpacy < e Nlullpay) < e™ BNyl Vit e (1, T].

Bri6epem HekoTope € > 0. Toraa B culy KOMIIAKTHOCTU MHOXecTBa (38) B MpocTpaHCTBE D CyLIECTBYeT KOHEUHbI
Habop TOYeK 0 = {uy,...,uy} C D Takoii, yro ausa moodoro j € {0,...,N — 1} Haiinercda i; € {1,..., M} TaKkoe, 4TO
U, E)s to)u — uillp <€

B cuny temM 9 1 10, a TakKe ¢ yueToM NpeAnonaoXeHus 4 1y BbiopaHHoro € > 0 Haiinercst Ce > 0 Takoe, 4YTO IpU
KaxaoM j € {0,..., N — 1} cripaBeyinBbl HEPABEHCTBA

”[g(E_m*E_;)A(E/)e@m*E_;)V(E_;) _ e(EjH*Ej)(A(Ej)JFV(Ej))]uij”H <

< (e+ CtDIEjr1 — EHIAE) + VEN Uy Il < (€ + Celtltjar — t1e™ 5 luy 1.
3HauuT, pu KaxaoM j € {1,...,N — 1} cnpaBeaivBa olieHKa

||[e(Ej+l’Ej)A(Ej)e(EjH’Ej)v(gj) _ e(gmJéj)(A(E,;')JrV(Ej))]‘L]k_*_B(EJ,7 to)ully <

< ”[e(Em*E/)A(Ei)e(E/‘H*E/')V(E/) _ e(E_m*E_f)(A(E_f)JrV(E/))](UR+B(§j’ to)u — ’/lij)||H+

+||[e(§j+1—Ej)A(Ej)e(Ejn—Ej)V(Ej) _ e(EM—E;’)(A(Ej)+v(§j))]uij”H. (40)

B cuty teMMbl 7 moydum

||[E(EHI_Ef)A(Ej)e(EHI_E/')V(Ef) _ E(EH]_Ef)(A(E‘i)+V(Ef))](UTA+V(Ej’ fo)u — ui,-)”H <

< Gt = &) (e AEVEIETENAE) + VEN Uiy ot — i)l +
HePASET AN Uy oy € to)u = i)l + €9V IVENUY v € to)u = up)llir) < be''*ie

pu HeKOTOpoM b = b(My,V,T,u) > 0. CnegoBarenbHo, u3 (40) ciemyert, 4To s 10060ro € > 0 cymiectByeT B, > 0
TaxKoe, 4yTo npu Bcex j € 0,..., N — 1 nonydyum

[[[e®18AE Ein=8IVE _ &1 ENACHVEN T, | (&), to)ully < (be + Belt)(Ejsr — Epllullp.

[Moaromy, B cuny (39) nmeem

N-1

I (Ul vt 10) = Ul v (8. 10)) ully < Z(bf + Bel[tDIEj+1 — Ejlllullp < (be + BellIDIT - tolllullp
j=0

1, 3HAYNT, CIIPABEIJINBO YTBEPXKICHUE JIeMMBI 11.

JlemMma 11 mo3BosisieT MOJy4YUTh alllPOKCUMAIMIO BO3MYIIIEHHOTO 3BOJIOLIMOHHOTO CeMENCTBA MOCPENCTBOM UTE-
panuii HEBO3MYIIICHHOTO C SBOJIIOIIMOHHBIM CEMEICTBOM, ITOPOKICHHBIM BO3MYIIICHHEM. B cirydae He3aBUCSIINX OT
BpPEMEHU FeHepaTOPOB U BO3MYILIEHUI 3TOT pe3yIbraT coBIagacT ¢ opmynoit Tporrepa. UMeHHO IS IpUOIVKEHUS
TaKUMU UTEPALIMSIMU BO3MYILIEHHOI'O 3BOJIIOIIMOHHOTO CEMEMCTBA HaM IIOTPEOYIOTCS HanboJee XKeCTKIe OrpaHUYeHUS
Ha BO3MYILIEHUs, COOPMYJIMPOBaHHbBIE B JIEMMeE 5.

Teopema 6 (00ob6meHHasT popmyna Tpotrepa). [lycmo evinoanernst ycaosus npeonosoxcenuii 1—5. Ilycmo ¢ynxyus
V(s), s > 0, ydosremeopsem ycaosusm semmot 5. Toeda oas aro6oeo ty > 0, ar6oeo T € (ty, +o0] u das ar060e0 uy € H
umeem

lim sup U av (1, g — eAC-DEE ) VEDETE-) 5 o eA(Eo)(El—EO)eV(EO)(El—EU)MOHH =0, 41)
[o([s.tD1=0 1y <s<t<T
ede €, ..., &, — mouxu pasbuenus o([s,t]) ompeska [s,t] u |lo([s,])] = max{|&, — &l,...,1E — E,_1|} — meakocmv smoeo

pasbuenus.
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Jokazarenbetso. [TycTb u € D, Torna e™ Oy, ¢™V Oy e D g Bcex ¢t > 0, T > 0 1 MHOXeCTBO M,, KOMITAaKTHO B D B
cuty temMbl 10. Beioepem HekoTopoe € > 0. Pukcupyem Hekotopoe T > 0.

B cuny Teopembl 4 nByxnapaMmeTpruieckoe 3BoJIoIOoHHOE ceMelcTBO U v (2, s), (2, 5) € Ré, OIIPEAEIICHO U IS
J11060ro T > 0 BBIMIOJHEHO

lim sup [(Uasv(t,5) — Up v @ )ulla | =0,
[t([0.TDI=0 \ o<s<r<T

rae U7 .+, (¢, 5) — KYyCOUHO-TIOIYTPYIIIOBOE ABYXIIAPAMETPUYECKOE 3BOJIIOLIMOHHOE CEMEMCTBO, ONPENEJICHHOE ITO OTIe-
paTopHO3HaAYHOM (yHKIIMM A + V s Kaxnoro pazoueHusi t = 1([0, 7']) mo dopmyse (20). [ToaToMy cyliecTByeT Takoe
0 > 0, yTo IpU BceX T : |t| < & BBHIMOIHSIETCS OLICHKA

€
sup [[(Uasv(t,s) = Up vt )ully < vk
0<s<r<T

ITockonbky u € D, To B cuily 1eMMBI 11 cylecTByeT moctosiHHast A¢ > 0, Takasi, 4To JUIst T100bIX (¢, 5) : 0 < s <t < T
BBITIOJTHSIETCS HEPABEHCTBO

€
I(Uawv(s) = U v (& sHully < 7 TAdT

CrnenoBaTenabHO, HaiineTcst Takoe o € (0, 8), uTo /151 BceX pa30MEHMI T : |t| < 0 BBITIOJHSIETCS HEPaBEHCTBO

3e
sup [(Uav(t,s) = Uy vt )ully < —. (42)

0<s<t<T 4

Mycts Teneps u € H. Torna Haiinercs Takoe uy € D, 9o |lu — uglly < §e~"M*P moaromy

€ €
2 MU () —uolly < 2.

sup [[(Ua,v(t, $)(u—uolly < 3

0<s<t<T 8

DuUKCUPOBaB TAKOE Uy MOJYYUM, YTO Haimercs takoe o € (0,d), yTo I BcexX pa3OMeHUA T : |t| < O BBITOJTHSIETCS
HepaBeHCTBO (42). CrnenoBaTenbHO, HailneTcsl Takoe ¢ > 0, 4TO AJIsI IF0OOro pa3doueHus T : |t < o CHpaBedIMBO
HEPABEHCTBO

sup [(Uav(t,s) = Up v )ully <e
0<s<t<T

BrIpasuM 3HaueHue Mepbl (YA+V Ha TPOM3BOIBHOM LIMIMHAPUYECKOM MHOXeCTBE U3 Cyl ¢ 62301 13 MPUHAIJIEXA-
IIMX KOJbLY R MHOXECTB, uepe3 3HaueHue Mepbl (1UA Ha MHOXeCTBaxX anre6pbl Acyr. Tonoxum uwUacG = A(Up 0 G),
rae (Ua o G)(t,5) = Ua(t, 5)G(2, ), (t,5) € Ri u

I3

Ve )
G(t,s) = e , (t,5) e RZ.

DuKcupyeM IPOU3BOJIBHOE LIMIIMHIPHIECKOe MHOXECTBO Cl € Cyl ¢ 6a30ii, COCTOSIIIEH 13 MHOXECTB, TIPUHAIIIEKA-
mux konblty R. Torma cormacHo (33) umeem

A[UAN(CR) = uY2(Ch) = (48,» Ualn, t2-1)Ps,_, ... P, Ua(tr,10)x5,), n€N, (43)

waC(Cch) = (x5, Ua(tns t0-1)G(tns 1,-1)P, , ... Py Ua(t1, 10)G(t1, 10)xB, )» (44)
BieR, Vi=0,...n.

be3 orpanmdeHNsI OOITHOCT MOXHO CUMTaTh, 4TO fn = 0. @ukcupyem HeKoTtopoe T > 0 M pacCMOTPHUM (%, s) € Ri
Takue, 9to 0 < s < ¢ < 7. PaccMOTpUM LIMIMHAPUYECKUe MHOXecTBa C ¢ t € [0, T1.

ITyctb S (E) — MpPOCTPAHCTBO TMPOCTBIX U3MEPUMBIX OTHOCUTEJIBHO CUTMa-aJireopbl Ar KOMIUIEKCHO3HAYHBIX
(yHkuumii Ha mpocTpaHcTBe E, HagesneHHoe sup-HOpMOii. [TycTh Lo, (E) — MOMoNHEHNEe NPOCTPaHCTBA S o (E), SIBIISI-
folIeecsl MOAMPOCTPAHCTBOM OaHaxoBa MPOCTpaHCTBA Ly (E). CuMBoioM Lo (R,, L. (E)) 0003HAYUM MPOCTPAHCTBO,
SIBJISIIOLIEECS TTOMOJTHEHUEM TI0 SUp-HOPME MPOCTPAHCTBA S (R, S o (E)) MPOCTBIX UBMEPUMBIX OTOOPaKEHUI MOJTy-
ocu R, B 0aHaAX0BO MPOCTPAHCTBO Lo (E) (cM. [8]).

TToatomy u3 ycinoBust V € Lo, (R, Lo (E)) ClleoyeT, YTO CYILIECTBYIOT ITOCIEI0BaTEeIbHOCTD {T;} pa30MeHnit oTpe3Ka
[0, T] HaGOpOM TOUEK (s, 51, . . ., S§ } HA KOHEUHYIO COBOKYITHOCTb IM3BIOHKTHBIX IIPOMEXYTKOB {Al, ..., Al }, mocneno-
BATEJILHOCTD {71} pasbueHuii mpocTpaHcTBa E HAa KOHEUHYIO COBOKYITHOCTb IU3bIOHKTHBIX OJAMHOXECTB {B!, . . ., Bﬂwl}
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U3 0-aJredphl Ar U MOCAEA0BATEIbHOCTh HA0OPOB KOMITJIEKCHBIX UMCEIT O = {ocfc,m, kel,....K;,mel,... ., M}, €N,
TaKue, 4To
lim (IH1Vi(0) = VOllol.gory) = 0. (45)
e {Vi}: N - S (R,, Sew(E)) — mocaenoBaTeIbHOCTb MTPOCTHIX (GYHKIMI BUIa
K/ M]
I
Vis,X) = Y > oty (0, (), x € E.
k=1 m=1

CnenposatensHo, || [|V(t) = V(Ollgallr.qo,ry — 0 npu I — oo, 1 moTomy

lim sup [|G(,s)— G2, )llpw) =0 (46)

=00 4 5€[0,T]

t
npu Kaxnaom T > 0, toe Gy(t, s) = exp(f V,(B)dE), (t,s) € Ri npu Kaxaom [ € N,

Torma cormacHo (44) mj1sT IPOU3BOIBHOTO (DMKCHPOBAHHOTO MHOXKECTBA C'f3 € Cylnpu t c [0, T] umeer MecTo
cieayonias NoToYeyHas CXOAMMOCTb LIMJIMHAPUYECKUX MED:

A[Ua o GI(CY) = lim (A[Ua © G/1(CE)) . 47)
ITpu kaxxgom [ € N nonyyaem

A[Ua o GI(CE) = (x8,» Ua(tns t2-1)Gi(t, t-1)Ps, , ... P Ua(t1,10)Gi(t1, t0)xs,) =

= (s U s tar) eXp / VIE)E | Py, ... Ps Ut t0) exp / VIOE | 1) (48)

n—1

JItst GuKCUpPOBAaHHOTO MHOXECTBA C]g Ha oTpe3Ke BbIOpaH (PMKCHUPOBAHHBINM HAOOT ToueK t = {tg,t1,...,tn} C
[0, T]. ITpu xaxoom [ € N dyaKINSA V; € S (R, Se(E)) U3 YIOBIECTBOPSIOIIEH YCIOBUIO (45) MOCIe0BaTeIbHOCTH
{V,} nmeet BUL,

K M

Vi, X) = ) e (s, (), X € E, (49)
k=1 m=1

e {Af, ..., A%} — pasouenne otpeska [0, 7] Ha MPOMEXYTKH HAGOPOM TOUKAMHU (s, s}, . .., si }. [Ipnuem mpu Kax-

noMm [ € N MOXHO, Ip¥ HEOOXOAMMOCTH, TOTIONHUTEILHO Pa3ouTh MPOMEXYTKH Al .. .,Aﬂ(l TaKuM 00pa3oM, UTO

{to,t1,...,t,} C {sf),s’l,...,s’KI}. 3a cuer aToro ms Kaxmnoro k € {1,..., K;} onpeneneHo equHcTBeHHOE j(k) € 1,...,n

Takoe, 4To int(Ai) C [tjw-1, tjky)- 11 KAXIOTO IPOMEXYTKA [#_1, ;) U3 COOTBETCTBYIOLLETO (PMKCUPOBAHHOMY HabOpYy

BpPEMEHHbBIX MHAEKCOB t pazoueHus {1y, ty), ..., [t,-1, 1)} IPOMEXYTKA [y, t,,) C [0, T] TOJTIOKUM

Ki={ke(l,...,K}: Ay Cltie, 1)), j=1,...,n.

Torpa ny1st KaXkaoro MHTErpajja B moKa3aTessix 9KCIOHEHT B hopMyJe (48) ripu Beex j € {1, ..., n} uMeeM
t M,
1 I 1
/ VIE dE =D Vil IAL =Y Y o xe, (0 IALL x € E,
t keK, keK!, m=1
3HAYUT,

,
J MI

/ Viede= 5" al, Py AL,

tj-1

I m=
keK!, m=1

rne Pp — OPTOrOHAIBHBIN TPOEKTOP B MPOCTPAHCTBE H, NEHCTBYIOIIMIA KaK ONepaTop YMHOXEHUS HA UHAUKATOPHYIO
(yHKIIMIO U3MEpUMOro MHOXecTBa B € Ag. [loaToMy ¢ yueTom, 4TO PB; P =P BB, = Pp O m, IpU BCEX j €
{1,...,n} nMeem

I M, M,
exp | [ Vioaz | =exp [ 33" el P | =D oexp | 3 kel | Py
i m=1

| = I
ke, m 1 keK!,

=
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IMoatomy u3 (48) mosryyaeM

A[Ua o GI(C) = (x8,» UA(tns t2-1)Gi(tns t2-1)PB, , - .. P, Ua(t1,10)Gi(t1, to)xp,) =

M/ Ml
L0 [P, —
G, Ul ta-) | D exp | Y 1A, | Pry, | P, P Ualto) | Y exp [ D IAUah,, | Pa, | xs) =
m,=1 keK/, m=1 keK!

n

M M
= Z Z HeXp Z A, | (s, U, ta)Ps: 5, - Pg, s Ualtr, 10)Pg, 5 Y5,) =

my=1 m=1 j=1 keKi.
M M n
_ L1 Ua 1o, th-1, n
= Z o Z CXp Z Z 1Al | 0 (CBUmB§ ,,,,, B.1 (B, ,B,,) : (50)
m=l m=1 J=1 keK! 0 !

Teopema 7. ITycmo Ua : R: — B(H) — deyxnapamempuueckoe 360410UUOHHOE CEMELiCME0, YO08AeMBOPAIouee ycao-
gusm npednoaoxcenuti 1-5 u T € (0, +c0). Ilyems V € CY(R,, Loo(E)), IVO)llLoE < (IA®) sa) ™" npu ecext > 0 u
V(s)D C D npu écex s > 0. Toeda 0as arobvix u,v € H umeem mecmo caedyrowjasn gpopmyaa @etinmana—Kaya:

T
Ua(@oun = [ ep| [ Vivons | ueOemda@am, (s1)
M0, T], E) 0
2de npasas wacms (51) a6131emces cumeonom, 0603Ha4arOwUM npeden

T
lim | lim / exp Z / Vi(s, y()ds | u(v(O)v((THAAU A | | - (52)

n—oo | -

M(10.T1. E) iy
JokasareabcTBo. PaccmoTpuM 3HaueHus (yg,, Ua+v(T, 0)yz,) 4151 IPOU3BOJIBHBIX By, B € R — 3TOro0 OyzneT AocTa-

TOYHO, MOCKOJILKY IMPOCTPAHCTBO S (R) BCIOAY MJIOTHO B MIPOCTPAaHCTBE H.
PaccmoTtpuM dyHK1IMIO

F(1,5) = Ua(t, s)exp / V(E)E | = Ua(t, )Gy (t,s), (1,5) € R2.

CornacHo TeopeMe 6, eciu {t,} — pUMaHOBa IOCJIEI0BATEIbHOCTh pa3doueHuii orpe3ka [0, 7] Toukamu g = % Js
j=0,1,...,n, TOo IpH TI000M B € R mMMeeT MeCTO paBeHCTBO (41), T.e.
Uav(0)xs, = nlggo F(, E%"(;))F(E’;(”(t)’ EIII(,,(;)_]) . F(EL &z, = (53)

= lim Ua(1,Ek, ) Gv (1. B, () )UA G, - Ek, 01V GV Ek - Eky-1) - - - UaELLEDGV EL EDm,

roe K,(t) = max{j € {0, 1,...,n}: 3;;" < t}. CnegoBaTteTeNbHO, eciu {V;} — IToclieq0BaTeIbHOCTD ITPOCTHIX, T.€. UMEIOIINX
Bun (49), GyHKIINI anpoOKCUMUPYIOIIUX QYHKINIO V B cCMBICEe yCaoBus (45), To B cuiy (47), ipu KaxaoM n € N
crpaBeiJIMBO PABEHCTBO

UA @, Ex,))Gv (1, Ek, () UAE, ) Ek,()-1) GV Ek, ) Ek,-1) - - - UAEL E) GV (EL, Ep)xs, =
- zlfg Ua .8k, ) G, (1, Ek, ) U A Ek, > Ek, -V Gvi Ek, 0> Ek,(0-1) - - - UAEL, E)Gvi (BT Eo)sy -

IIpu xaxgom n € N nmojioxkum B, = B € R. Torna npu kaxaom n € N u3 (53) ¢ nomouipio (50) monygaem

(XB’ UA+V(ta O)XB()) = 1}]—>no]o |:11LIE}(XB”9 UA(t9 EnKn(z))le (lv 111(,,(1‘)) R UA(E”: Eg)le (gn, ES)XB()):| =

M M n
= lim [1m Y > exp> Y 1A, A (€ o e ) (54)
oo | =0 M BoNB; ...y Bm]ﬂB,-“_],Bn

my=1 mp=1 J=1 ke]K’,.
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IMockonbky nipu KaxxknoM [ € N dyHkums V; umeet Bun (49), To mpu J00bIX 1, [ € N hyHKIINS

g

n n

() = %8, (V(T))x5,(v(0)) exp Z / Vis,y(s)ds | . v € M([0,T], B),

J=1 =g
n

CTOsLLEE IO 3HAKOM Ipefena B (52) Ipu u = yp,, vV = ,, MOXKET IPUHUMATD JINIIb KOHEYHOE MHOXECTBO 3HaYeHU I
Ha nipocTpaHcTBe M([0, T1, E) 1 ABNIsAETCA CTyneH4YaToi (GyHKINEH, U3MEPUMO OTHOCUTENILHO aireOphl Acy. Creno-
BaTesibHO, QyHKLUS @ : M([0,T], E) — C unrerpupyema 1o mepe A(U o) u clipaBe1JIMBO paBEHCTBO

exp Z / Vis,v($)ds | %8, (v(0)xs, Y(D)dAUA)(Y) =
J= 1,7

M(0,1], E)

- Z Z eXP(Z Z |A1|akm )MUA < Bt(;\B’ ,: B,- 1%13’ t’:l> s

my=1 J=1 keK! -

YTO COBMANIAaeT C BhIpaxkeHHeM (54).
Takum 06pa3om, MOJIy4eHbI alMPOKCUMALIMUA JBYXITAPAMETPUUECKOTO 3BOJIOMOHHOTO ceMeicTBa U p v MHTE-
rpajaMu OT JIMHEHHbBIX KOMOMHALIMKM MHAUKATOPHBIX pyHKuMI 110 Mepe A(U,).
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Abstract. A bijective mapping of the space of operator-valued functions into the set of complex-valued finite
additive cylindrical measures on the space of trajectories is constructed and studied. The conditions under
which the Cauchy problem for the first order equation with a variable operator generates a two-parameter
evolutionary family of operators are found. A representation of the solution to the Cauchy problem with a
variable perturbed generator by means of a continuum integral of the perturbation-defined functional on the
trajectory space over a cylindrical pseudomeasure specified by an unperturbed two-parameter evolutionary
family of operators is obtained.

Keywords: evolutionary family of operators, one-parameter semigroup, finite-additive measure, Markov
process, Chernoff theorem, Feynman-Kac formula
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BEKLIMH U TIEPECTPOIKY €€ CTPYKTYPHI BBITTOJIHEHBI B [IEPEMEHHBIX 3aBUXPEHHOCTh-(PYHKIIMS TOKA, a pacyeT JTMHAMU -
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BBEAEHUE

Bwmecrte ¢ BpamieHreM 3eMJIN U BIUSHUEM Ha Hee BHEITHUX (DAKTOPOB MaHTHITHAsI KOHBEKIINS SIBJISIETCSI BEMyIIeit
COCTaBJISIOIICH TEPMOTPaBUTALIMOHHOTO MEXaHM3Ma TMHAMUKY reocdep, 9TO MOTICPKUBACT €€ 3HAUMMOCTD ITPH pac-
CMOTPEHMU BOIIPOCOB CTPOSHUS M TMHAMMYECKHX CBONCTB 000/104eK 3eMiin. CaMOCTOSATEIbHBIN MHTEPEC ITPEICTABIISI -
eT U3ydyeHue IMHaMUKY I'paHull reocdep, B 0COOEHHOCTU B 30HE HEMOCPEACTBEHHOIO KOHTAKTHOTO B3aMOJECTBUS
JIBYX pa3IMYHbIX MEXaHU3MOB ITEPEHOCA TeTlJIa; KOHBEKTUBHOTO B CPaBHUTEIBHO MAJIOBSI3KOU acTeHochepe Y KOHTYK-
THUBHOTO — B TBEPAOIi TUTOCDEpE.

B reonrHaMuke NpruHUMAaETCS OMpeaeeHrue CyoMyKIIMY KaK “Ipolecc MOrpyKeHNsI OKEaHUYeCcKOoi TuTochepHOit
IUTATHI/CII30a B MAHTHIO ITOJ KOHTUHEHT I OCTPOBHYIO IyTy” [1], TIie OCHOBHBIMU ABILKYIIMMHA MEXaHN3MaMHU THA-
MUKHU 3eMJIM BBICTYIAIOT: 3aKJII0UEHHbII B HEll 3aIac TeTIOBOM HEPIuH [2], pa3andue IIIOTHOCTEN MEXITY XOJIOIHOM
CyOnyLMpYIOLIEH TIIUTOM U oKpyXatolieit MaHThei. CorlacHO MOJIOKEHUSIM TEKTOHUKM JIMTOC(PEPHBIX TUTUT CIA300M
MMEHYETCSl BBIIENSEMbIl 10 JaHHBIM ceiicMoToMorpaduu (GpparMeHT OKeaHUYEeCKOU JTUTOCHEPHON TIUTHI MOIIIHO-
cthio 80—100 kM, morpyxaroiuiics (CyoaylpyeMbiiil) B MAHTHIO TTpU cyomyKiuu [3]. 3o0Ha CyOmMyKIIMU XOPOIIIO TTPO-
CJIeXMBaeTCsl Ha ceiicMoToMorpaduuecKux nIpo@uisx BIUIOTh A0 TPaHULIbI BEpXHEN 1 HikHeit MaHThu (670 kM) [4].

MaremaTr4ecKuii anmapar Ij1sI TOCTPOSHUS COBPEMEHHBIX MOe/Iel IMHAMUKI MAaHTHM OCHOBAH Ha ITOJIOXEHUSIX
MEXAHUKHU CILUTOLIHON CPeNbl, KOTOPBIE CAENYIOT KBA3UTUAPOANHAMUYECKUM YPABHEHUSIM B CTOKCOBCKOM MTPUOIMXKE-
HUM, ypaBHEHUSIM TeTJIoMaccoliepeHoca 1, B OOJIBIIMHCTBE clyyaeB, MpUHATHEM puonmkenus byccunecka (Ob). 3a-
MUCY YpaBHEHU MOJieJIeld pa3aessiioTCs CIIOCO00OM MpeacTaBIeHMS IoTrpyXKaroleics (CyoayliMpoBaHHO) IUIUTHI KaK
CaMOCTOSITEJIbHOTO T€OJMHAMUYECKOTro 00beKTa, MOCTAHOBKOW TPAaHUYHBIX YCIOBUIM U MPUHSITUEM HadaJbHBIX pac-
MpeAcIeHU IepeMEHHBIX.

H3BecTeH psin crioco0oB IpeacTaBieHuii cisba. Tak, B [5, 6] o0pa3oM ci1o0a BEICTYIAET TOHKAs YIIpyras IJIacTHHA
OTPUIIATETLHOM TIJIaBydeCcTH. TaKoi MMOIXO TOITYyCTAM TOJIBKO 71T HAYaIbHBIX CJIOEB BEPXHEI MAaHTUM, TIIE BBITIOTHSI -
1oTcs nostoxkeHnst Kupxrogda o coxpaHeHUM HOpMaieit K CpeIMHHON ITOBEPXHOCTH 1e(hOpPMUPYEMOI TTUTHL X COXpa-
HEHUM ee TOJIUHBI [7]. TeM He MeHee, pe3yJIbTaT CeCMUYECKOro 30HAMPOBAaHUS YKa3bIBaeT HAa CHIXKEHUE TOJIITUHBI
IUTATHI [4] ¥ HapyllIeHUM OCTaTbHbIX TToloxkeHuit Kupxroda.

[Tpu MonenupoBaHUU MO CJI200M OOBIYHO MPUHUMAETCST XOJOAHBIN MOTOK 0CO00M KBa3MXXKMIKOCTHU, TMHAMMUKA
KOTOPOIA CIelyeT TeM X€ YPaBHEHUSIM, UTO U MOJIeJIb MaHTUIHOU KoHBekumu [8—11]. Kpome Toro, He paccMatpuBa-
€TCs BTAll er0 HaYyaJIbHOTO ITOTPYKEeHHS B MAHTHIO.

Llenpro 3TO# pabOTH ABISETCA N3YICHUE IIEPECTPOMKU CTPYKTYPH MAHTUIHOM KOHBEKIINY, KOTOpast BEI3BaHa Cy0-
nykmmeir. B pabore c130 mpeacTaBiIsieT caMOCTOSTEIbHBIN MOIEIbHBIM O0BEKT, TMHAMUKA KOTOPOTO OIIPEIeIsIeTCs
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ypaBHeHUsIMM CTOKCA. YYUTHIBAIOTCS MOTEPU CII200M €T0 JIETKUX (PpaKLMii ¥ TTPOCOYMBIINXCS Cloa 00BEMOB MOP-
CKoi1 Boipl. PacueT nMuHAMUKM MaHTUAHON KOHBEKLUMU U MEPECTPOiiKa €€ CTPYKTYPhI BBHIMTOJHEHA B MEPEMEHHBIX
3aBUXPEHHOCTh-(YHKIIMS TOKA, a pacueT JMHAMUKH c150a- Ha OCHOBaHUM MeToja criaxkeHHbIx yactull (SPH).

1. MOAEJIb BEPXHEMAHTUMHOM KOHBEKIIUU

MaHTtuiiHass KOHBEKIIMS couyeTaeT KOHKYpEeHLIMIO MexXay nuddysueit Tera (TerionpoBOAHOCThIO), COMTPOTUBIIE-
HUIO JIBUXKEHUIO (BSI3KOCTHIO) M BHITATKUBAIOIMMU CUJIaMU (CITOCOOHOCTBIO K TEIJIOBOMY paciuupeHuto) [12]. Mo-
JIeJTbHBIM TIPUOIKEHEM BepXHE MaHTUM BBICTYIAeT HeCXKMMaeMast HhIOTOHOBCKasI KBa3KUIKOCTh. 3agada pac-
CMAaTpUBACTCSI B IByMEPHOI ITOCTAHOBKE B IEKAapPTOBOM CHUCTEMe KOOpAMHAT. BeencTBre BRICOKOI BSI3KOCT MaHTUU
KOHBEKTHBHbBIC TSUCHMS OIIpeAcIIsiioTes ypaBHeHUsIMU CToKca, 6e3pa3MepHast 3aIiCch KOTOPBIX B TEPMUHAX 3aBUXPEH-
HOCThb — (PYHKIIMS TOKa IpuHUMaeT Buj [13, 14]

AUE = 2 [laWyy = 21y Wy + Iy W] — Rap, =0, (1)
Vax + ¥y —E=0, @)

Ti + (W )y — (wiT), = AT, (3)

P+ (Wyp)x — (WiP)y = XpAp, (4)

rae 6e3pasMepHbIe epeMeHHbIe TPUHUMAIOT TAKOW CMBICIL: X, y — OCH J€KapTOBOM CUCTEMbI KoopauHaT (x = y = 0 Jie-
BBIA YTOJ1), OCh y HalpaBjieHa BHU3; t — Oe3pa3MepHoe BpeMsi; A = % + % — IByMepHBIi ontepatop Jlamnaca; u (7, y),
E(x,y,1), y(x,y,1), p(x,y, ) — IMHAMUYECKAs] BSI3KOCTb MAaHTWH, 3aBUXPEHHOCTb M (DYHKLIUSI TOKA MAHTUITHBIX TeYe-
HWIA, TUIOTHOCTh MaHTUW, U (X,y,1) = Yy, V (x,y,1) = =y, T (x,y, ) — naTepanbHasi U BEPTUKABHAS CKOPOCTH MaHTHIA-
HBIX TEYEHNH, pacIipeeIeHNE TEMITEPATYPhl B MAHTHN; Ra — 4MCIIeHHbIN mapaMeTp; y, — Ko3hduument nupdysnm
IUTOTHOCTHY TOPHBIX ITOPO.T; HIDKHME MHIEKCHI IIEPEMEHHBIX YKAa3bIBaIOT Ha COOTBETCTBYIOIINE OTHOMMEHHBIC YaCTHBIC
MPOU3BOIHBIE.
Ecnu nns npeacrasneHus p, UCHOJIb3YeTCs MpUbnmxkeHue byccuHecka, To

Ra = gF_)BT(Tmax - Tmin)Hz/}]U;

Br =3.75-1073 [1/°C] — k03(dULUEHT TMHEHHOrO paclIMpeHnsl BELECTBA BepxHeil MaHTuu. O6e3pasMepuBaHie
YpaBHEHUU BHITIOJTHSUIOCH CTAHAAPTHBEIM 00pa3oM (IITPUXOM OTMEUEHBI Oe3pa3MepHbIC TTIEPEMEHHEBIC):

Coy)=H-(xy), u=p-W, T=Tmx—Tuin) T, t=Hy't,
p=p-p. x=MpCp, U=H'y, (UV)=U-UVY,

rjie fi — MacIITaOHbIl MHOXUTENb BI3KOCTH, a U — XapaKTepHasi CKOPOCTb MAHTUIHBIX TeueHuit; H = 6.7 - 105 M —
IyOMHA BEpXHE MaHTUM, Xyax = 0.7 106 M — JlaTepayibHas MPOTSXKEHHOCTb 00J1aCTU BEIYMCAEHUMN; Tnin, Tinax — MPE-
JIeJIbHBIE 3HAYeHUS] MAHTUIHBIX TEMIIEPATYP; Y, — TEMIIEPaTyPOIIPOBOJHOCTh MAHTUU, A — TETUIONPOBOAHOCTD, a Cp —
yliebHas U306apuyeckas TeIUIOEMKOCTh; & = 9.8 M? - ¢! — yckopeHue cBoboaHoro nageHus. Jlanee B ypaBHEHUSIX
MOJIENIU LITPUXK omyckatoTcsl. [1py aTuX 3HaueHUsX mapamerpos Ra = 5.745 - 10°.

XapakTepHble 3HaY€HUSI IapaMeTPOB Cpeabl MOJEJIU MIPUHMUMAIOT 3HAYEHUSI:

H=67-10m, [i=10%Ta-c, %=288-107m* ¢!,

% =2-10°%m?/c, p=364-10kr-M>, TU=10"wm-c".

PacuetHast 06;1aCTh TIPEACTABISET ABYMEPHYIO MPSIMOYTOJBEHYIO 00JIaCTh IEKapTOBOI CUCTeMBI KoopauHar. [1pu-
HUMAaeTCsI OIVH M TOT K¢ XapaKTep TPaHNIHBIX YCIIOBUIA TSI TEMITEPATyPhI U IDIOTHOCTHU: OTCYTCTBHE ITOTOKOB TeIljIa U
BellleCTBa MAHTHUM Ha OOKOBBIX TpaHUIAX 00IACTH; HEHYJIEBBIC IIOTOKM HA TOPMU30HTAIBHBIX TPaHHUIIaX

Tx (0,)’, t) = T)c (xmax’ya [) = 0, Ty (X, 0, t) =d4m, Ty (X, 1’ t) =dqc,

(&)
px(oay’t):px(xmax’y7t):05 py(x707t): QM5 py(x, l’t): QC’

TIe g, qc> Om, Qc — TMOTOKM TeTla U BelllecTBa Ha BEPXHEN M HUKHEW rpaHuilax MaHTUu. [l ckopocTeit 3amaHbl
YCJIOBUYSI IIPWIUITAHYS HAa OOKOBBIX IPaHUIIAX

\V(O, Y, t) = ‘V(xmamyv n=0, WVn (0, Y, = Vn (xma)(syv nH =0, (6)

KYPHAJI BEIMUCIIMTEIbHOM MATEMATUKU U MATEMATUYECKOM ®U3UKU  Tom 65 Nel 2025



90 YETBIPBOLUKUH

Iae ¥, — IPOM3BOMHAS 0 HOPMaJIM K TpaHMIiaM obyactu. Ha yyacTke BepxHeil MaHTUHU, Ille OKeaHWJYecKas TIIATa
JIBUXKETCS K MECTY CBOETO MOTPYXKEHHUS Y HA BCEW HMXKHEH MTOAOLIBE MAHTUM IIPUHUMAETCS YCIOBUE ITPOCKAIb3bIBAHUS

v, 0.0)=y(x,1,n=0, Py(xCXy=0,1)/on*=0, (7)

rae X — y4acTOK BepXHeil TpaHULIbI 10 y4acTKa MOrpyKeHUs CyOnyKIIMU C130a.

JIng peleHus SIUNTUYECKUX ypaBHeHU (1) 1 (2) Mcnonb3yeTcs METO YCTAHOBJIEHMSI, CYIITHOCTb KOTOPOTO CO-
CTOWT B IPUMEHEHUY MICEBIOHECTALIMOHAPHOI TpaHC(hOpMalli ypaBHEHU N B MX Tapaboinyeckue npuoamxkeHus [ 15].
st yero BBoguTCs (DMKTUBHASI BpeMeHHasI TIPOM3BOIHAsSI, KOTOPasT BRITIOJHSET POJIb ITapaMeTpa KOHTPOJISI KBa3HHe-
CTallMOHAPHBIX UTEPAIIHiA.

2. MOAEJIb AMHAMMWKMU CJIIDBA

AHanus nipoduiieit ceiicMoroMmorpadum [4] mokas3bIBaeT CyIIECTBEHHOE ITPEBBIIIEHNE TTPOTSDKEHHOCTH ClI90a Hal
€ro TOJIIIMHOM, YTO JOITyCKaeT MPEACTaBICHUSI €r0 MOAEIbHOI0 00pa3a MoCpPeICTBOM T'MOKOrO TOHKOIO CTEPXXHS 1
JIOITYCTUMOCTD TIPUHSTHSI HE3aBUCUMOCTH MEXY JIaTePAIbHOM M BEPTUKAIBHOM CKOpOCTIMU cyomykumu. [TpuHuma-
€TCSl TaKKe TUIPOCTATUIHOCTh COCTOSTHMS c130a. [TorpyxkeHue ci30a MpONCXOIUT TpU ycaoBuu p* — p > 0 , Korga
MJIOTHOCTH CJIa0a p* MpeBbIIIaeT TUIOTHOCTh MAHTHUU. Torma Mojeb CyGIyKIIMU MOXHO OINPene/IuTh TAKUMU Oe3pa3-
MEPHBIMU YPaBHEHUSIMU:

(nu.), - Rasyp; =0, (®)

(), + Rasg(p” —p) =0, )

T; + uT"), + (W T")y = k- AT", (10)

P =p5[1 = Br(Thax = Toin) - T° = f&, )], (11

e n (T, y) — BA3KOCTb c136a (nmopsaka 102! —102 H-¢- M2 [16]); u (x, 1), v (y, 1), T* (x,y, 1), p* (x, y, £) — €TO JIaTepaibHas
U BepTUKaJIbHAsl CKOPOCTHU MOTPYKEHMU S, TEMIIepaTypa U MIIOTHOCTD Cl130a; y — 6e3pa3MepHas BepTUKaIbHast KOOPAU-
Hata; i = 1.6 - 107 M - ¢! — xapakTepHas CKOpOCTb CYOAYKLUU; K — KO3(DMULMEHT TEMIIEPaTypOIPOBOIHOCTHU ClI36a;
Rag = g(‘)% — IUIOTHOCTHOE 4uciIo Panes nist cinsba; py = 4.6 - 103 xr - M~ — MaciTab U3MEHEHNUs IIOTHOCTH Cl136a;
U YUCJIEHHOTO MOJETMPOBAHUS TPUHUMANCH CIIEAYIOLINE XapaKTepHbIE 3HaUeHUs mapameTpos: fij = 10% Ila - c,
k = 4.608-1073 M? - ¢!, Rag = 2.392 - 10%; f(z,y) — Ge3pasMepHast KOHLIEHTPALMS €ro JIErKOro BEIIeCTBa, KoTopas
BCJIEZICTBYE BCILTBITUS JIETKUX COCTABJISIONIMX BEILIECTBA CA30a XapaKTepu3yeT MPUPOCT ero MIOTHOCTH.

ITpu 3anucu (8)—(11) mpuHUMaeTcs MpUOIUKEHUE BellleCTBa C190a CMEChIO TSKEJIOU U JIETKOI KOMIIOHEHT, THA-
MMKa ITOCJIeTHUX 00YCIIOBICHA CIIeAyIomMnM. MopcKasl Boia IIpocaunBaeTCs B OKEaHMUECKYI0 JIMTochepy depes3 Tpe-
IIMHBI ¥ TIOPHI, TIIe BCTYIIAeT B PEaKIIMIO C MUHEpaIaMU B 3eMHOI KOPEe ¥ MAHTHUM C 00pa30BaHNEM BOTHBIX MIHEPAJIOB
(TakuX KaK CepIIeHTHH ), KOTOpble HAaKAIlIMBAIOT BOAY B CBOMX KPUCTAJUIMIECKUX CTPYKTYpax [17]. OO0beMBbI 3TOM BOIBI
U bJIoUIb ¢130a BXOIAT B COCTaB €ro JIETKUX KOMITOHEeHT. [1oaToMy pasinyHbie TpaHChopMaliy TaKMX MUHEPAJIoB (B
YacTHOCTU, (POPMUPOBAHUE 3a CUET BHDKMMAHMS BOIBI MX 00Jiee TUIOTHBIX YITAKOBOK) MOXHO MHTEPIIPETUPOBAThH KaK
YaCTUYHBIN (Da30BBIN IepeXo BellecTBa ¢130a. B manpHelIIeM JIOKaInu3alds 3TOro mpolecca yKe B caMoil MaHTUHU
TIPUBOAUT K aKKyMYJISIIIUS TAKUX (DITIOUIOB, YTO B TIOCTIEMYIONIEM MOXKET BbI3BAaTh CECMUYHOCTD U TUTABJIEHUE BHYTPHU
CyOmyluMpyeMoil TUTNTHI, a 1ajiee U B BbILIENEXKAIeM MAHTUITHOM KJTMHE.

[1ybuHHOE NOBBIIIIEHUE AaBICHUS U MIPUPOCT TEMIIEPATYPbI CPEAbl TPUBOIUT K BCILIBITUIO JIETKUX KOMITOHEHT CJI-
50a 1, KaK pe3yJbTaTy, POCTY KOHIIEHTPAalLlMU €ro TSLKEJI0N COCTaBIISIONIEH U MOCASAYIOIIEMY POCTY IIJIOTHOCTH CJ190a.
MexaHu3M 3TOro Mpolecca BUAUTCS B cienyroiieM. Ha BepXHUX CIOSIX MaHTUU, T1€ BEIIECTBO C130a MepeHachllle-
HO 00beMaMU IIPOCOYMBIICHCS CI0JAa MOPCKOM BOIBI (M, COOTBETCTBEHHO, JIETKMX KOMITOHEHT CJI30a), IIPOUCXOIUT
MacCOBO€ BCIUTBITHE W (DOPMHUPOBAHKE M30BITOYHBIX 00bEMOB BEICOKOTEMIIEPATYPHBIX M HACKHIIIICHHBIX Ta3aMH KOM-
IMOHEHT MOCJIEAYIOIIEro MarMaTuyecKoro ouara. Jlo MOMeHTa, KOraa IJIOTHOCTD C130a OKa3bIBaeTCS OJIM3KOM IJIOTHO-
CTU MaHTUM, €ro MOrpy>KeHUe CHUXKAETCSI Y MOXKET COBCEM MpeKpaTUThes. [IporcxoauT Tak Ha3piBaeMasi CTarHauusl,
MakcuMasbHas 3ahuKCUpoBaHHas IyOMHa KoTopoii He npeBbiaeT 700 kM [4]. ObaacTu cTarHAUM OTYETAMBO MIPO-
CJICXKMBAIOTCS TAK3KE TT0 TUITOLIEHTPaM [ITyOOKUX 3eMIIeTpsiceHIA. [lajiee 1o Mepe pocTa KOHLIEHTPAIIUH TSKEIOM KOM-
TTIOHEHTHI TPOUCXOIUT MTPOPHIB 30HBI CTATHAIIUY U TIOCJIEAYIOIIEEe 3aTeM MOTPYKEHNE OTAETbHBIX €T0 YacTei BIUIOTH 10
saapa 3emuu [18].

ITpocras 3anmuchk TaKOro MexaHu3Ma 37echb IIpecTaBjieHa B BUIE

f@,y)=ap@®)-y-exp[=bs(r) - y], (12)
rae ay (t), by (f) — HEKOTOPEIE HEOTPULIATENbHBIE PYHKINU. MaKkcHMallbHOE 3HAYEHNE 3TOM QYHKUIMU

max, f(z,y) = ys() - exp(—1)
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JgocTuraercs npu yr (t) = ay (¢) /by (), KOTOPOE 31€Ch JOMYCKAET MHTEPIPETALMIO KaK IIIyOMHbI HAXOOIBLIETO OTTOKA
JIETKUX KOMITOHEHT cJ120a.

Hnsa pemieHus ypaBHeHui (8)—(10) TpeOyeTcsl BbIUMCAEHNUE YaCTHBIX MTPOU3BOIHBIX B JOCTATOYHO TOHKOM KPUBO-
JHeliHo! obnactu (ee mupuHa §0—100 kM) pazMelieHus ciiaba, YTo OOYCIOBIMBAET MPUMEHEHNE aIEKBaTHBIX Oec-
CETOYHBIX METOHOB. B 3TOl cUTyallul YMECTHBIM BUAUTCSI IIPUMEHEHNE 0€CCEeTOYHOTrO JIArpaHKeBOrO METOIA CIJjla-
xkeHHbIx yactull (SPH) [19]. CyirHocTh MeTODa COCTOUT B MHTETPAIBHON MHTEPIOJISIINHT (DYHKIINI, KOTOPBIE TIPEI-
CTaBJieHbl KOHEYHBIM MHOXECTBOM IUCKPETHBIX YacThll. B pamkax SPH uHTepmnojsiiMOHHbBIE COOTHOIICHUS IS
BBIYMCJIEHUST HEKOTOpoil yHKIMK @ (r), ee TpanydeHTa U JjariacuaHa Jjisi p-id YacTMIIbI ¢ TeKYIIe KOOpAMHATOM
I}, ONPEAEIISIOTCS BBIPAXKEHUAMU

o(p)
m,
@ (r,) = Z ?ZQQW(lrp =14l h), (13)
q
o(p)
m,
VO (r,) =) p—qqcbqqurp —r,l,h), (14)
p
a(p)
20 (r) =" (@, - @,) [1 Wpg | 1 AWy (15)
7 Pa Xpg dXg  Ypg dq

IIe p, ¢ — NMOPSAKOBbIE HOMEpA YacTull, p,q = 1 + N (¢); N (f) — TeKylllee CyMMapHO€ KOJIMYECTBO YACTULL METOAA;
Q(p) — COBOKYITHOCTh YaCTHII, KOTOPbIE OKa3bIBAIOTCSI COCEAHUMU K p-ii yacThile (METOMMIECKHE BOTIPOCH! TTOCTPO-
CHUSL 3TOTO HaGopa paceMOTPEHBL B [20]); Xpy = Xp — Xgy Ypg = Vp — Vg U Wyy = W (1), — 1l h) — dyHKuMS sinpa, Ha
OCHOBaHMM KOTOPOI aHAJIMTUYECKM PACCUYMTBIBAIOTCS MIPOU3BOAHBIC B KBAIPaTHBIX CKOOKAX; & — paauyc CriiaxkKuBa-
nust. [pencrasienne namtacuana A® (r,) cienyer paore [21].

JIy1st MOMEHTa 7 + | KOOpIMHATHI YACTUIL OTIPENEIISIOTCS BRIPaKEHUSIMU

Xp(t+ D) =x,(O) +dt-up(t) m y,(t+1) =y, () +dt-vp(2), (16)

Il df — BpeMEHHOI L1ar MOZIENIY; u), (1), v, (f) — JlaTepaibHasl U BEPTUKAIbHASI CKOPOCTU YaCTULL, KOTOPbIE IIPU 3alaH-
HBIX HaYaJIbHBIX ¥ TPAaHUYHBIX YCIOBUSX orpenestorcss metonoM SPH u3 ypasaennmii (10) u (11).

3. YUCJIEHHBIN AJITOPUTM

BhIuncanTebHas cXeMa CTpOMIach Ha HepaBHOMEPHOI! 110 x 1 pABHOMEPHOIA 110 y PACUETHBIX CETKAX
wy={x;=xi1 +(hy);, i=1+N,, x0=0, xy =Xna/H},

wy={yj=yj1+h, j=1+Ny,, y=0, yn =1}

rae (hy);, hy — ITAHBI COOTBETCTBYIOLINX IATOB CETKU (/, = const) CETKU; Ny, N, — YHCIIO Y3JIOB BIOJIb KaXI0TO HAIIPaB-
JICHUS1; BIOJIb HAIIPABJICHUS X CETKA CTYILIAETCS B 00J1aCTY €€ LIEHTPAJIbHOM YaCTH; B pacuyeTax MPUHMUMAETCS MOCTOSIH -
HBI 11ar At 1o BpeMeHu. [lapamMeTpsl BHIYUMCIUTEIBLHOIO Mpoliecca ONMpeaeIsioTcs] 3HAaYeHUSIMU: TIPU TaKUX YUCIICH-
HBIX 3HAYCHMUSIX [TAPAMETPOB BbIMKUCIeHHUIT: N, = 100, Ny = 50, At = 107, At = 1076, Ax = 9.67 - 1072, Ay = 5.76 - 1072.

3pnech SBseTCS MapaMeTpoM uTepanuii peteHust ypapaenuit (1), (2), (8) u (9) meronom yctaHoBieHus. BpemeH-
HOI poMeXyToK H/ii cocTaBnsgeT 9.1324 - 107 net (it — xapaKTepHBI MacIITab CKOPOCTH TTOTPYXKeHU ci136a). Yncio
BpPeMeHHBIX ci1oeB N, = 2000 u BpeMeHHoii war At = 4.132 - 10* net.

Cetounble onepatopbl Ly, Ly, Ly, Ly, Ly, ONPENENAIOTCS BBIPAXEHUAMU

ﬁ+]j_ﬁ—lj 1 ﬁ+l]_ﬁ] f;]_ﬁ—lj
(Ly )i,‘ ==, (Lu )i,' = 7 . = - = =,
I (h)isy = (ho); D hi | (ho)ig (hy);
(Layf)ij = Lﬁ_l’j_l = Jirrjot = fierjer + firrjn ’
Zhy (hx)i + (hx)i+1
Fser = fofe 2t f
(Lyf)i,j = M’ (Lyyf)i,j — fj 1 J;] fj+1 ,
2h, 2

rmei=2+N,-1,j=1+N,n h; = [(hx),- + (hx)m} /2;i=1wni= N,, OTBEHAIOT ONPEAECITCHUIO TPAHUYHBIX YCIOBUN.
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BripaxkeHue njist 6e3pa3MepHOil BI3KOCTU BEPXHEW MAaHTUU U CJI30a 31eCh CIeayeT COOTHOIIEHUIO
w =exp(—arT + byy),

rae ar = —0.2 u by = 1.33, cm. [10].

IMockonbKy Kputepuii yeroitunsoctu Kypanta—®punpuxca—Jlesu (U/Ax* + V/Ay?)dt pellieHUs ypaBHEHUIL cucTe-
MBI 3[IECh CYIIIECTBEHHO MEHBbIIIEe 1, To st pemreHus ypaBHeHU (1)—(2) u (8)—(9) UCIIONBb3YIOTCS SIBHBIE pa3HOCTHBIC
CXEMBI.

PasHocTHas cxeMa JU1s1 ypaBHEHU MAHTUIMHOM KOHBEKILIUY TTPUHUMAET BUJL

ETM = €+ AT[(Lyy + Lyy)(E™);; — 2R} — RaL.(p™");;]. 1y
R = (LaxLyyy™")ij = 2(Lay ULy y™")ij + (Lyy L W™,

wit =gl A = B+ (L + Lyl Qy

Ti = T+ At = L(UT)}; = Ly(VT)}; + (Lyx + Ly) T} (3)

pit = ply + At = Lu(Up)}; = Ly(V)y + %p(Lux + Lyy)pf] (4y

U[vj+1,n — y\v;?jn’ ‘/,:Y;l’n — _wa?}n’
IJie BEpXHUM MHIEKC 1 yKa3bIBaeT TEKYIlIee BpeMs £, pacueTa; MHACKC s SIBJISIETCS TapaMeTPOM UTEPalIMOHHOTO ITOMCKa
pelIeHnil ypaBHEHUIT METOIOM YCTAHOBJIEHHUS, BBEIEHIE B pacueThl BpeMeHHOoro mara Az = 10™*A¢ BEI3BaHO MpobJIe-
MO CHHXpOHU3aLMM MAHTUIHO KOHBEKLIMU U CYOAYKLIMHY (pa3TUUyMeM MaclITabOB BpEMEHU MAHTUIMHON KOHBEKLIUY
H/U v cyonykuuu H/ii).

IpannynbIe 1 HavaabHBIE YCTI0BUS (5)—(7) 3aIMCHIBAIOTCS ITOMOOHBIM 00pa30M.

B xauecTBe (hyHKIIMU sapa 11 pacuyeTa TMHAMMKHU CYOIYKIIMU UCIIOIb30BaICS CIUIaiiH 3-if crereHu [19]

15
W (e =gl k) = { wtht
0, v — 1, > h.

(h=Ir—r,l)’, O<|r—r,l<h;

BolunciauTeabHble CXeMbl CTPOMIUCH HA OCHOBaHUM BbipaxkeHuit (13)—(15)

O(p) 5,
Ms+l,11 =" + dt Z my N Up — Uy dWPq o _ Ra(D)y (p*)s,n
p p - (pz)s,n Pq qu dxq S q\Mg/x ’

vs+1,n =" 4 dt % my n (MP — Uy dWPQ)S’n _ Ra(D)((p*)s,n —pi )
- w\8,n 1P S 5 ’
b b p (Pq) ‘ Ypg  dyg 1
o(p) s,n
m 1 dw,, 1 dw,, ’
Tstln _psn gy a5 [ T —T ( 4y ”)] ,
P p ; (p:;)s’n v ( r t]) Xba dxa Yba dya
. o(p) m Sn
«\sthn * * * *
(P3)"" =053 1=Br (T = Tonin) D DLWy — | =S (1) ¢
q q

IZ€ s — NapaMeTp UTEPALIMOHHOIO IIOMCKA PEIUEHNI YPaBHEHUI METOIOM YCTAHOBIEHUS; Npy = Mp + Mg U hpg = Ay + 1y,
A, — TEMIIEPATypONIPOBOJHOCTS C/130a; napaMeTpbl GYHKUUU f (t, yq) u3 (12) onpenensaiorcs 3HaYeHUAMM: by =y, 'n
ar = 0.2exp(1) - by; Q(p) — COBOKYITHOCTD YaCTULI, KOTOPBIE OKA3BIBAIOTCA COCETHUMU K YACTHUIIE C HOMEPOM p.

Anroput™ pacyeta Q(p) BBINIOTHSIETCS CleayolnM odpazom. Ha Kaxaoi ntepaliiv novcka peleHus ypaBHeHU
YACTULBI PAa3MEIIAIOTCS B STYEUKU BBIYMCIUTEIBHOM CXEMBI M JaJiee, €CIA YaCTULIA C HOMEPOM p mnonana B (i, j) AYEHKY,
TS HEE BBIYUCIISETCS CPENHEE PACCTOSAHUS MEXIY €€ KOOpAUHATAMU U KOOpAUHATAMU YaCTULL U3 g4eeK (i, j), (i £ 1,
j=1). KcocenHuM yactuiiaM Npu4IMCIsIOTCS T€ U3 HUX, KOTOPbIE OKa3bIBAIOTCSI Ha PACCTOSIHUM OT paccMaTpUBaeMoM
MEHbIIIE 9TOTO CPEIHETO.

BbluKMcIuTENBbHBIA aITOPUTM COCTOMT B ciieaytonieM. CHavaia B 001aCTU BbIYMCIEHUIA YCTAHABIMBAETCS PEXUM
MaHTUIHON KOHBEKIIMH, IIJIST YeTO TPU 3aJaHHbBIX HaYaJbHBIX U TPAHUIHBIX YCIOBUSIX (5) Ha PEeTYJISIpHON ceTKe Ha-
XoIsTCo penreHust ypasHeHui (1)—(4). @yHKILMs TOKa Ha TpaHULEe MAHTUSI-CI50 paBHa HYJIIO, a 3HaYEHHUE 3aBUXPEH -
HOCTH Ha TpaHuIax cienyer (6). Peurenue (8)—(11) BoIMmoHsAETCS MO TakKol cxeMe. [[1s1 y9acTKa MOCTYIIEHUS Cliaba
B MaHTHIO (s1yerika (x4, 1) BBIMUCIUTENBHOM CXxeMbl) (DOpMUpYyeTCsl BHIOOPKA YacTHIl ¢ (PUKCUPOBAHHBIM HAOOPOM Xa-
PaKTepUCTUK (CKOPOCTh, TeMITepaTypa, MJIOTHOCTh). YTOOBI M30eXaTh CKOILIEHUST YaCTULL HA 3TOM Y4yacTKe, CJIeIyIo-
mee ¢GopMUPOBaHUE TaKO BBIOOPKH IIPOMCXOIUT B MOMEHT, KOT/Ia 3TOT YJ4aCTOK CBOOOMIEH OT YACTHII ITPEAbITYIIEeH
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BBIOOpPKM. Jlasiee nMHAMMKA YacTHIL cieayeT ypaBHeEHUSIM (8)—(16). BosmeiicTBre MaHTHIHBIX TEYEHUI HA TMHAMM-
KY CyOmyKIIMU 3[eCh YIUTBIBACTCS CICAYIOIIMM 00pa3oM. B morpaHMUYHBIX I €190a sSYeiikax cpeibl pa3MellaroTcs
BBIOOPKM YaCTHUI] C OTHUM M TeM Xe HabOpOM CpeIHEro IS STISKY 3HaYeHEeM TUHAMWYECKUX IepeMeHHBIX. Koop-
MHATHI YACTUII OITPEAEIISTIOTCST CIyJIaifHBIM 00pa3oM.

4. BBIYNCIUTEJIbHBIE SKCITEPUMEHTDI

[Ipu perieHnu” 3ana4 MoIeTMPOBaHUS TEOAMHAMUKY BCTaeT pobiiemMa hopMUpPOBaHUSI HAYAIbHBIX pacipeesieHU i
MepeMeHHbBIX MoieJieli, KOTopas BbI3BaHa TPYIHOCTSIMMU MPOBEASHMST HaTypHbIX HabmtoaeHuit. [IpoBeneHne MHOroo0-
pPa3HBIX YUCJICHHBIX KCIEPUMEHTOB C MepedOpOM BapUaHTOB 3HAYEHUII MepeMEHHBIX BO MHOTUX CIy4aeB HE NaioT
TOJTHOY KapTUHBI pACCMaTPUBAEMBIX SIBJIeHUI. Ja 1 ykazaHWe TOYHBIX 3HAYEHUI MepeMEeHHBIX MaJlo 4To AatoT. bo-
Jiee TOTO, BHIOOPKA HAYaJIbHBIX pACIIPEeIEHUH yKe caMa N3HAYAIbHO TOJIKHA ObITh TeTEPOTEHHOM. 3/1eCh YMCIEHHBIC
3HAUYEHUS aTpUOYTOB YACTUI] OTIPENEIISIOTCS CIyYalHbIM 00pa30M Ha OCHOBAaHUY COOTBETCTBYIOIIMX TUATIA30HOB I1e-
peMeHHBbIX Moaenu (8)—(11): ckopocTs 5 + 8 cM/rox; Temmneparypa (1000 + 1500) °C; mwioTHOCTb (3500 + 3600) kr/M>;
KOHIIEHTpaLUs TSKEI0W KOMIIOHEHTHI pacCUUThIBasIach o ¢opmysie (11) moacTaHOBKOI B €€ JIEBYIO YacTh 3HAYEHUS
MJIOTHOCTU. DTH TUAIa30HbI ObUTM C(HOPMHUPOBAHBI HA OCHOBAHWU JIUTEPATYPHBIX UICTOYHUKOB [1, 16, 24—27].

7151 TpoBeIeHUS BEIUMCIUTENIbHBIX 9KCIIEPUMEHTOB TaKre HayalbHble pacipeneeHUs 11 TEMIIepaTypbl U IUIOT-
HOCTHU OINPEACISUIUCH COOTHOILIEHUSIM

7@
T(x,y,1) = ey £ - 1072 sin(7y) cos(mtx),
Tmax - Tmin
(L)
p(x,y,1) = % +E- 1072 sin(mty) cos(rx),

rae TP (x,y) u p (x,y) popmupoBatnch Ha 6a3e TUTEPATYPHLIX HCTOYHUKOB [22, 23]; € — paBHOMEPHO pacrpesie-
JnieHHas Ha uHtepBaje (0, 1) ciydyaiiHasg BeJlMuKrHa, MOTYyYeHHAs! TaTYUKOM CIIyYaHbBIX YUCEIT.

Pe3ynbratel MOAEIUPOBaHUS MAaHTUMHONM KOHBEKIIMM B 30He cyomykiuu mnocie 1000 u 1500 BpeMeHHBIX 111aroB
MpeAcTaBieHbl Ha (UL 1, rae KpymHble TOUKU XapaKTepU3y0T KOOPAUHATHI yYACTKOB C190a (AJ151 HATJISIAHOCTHY 3[ECh U
najee MaciuTad GpyHKLMM ToKa yBeaudeH B 10% pas). JI1s moHMMaHus ocoGeHHOCTel pacipeieleHUit OHU MpeCcTaB-
JIEHBI B HETIOCPEICTBEHHOM OKPECTHOCTH C130a.

AHa13 MOKa3bIBaeT MIABHBIN XapaKTep TeUEHU I, THTEHCUBHOCTb KOTOPBIX PACTET C TCUEHUEM BPEMEHU: CKOPOCTh
B IIEHTPE KOHBEKTUBHOM STUeW KU 17151 cirydast hur. 10 rmoutu B [Ba pasa Beilie ciaydas ¢ur. la. CorsacHo ycoBusiM 3a1a-
YU, HA TPAHUIIE O0JACTY BBITIOIHSIETCS YCIOBUE IPWIMTIAHUS U PABEHCTBO HYMIO (pyHKIIMM ToKa. [TockonbKy rpaHuiia
MeXIly MaHTHEH 1 CI200M SIBJISIETCSI HEMTPOTEKAeMOii, To Ha Hell (yHKIIMsI TOKa TakKe oOpalaeTcs B HyJib, UTO U MPU-
BOJMUT K TIJTaBHOMY OOTEeKaHUIO TIpoduiiein cisba.

[JanbHeiilee conocTapieHre CydaeB MOKa3bIBAET YIJIOTHEHUE pacTipeesieHn i 3HaueHU i (pyHKIuu Toka u ¢par-
MEHTalIMIO c130a, KOTopasi BbI3BaHAa HEPaBHOMEPHBIM paclipe/ieJIeHUeM ILTIOTHOCTHU BIIOJIb €TO JUIMHBI (OHa BO3pacTaeT
BCJIEZICTBYE BCILJIBITUS JIETKOW KOMITIOHEHTHI U YTSIKEJIEHUEM C POCTOM IITyOMHBI) U BO3AEHCTBMEM Ha CJI90 MAaHTUIMHBIX
TEYEHU.

[MorpyxeHue MIUTHl B MAaHTHUIO (CYOQYKIIMsI) BbI3bIBAET pa30MeHUe UCXOAHOU KOHBEKTUBHOW SlUEKU Ha ee JBe
cocrapisiiolie. B aToit cutyauuu ¢is0 peaabHO BbICTYIIA€T BEPTUKAIBHON “IIeperopoakoi”™.

3AKITIOYEHHE

B paGore paccMaTpuBaeTcsl KOMILIEKCHAsI MOJIE/Ib, COCTABISIOIIMMKY KOTOPOM BBICTYIAeT MOIEIb MAaHTUIHOMR
KOHBEKIIMM (YpaBHEHMS 3aBUXPEHHOCTU, QYHKIIMK TOKA M YPaBHEHUS TEIIOMAcCONepeHoca) U MPOCTPaHCTBEHHO-
BpeMeHHasl MOJeJIb TMHAMUKH cj130a (YpaBHEHUsI CKOPOCTeil, ypaBHEHMS TEIJIOMAcCOIlepeHoca, UIS pellleHnus 110~
CTaBJIeHHOI 3agayu BbInosHeHa agantauust metona SPH). [IpennaraeTcss Moaenb oTaeAeHUS U3 COCTaBa Cji30a ero
JIETKUX KOMIIOHEHT, 4TO IIPMBOAMT K POCTY IJIOTHOCTH C/150a U JOMYCKAET MHTEPIPETALIMIO KAK YACTUYHOTO (Da30BOro
Tepexoa ero BeIecTra.

Bo3znelicTBre MAaHTUIMHEBIX TeUSHUM HAa IUHAMUKY CYOIMYKIIMH 3Ie€Ch YUUTHIBACTCS JOMOJHEHUEM MOIEIBHOTO 00-
pa3a ci196a HabopaMy HEPa3TMYMMBbIMU MEXIY COOOM YaCTHUL M3 IMPUMBIKAIOIIMX C HUM B TEKYILIUI MOMEHT SiYeeK
MaHTHHU.

Bo3neiicTBre Ha ¢7130 MAaHTUITHEBIX TEYCHUI M HEPAaBHOMEPHOCTD pacIipeIe/IeHIS BAOJIb HETO INIOTHOCTH 00YCIIOB-
JIMBAET ero YaCTUYHYIO (PparMeHTaLIIIO
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Abstract. A model of upper mantle convection in the subduction zone of a cold lithospheric plate
(subduction) into the Earth’s upper strata is developed. The issues of constructing the initial distributions
of model variables are discussed. Computational schemes for solving the model equations are given.
Calculation of dynamics of mantle convection and reorganization of its structure are performed in the
vorticity-current function variables, and dynamics of the plate subduction is calculated on the basis of the
smoothed-particle hydrodynamics method (SPH). A series of computational experiments are performed.
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In the present paper, we propose a numerical method for modeling the downstream propagation of optimal disturbances
in compressible boundary layers over three-dimensional aerodynamic configurations. At each integration step, the
method projects the numerical solution of governing equations onto an invariant subspace of physically relevant
eigenmodes; and the numerical integration is performed along the lines of disturbance propagation. The propagation
of optimal disturbances is studied in a wide range of parameters for two configurations: a boundary layer over a swept
wing of finite span, and a boundary layer over a prolate spheroid. It is found that the dependence of the disturbance
energy amplification on the spanwise wavenumber has two local maxima. It is discussed how to combine the developed
method with the modern approaches, which are designed to predict the onset of laminar-turbulent transition using the
e -method.

Kmouesslie ciioBa: compressible boundary layers, spatial optimal disturbances, bypass transition, boundary layer over a
swept wing, boundary layer over a prolate spheroid, e”-method.
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1. INTRODUCTION

One of the possible scenarios of the laminar-turbulent transition is the so-called bypass scenario, which is
accompanied by the development of quasi-stationary disturbances dominated by the streamwise velocity component.
Such disturbances are called streaks or streaky structures. Usually, the bypass scenario takes place at a high degree of the
freestream turbulence.

The streaks develop from streamwise vortices due to the lift-up effect [1]—[3]. The lift-up effect is one of the main
physical mechanisms responsible for a disturbance energy growth at finite time (or space) intervals [4]. Mathematically,
this phenomenon is caused by the non-orthogonality of eigenmodes of the linearized system governing the small-
amplitude disturbance propagation [5]. For some specific disturbances, the transient energy growth might be of significant
magnitude. The disturbance achieving maximum energy amplification at finite time intervals is called an optimal
disturbance [6]—[9]. In particular, the optimal disturbances allow estimating various disturbance characteristics within
the bypass scenario [10].

Spatial, both stationary and traveling, optimal disturbances of incompressible laminar boundary layers were first
computed for the Blasius boundary layer [10, 11]. In these studies, it is taken into account that the main flow is non-
parallel, i.e. the boundary layer thickness increases downstream. The spatial optimal disturbances are found for the
Poiseuille flow in a circular pipe [12] and a plane channel [13], and for the boundary layer over a weakly concave sur-
face [14]. In addition, optimal disturbances are studied for viscous incompressible jets [ 15, 16]. For compressible boundary
layers, the spatial optimal disturbances were first computed in the work [17], with the local-parallel approximation
being applied. For all these main flows with the disturbance parameters ensuring that any individual eigenmode decays
downstream, it is shown that the maximum energy amplification is achieved by stationary vortices either periodic in
spanwise direction or periodic in azimuthal direction (for the circular-pipe flow). The downstream propagation of optimal
disturbances is studied both for the incompressible Falkner—Skan—Cooke boundary layer [18] and the compressible
boundary layer with local self-similarity [19]. In these studies, non-parallel boundary layers are considered as well, and a
variant of PSE method is used for describing the downstream propagation of disturbances. At parameter values ensuring
the main boundary-layer linear instability, it is shown that the energy growth of optimal disturbances might exceed the
growth predicted for modal instabilities by several orders of magnitude. In addition, the maximum energy amplification
is achieved by traveling disturbances.

1) The work is supported by Russian Science Foundation (Grant No. 22—11—00025).
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In the most studies mentioned above, the downstream propagation of small-amplitude disturbances is governed by
equations, where the streamwise viscous dissipation terms as well as the streamwise pressure gradient are regarded as
negligible. The equations thus obtained are parabolic, and the streamwise initial-value problem is well-posed for them.
There is another approach, which does not require neglecting these terms in original equations. Namely, for modeling the
downstream propagation of disturbances, one can project the numerical solution onto a subspace of physically relevant
eigenmodes. This idea [17] is developed [20—22] by the authors, who use the abbreviation OWNS (One-Way spatial
integration of the Navier—Stokes equations) for this class of numerical methods. In the present paper, we use an original
implementation of this approach, where the spectral projector [23] is computed at each integration step to exclude the
contribution of non-physical modes. The non-physical modes are defined as those propagating upstream and growing
downstream at large rates [24]. This method was tested for the downstream propagation of both Tollmien—Schlichting
waves and Goertler vortices in the non-parallel boundary layer over a slightly concave plate [24, 25].

In all the above-mentioned studies, the non-modal stability analysis is performed for canonical main flows, which
depend either on one or two spatial coordinates. The present paper aims at the development of an approach for the
non-modal stability analysis of compressible boundary layers over three-dimensional aerodynamic configurations. This
approach can be served as a basis for predicting the onset of the bypass laminar-turbulent transition in engineering
applications. In addition, the paper discusses how to integrate this approach into a modern technology of the transition
prediction by the e’ -method with the example of such a technology proposed in the work [26]. By the developed approach,
we compute the spatial optimal disturbances for two three-dimensional aecrodynamic configurations: a boundary layer over
a swept wing of finite span, and a boundary layer over a prolate spheroid. Such a computation is done for the first time.

Over the last ten years, the authors of the present paper have been developing LOTRAN [26, 27], a software package
designed for computing the position of the laminar-turbulent transition for three-dimensional aecrodynamic boundary
layers over flow-exposed bodies of small curvature. LOTRAN is widely used both for fundamental scientific research and
for engineering purposes [26,28—31]. The coupling structure of LOTRAN is presented in Fig. 1.

LOTRAN is designed to work together with any CFD-code that computes a laminar-turbulent flow over a given flow-
exposed body, using some turbulence model (e.g., k-w SST [32]) and a given intermittency distribution. To compute
the transition position, an iterative process starts. At each iteration, the laminar-turbulent flow is computed by CFD-
code, with zero intermittency being set for the assumed laminar domain (and slightly downstream) and unit intermittency
being set elsewhere. The obtained laminar-turbulent flow data, such as velocity components, pressure, temperature, and
intermittency, are taken as an input for the Main Flow module; this module interpolates the data from the CFD-code

LOTRAN \
Main Flow l@

A ‘ Boundary Layer @
—

‘ Stability Analysis <]
—— ey

Transition Analysis | @
Non-Modal Analysis <j ‘
, :

CFED code

SIajouwered

i

laminar-turbulent flow

Fig. 1. The coupling structure of LOTRAN, the software package used.
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grid to a tetrahedral grid. Next, the Boundary Layer module constructs 2D-slices along disturbance propagation lines in
the domain of interest on the body surface. The procedure for constructing the slices is described in detail in the work
[26]. Then, this module introduces curvilinear orthogonal coordinates along the slices, constructing a computational grid
within these coordinates and interpolating the flow data to that grid from the previous tetrahedral grid. Then, for each slice,
the Stability Analysis module computes the neutral stability curves as well as the growth rates of the most unstable local
modes being harmonic in time and spanwise coordinate. The downstream propagation of small-amplitude disturbances
is governed by the viscous compressible heat-and-mass-transfer equations linearized with respect to the main flow [27].
These equations are briefly described in Section 2 of the present paper. Then, along each slice, the Transition Analysis
module finds the transition onset by the e”-method and evaluates the transition length. These results are given to the
CFD-code to set a new intermittency distribution, and hence compute a new laminar-turbulent flow. Such an iterative
process stops when the transition position converges with an acceptable accuracy.

Section 3 describes a numerical method for computing the spatial optimal disturbances of three-dimensional boundary
layers. A new module, Non-Modal Analysis, implements this method within LOTRAN. The optimal disturbances are
computed along the same slices as for the modal analysis. To this end, we numerically solve streamwise initial-value
problems for the same small-amplitude disturbance propagation equations as within the modal analysis, while the original
method [24,25] is used for the numerical integration. As a result of the numerical integration with different initial values,
we find the matrix of fundamental solutions. This matrix allows computing the spatial optimal disturbances, using the
discrete analogue of the total energy density functional [17,33].

Each slice consists of a few surface normals with the main flow data. These normals are called main normals. The
distance between the adjacent main normals approximately equals the streamwise size of grid cells, which are used for the
main-flow computation. However, such a distance is usually not small enough to be chosen as the streamwise integration
step for modeling the downstream propagation of disturbances. Therefore, we introduce additional uniform grids between
the main normals assuming that the main flow does not change between the adjacent main normals. The matrix of
fundamental solutions between any two main normals is obtained by the multiplication of those between the adjacent main
normals. This allows us to naturally parallelize the algorithm as well as to reduce the computational cost of parametric
computations. Specifically, if all matrices of fundamental solutions between the adjacent main normals are found, then
the optimal disturbances might be found efficiently for given pair of generation and observation points.

Section 4 shows the results of numerical experiments with the proposed numerical method and the two above-
mentioned configurations. In the range of spanwise wavenumbers favorable for the development of crossflow vortices,
it is shown that the energy amplification has an additional local maximum with the spanwise wavenumber being small.
This phenomenon was previously observed in the laboratory experiments [34] for a swept wing, but was not confirmed
numerically. For a prolate spheroid, this effect has not previously been found either experimentally or numerically.
Section 5 summarizes the results of the present paper.

Throughout the present paper, ||.||, denotes the 2-norm for vectors and matrices, I denotes the identity matrix whose
order is clear from the context, and '+’ denotes the symbol of conjugate transposition.

2. GOVERNING EQUATIONS

In the Cartesian coordinates (xi, x»,x3), let us consider the non-dimensional governing equations of viscous
compressible media, which represent the conservation law of momentum, energy and mass, and the ideal gas law. Written
with the tensor summation convention, these equations are as follows

6u[ " Bu,- 1 ap + 1 60’,‘1'
iy ) =y ,
P\ar T, YM2dx; | Re 0x;
aT T u; vy 8 [ aT M2
o ) ==y DpT 2L+ —— T (2= ) + vy = =TI,
P ( at ”faxj> 0= PTG PrRe ax, (Kax,) = Dy 2.1)
dp  Ipu))
— 4+ =0,
6t axj
p=pT,
where
1 6u,- ou;
Ojj = 2“8,'.,‘ + kekkf_),-j, ejj = 5 <(9)Cj + 6xf> , II= 0ijeij.

Here u; are the velocity components, p is the density, p is the static pressure, T is the temperature, p and A are the first
and second viscosity coefficients, « is the thermal conductivity, and vy is the adiabatic index. The Prandtl number, Mach
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number and Reynolds number are defined as

Pr= Cpuref, M = Uret . Re= Uret LretPref ’ (22)
Kref VYRT ¢ Wref

where the specific gas constant is denoted by R, and the specific heat at constant pressure by c,. Here the subscript ref refers
to dimensional scales, with L.; and U,.r denoting referential length and velocity scales. We assume that both the dynamic
viscosity u = w(7T") and the heat conductivity k = «(7") in (2.1) depend only on temperature, with these dependencies being
given explicitly [27, 35]. For the second viscosity coefficient, the Stokes hypothesis A = —2u/3 is assumed.

Suppose the system (2.1) has a stationary solution with the velocity components ii;, temperature 7, density p, pressure
p,and the coefficients i = w(T), A = MT)and & = k(7). In the sequel, such a stationary solution is called the main flow. The
propagation of small-amplitude disturbances against the main flow is governed by the following linearized equations [27]

’ ’ =, 7. 4 00’
_(6141 _ ou] ,6u,>+ ,_ Ol 1 dp N 1 doy;

P E_'-uj[)ixj-’_ujﬁxj pujan:_'YMzax,' ﬁaxj’
_ 8T’+_6T’+,6T +,_6T
P\ar T ax; Mg, ) TP s,
_ou; Ot _0i; y 0 oT’ or M? 2.3)
=—(y-D(p|T2+T | +p T )+ — ke + &g T — | +y(y - )=—1T, :
o )(p( ox; 8xj> P (9xj) PrRe 0x; (Kaxj N Gx_,-) Yo )Re

o’ oou’. r=

P " pu; + op'u; _
ot ij 6)Cj
p=pT + T,

where - -

0;; = 2}1@;1- + 2!17'T’éij + (Ke,’ck + }\TT,ékk) 6ij7

L (o, o
eij - 2 6x]‘ 6x,- ’

I = (_T,'je;-j + 2|Ie;jéij + ZﬂTT/éijéij + (Xe;ké,-j + }_\'TT/ékkéij) 6,'j.

Here the disturbance velocities are denoted by u/, the disturbance temperature by 7", the disturbance density by p’, the
disturbance pressure by p’, and fr = df/dT(T).

Within LOTRAN, the modal stability analysis is performed for laminar boundary layers over surfaces of small
curvature. The disturbance propagation is studied along the boundary-layer slices (see Introduction), where the following
curvilinear orthogonal coordinates are used: y is the distance to the surface along the normal, x is the arc length from the
beginning of the slice to the base of this normal along the slice, and z is the spanwise coordinate. The main flow is assumed
to be computed by a CFD-code. As for the referential dimensional scales in (2.2), we use those of the freestream. The
dimensionless numbers (2.2) thus defined are denoted by Pr.,, M., and Re.,.

We assume that the main flow does not depend on z along the slice, and hence only disturbances of the form

Real{¢pe!Pm0}, (2.4)

are considered, where w is the angular frequency, 3 is the spanwise wavenumber, and 7 is the time. Here ¢ is the complex-
valued vector of disturbance amplitudes that consists of the streamwise, normal and spanwise velocities, the pressure, and
the temperature; and these amplitudes depend only on x and y. We also assume that the surface curvature is small, and the
normal velocity of the main flow is negligible. In addition, we apply the local-parallel approximation, i.e. the main-flow
components depend on x, but their derivatives on x are regarded as negligible.

Based on (2.3) but under the above-mentioned assumptions, one can derive [27] the equations governing the
propagation of disturbance amplitudes of the form (2.4). In the present paper, we use these equations, with the disturbance
amplitudes satisfying zero boundary conditions at y = 0 and y = co.

Optimal disturbances are computed along the boundary-layer slices, assuming that the disturbances are of the
form (2.4). The downstream propagation of the optimal disturbances is governed by the same equations [27] as for the
modal stability analysis.

3. NON-MODAL ANALYSIS

The governing equations, which are discussed in Section 2, are approximated in the normal direction y by a collocation
method. Then, the disturbance amplitudes become vector functions depending only on x; and we keep the same notation
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for the disturbance amplitudes both before and after the spatial approximation. After the approximation, the disturbance
amplitudes satisfy the system of ordinary differential equations [27]

d? d .

A—¢+B—¢+(1wC—D)¢=O. 3.1

dx? dx
Here A, B, C and D are square x-dependent matrices of order 5n,, where n, is the number of the interior grid nodes in
the normal direction. It is worth noting that A is a diagonal matrix whose last n, diagonal entries are zero, and C is a
nearly-diagonal matrix. Let us introduce four additional variables that represent the derivatives with respect to x of the
disturbance velocity components and temperature. Then, equation (3.1) might be rewritten as the system of first-order
ordinary differential equations

d
MWL =, (32)
X
where M(x) is an x-dependent matrix of order 9n,, and q = q(x) is a 9n,-component vector function.

Optimal disturbances largely depend on a functional, which is used for the optimization [36]. In the studies [17,19,33]
of optimal disturbances of compressible boundary layers, the functional

+00

&= /p (ll + PP + [wl*) +

0

T 2 P 2
—|T|"d 33
R Loy Ve 3)

of total disturbance energy density is used, where u is the streamwise velocity amplitude, v is the normal velocity amplitude,
w is the spanwise velocity amplitude, p is the density amplitude, and T is the temperature amplitude. Note that both
the main-flow density p and the main-flow temperature T depend both on y and x, in general. Within LOTRAN, the
disturbance pressure p appears in the governing equations instead of the disturbance density p. Using the relation

p=pT +Tp (3.4)

that comes from the ideal gas law, the discrete analogue of (3.3) might be rewritten as q*Eq, where E = E(x) is an
x-dependent Hermitian matrix of rank 5n,,.

3. 1. Downstream integration

Each slice consists of a few main normals with the main flow data. We introduce additional uniform grids between
the main normals with the same number of interior grid nodes n,; and it is assumed that the main flow does not change
between the adjacent main normals. The streamwise coordinates of the main normal bases are denoted by x; < x, < ...,
the subgrid step by /; = (xj+1 — x;)/(n, + 1), and the subgrid nodes by x;x = x; + (k — 1)h;.

Consider the streamwise initial-value problem for the system (3.2) with the initial node x;, the final node x;,;, and
the initial condition q(x;) = q;. At x;, we compute the system matrix M; = M(x;) and use it at each integration step. The
initial-value problem allows for non-physical solutions growing downstream at large rates and propagating upstream [17].
To exclude such solutions, we use standard numerical schemes combined with the spectral projection such as that for
viscous incompressible flows [24,25]. We project the numerical solution onto an invariant subspace of M; corresponding
to the physically relevant subset A ; of its spectrum.

The subset A; consists of all eigenvalues A satisfying the inequality Real (1/A) < 0.8 |B], where B is the spanwise
wavenumber [26]. This estimation is based on considering the asymptotic behavior of the branches of continuous spectrum
of the problem [17]. It can be shown analytically that for the part of continuous spectrum in the right half-plane
(corresponding to the upstream traveling disturbances) Imag(1/A) > |B|. The coefficient 0.8 is introduced just to be on the
safe side to guarantee that no upstream traveling mode is present in A ;. Note that in the cases under consideration linear
instability occurs only at quite large values of |B|. Meanwhile, as our tests showed, the leading discrete mode always has
Real (1/1) < 0.8 |B|. Outside of the linear instability region the inequality can be changed to Real (1/1) < 0. Numerical
experiments show that the physically relevant eigenvalues thus defined are well separated from the non-physical ones [24].

The spectral projectors at each j are computed using the Schur decomposition [37] of M ;. The spectral projector thus
computed appears as P; = X;Y; [23], where X is a rectangular matrix whose columns form the orthonormal basis in the
invariant subspace of M; corresponding to the subset A j, and Y is a rectangular matrix ensuring the following identities

XY M; = X,8,Y; = MX;Y;, YX;=1

being valid, where S; = XM X; is the restriction of M; to the invariant subspace.
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At the first integration step we use the implicit Euler method modified as follows

q qjl

a1 =Y;q, S~ " =q;2,
j

where q; is the solution at the j-th main normal. At other integration steps, we use the BDF-2 scheme modified as follows

3 —4Qjp-1 + Ajr—2 .
g 24 J k2 e
J 2h; U

After the last step done, we put ;.1 = Pj+1X @42

To compute the matrix of fundamental solutions ®; between normals j and j + 1, we take the columns of the identity
matrix as the initial condition q;. Then, the columns of @; are the vectors q;,,+», with the matrix ®; satisfying the equality
q;+1 = P 1X;®;Y ;q; for any initial condition q;. Thus, one can represent the numerical solution of the streamwise initial-
value problem between the j,-th and j,-th main normals as

qj, =P;,Xj-1Qj,-1Y,-1...X;,®;,Y;q;, =X, F;.;, Y,

where

Fjg»]o YJnXIn—l(DJ -1 ng+1ng (ng'

3.2. Computation of optimal disturbances

We say that the optimal disturbance is a disturbance being generated at x = x;, and achieving the maximum energy
amplification at x = x;,. In the sequel, x;, is called the generation point, and x;, is called the observation point. In
addition, we suppose that the optimal disturbance belongs to an invariant subspace of physically relevant eigenmodes of
a given dimension m. This invariant subspace is constructed in two steps. First, we select the subset A, of the spectrum
of M, as described above. Next, among the eigenvalues of A; , we select m ones having the largest values of Real (1/)\)
and use the obtained set instead of A , keeping the same notation. Since the rank of the matrix E(x) is equal to 5ny, then
m should not exceed 5n,. For numerical experiments, we choose m = 2n,, since for a fixed number of grid nodes n,, the
maximum disturbance energy amplification converges with further increase in m.

The optimal disturbance is computed by solving the problem that consist in maximizing the energy amplification of
disturbances from the subspace associated with A :

max 4,5 Ye Ejq;, 3.5)
qjg P/gqu#)q/Engjg

where E; = E(x;).
By L; denote the lower triangular matrix that forms the factorization E; = LjL;. Let L;X; = Q;R; be the QR-

decomposition [37] with the unitary rectangular matrix Q; and the upper triangular matrix R;. Let §; = Y;q; and
!.l,j = quj' Then

* ~ -1 2
GE,q, IL,q,l5 L, X;q;5  IR;Fj Rl

* - 2 = ~ P 2
q,Eiqj, Ll 1L X405 lIw;, 113

Therefore the solution of the problem (3.5) is reduced to computing the largest singular value of the matrix

R;,F;.. joR and the corresponding normahzed right singular vector pf)p‘ The optimal disturbance in physical variables
is then computed by the formula qjg = X; R“u(]’pt, and its downstream propagation is governed by the formula

q" = X;F;, ;Y. q} for j > j,. At the same time, the value

8(xj,x;,) = (@) E;q)" = Inf™|3

is the total energy density of the optimal disturbance at a point x = x;. For the point x; , the maximum N-factor among
disturbances generated at x;, is thus equal to

1
E In 8‘,-(x.,-g, Xj“).

Ninax (xjg > xj,,) =
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4. RESULTS

This section discusses results of the computation of optimal disturbances for two configurations illustrated in Fig. 2 in
the global Cartesian coordinates (X, Y, Z):

A) the windward surface of swept wing at an angle of attack of —5°. The wing has the modified NACA 67 1-215
laminarized airfoil with a chord length (normal to the leading edge) of 0.7 m, and 45° sweep angle. The freestream
parameters are as follows: the velocity U, = 27 m/s, the density p,, = 1.18 kg/m?, and the kinematic viscosity
Ve = 1.57 X 107 m?/s. Such parameter values correspond to the Reynolds number Re,, = 1.72 x 10° and the Mach
number M,, = 0.08. This configuration corresponds to experiments [38, 39] on the laminar-turbulent transition in
boundary layers over the swept wing SW-45 at various angles of attack. Data on the considered laminar boundary layer
are computed [26,40,41] by ANSYS Fluent in a digital analogue of the test section of the T-324 wind tunnel of ITAM
SB RAS.

B) prolate spheroid at an angle of attack of +10°. The spheroid has a length of 2.4 m, and an aspect ratioof 6 : 1 : 1.
The freestream parameters are as follows: the velocity U,, = 45 m/s, the density p., = 1.23 kg/m?, and the kinematic
viscosity v, = 1.50 x 107> m?/s. Such parameter values correspond to the Reynolds number Re,, = 7.20 x 10° and the
Mach number M, = 0.13. This configuration corresponds to experiments [42, 43] on the laminar-turbulent transition
in boundary layers over bodies of revolution. Data on the considered laminar boundary layer are computed [26] using
ANSYS Fluent.

The boundary layer stability is analyzed along the slices shown in Fig. 2. Profiles of the streamwise and spanwise
velocity components of the main flow near the surface along these slices are shown in the local orthogonal coordinates in
Fig. 3. The zero of the streamwise local coordinate x coincides with the beginning of the slice. The spanwise velocity is large
enough (up to 7% of the streamwise velocity) for the development of vortices of the crossflow instability [44]. In the present
paper, the stability of the boundary layers is studied at zero angular frequency and the values of the spanwise wavenumber
typical to the development of stationary crossflow vortices. In all numerical experiments, we fix the disturbance generation
point x;, = 0 as the beginning of the slice, with the observation point x;, > 0 being varied.

In the (x;j,, B)-plane, Fig. 4 shows the level lines of the maximum N-factors, Nmax(0, x;,), of the optimal disturbances
for both configurations, as well as the points at which a growth of stationary crossflow vortices is observed. It is seen that
for both configurations, the regions of modal and non-modal instability have a significant overlap. At the same time, at
relatively small values of 3 and sufficiently large values of x;, , only the non-modal instability is observed, although it is
characterized by relatively small maximum N-factors. This is further illustrated in Fig. 5, which shows the dependence
of the maximum N-factors on —f for a fixed x;,. It is seen that, in addition to the global maximum in the spanwise
wavenumber, the dependence has a local maximum associated with the optimal disturbance that has a small spanwise

0.2 ;

~ 0 |

_0.2 | | | | |
-1.5 —1 —0.5 0 0.5 1 1.5
X

Fig. 2. The windward surface of the swept wing (top), the side surface of the prolate spheroid (bottom), and the slices along which the
boundary layer stability is studied. The slices are formed by external normals (black) to the flow-exposed surface (gray) along the line
of disturbance propagation, with the projection of that line onto the surface being shown in red.
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Fig. 3. Streamwise (first column) and spanwise (second column) velocity of the main flow near the surface along the slice on the swept
wing (top) and the prolate spheroid (bottom). Line colors correspond to values of the streamwise coordinate x.
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Fig. 4. Level lines of the maximum N-factors, Niu (0, x;,), of the optimal disturbances in the boundary layer along the slice on the swept
wing (top) and the prolate spheroid (bottom) in the (x;,, f)-plane. The white points denote the values x;, and 3 at which the stationary
crossflow vortices grow. The right column shows the results at small 3.
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Fig. 5. Dependence of the maximum N-factors, Ny (0, x;,), of the optimal disturbances on —f3 for a fixed observation point, x;,, in the
boundary layer along the slice on the swept wing (left) and the prolate spheroid (right).
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Fig. 6. Dependence on x of the total energy density amplification, &;(x;,, x;,), of the optimal disturbances corresponding to various
observation points: x;, = 0.09 (red), x;, = 0.30 (green), and x;, = 0.54 (blue) for the swept wing (left) at § = —1500; and x;, = 0.26
(red), x;, = 0.38 (green), x;, = 0.49 (blue) for the prolate spheroid (right) at § = —=3000.

wavenumber and does not contain modes growing downstream. For the boundary layer over the swept wing, the obtained
result is in qualitative agreement with the experimental observation [34], while for that over the prolate spheroid this
effect is discovered for the first time. Note that this effect suggests the possibility of bypass transition for the considered
configurations.

Fig. 6 shows the dependence of the total energy density amplification of optimal disturbances on x computed for
various observation points. Fig. 7 shows the absolute values of the disturbance velocity components. It is seen that
at spanwise wavenumbers specific to the development of stationary crossflow vortices, the optimal disturbance weakly
depends on the observation point. In addition, as it is seen from Fig. 8, the shape of the developed optimal disturbance is
close to that of the leading local mode.
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Fig. 7. The absolute values of the velocity components of optimal disturbances corresponding to various observation points: x;, = 0.09
(red), x;, = 0.30 (green), and x;, = 0.54 (blue) for the swept wing (top) at § = —1500; and x;, = 0.26 (red), x;, = 0.38 (green), x;, = 0.49

(blue) for the prolate spheroid (bottom) at § = —3000.
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Fig. 8. The absolute values of the velocity components of the developed optimal disturbance (solid) and the leading local mode (dashed)
corresponding to various observation points: x;, = 0.09 (red), x;, = 0.30 (green), and x;, = 0.54 (blue) for the swept wing (top) at
= —1500; and x;, = 0.26 (red), x;, = 0.38 (green), and x;, = 0.49 (blue) for the prolate spheroid (bottom) at = —3000.
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5. CONCLUSION

Using an original numerical method, we compute for the first time the downstream propagation of optimal
disturbances for two three-dimensional acrodynamic configurations: a boundary layer over a finite-span swept wing, and a
boundary layer over a prolate spheroid. The basis of this method is the projection of the solution to an initial-value problem,
which governs the propagation of the disturbances, onto an invariant subspace of physically significant eigenmodes at each
step of numerical integration along the selected lines of disturbance propagation.

In this work, the stability of the boundary layers was studied at zero angular frequency. It is shown that there are two
maxima of the disturbance energy amplification in spanwise wavenumbers. One of them corresponds to the development
of stationary vortices of the crossflow instability, and the other one, at lower values of the spanwise wavenumber,
corresponds to the non-modal instability, previously observed in experiments on a swept wing.

Additionally, the presented examples show that the proposed method can serve as a basis for an engineering approach
to the non-modal spatial stability analysis of various boundary layers. In particular, the proposed method is prospective
for predicting the bypass laminar-turbulent transition within the framework of existing engineering approaches based on
the modal stability analysis by the e"-method.
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Abstract. In this work, a numerical method for modeling the downstream propagation of optimal
disturbances in compressible boundary layers over three-dimensional aerodynamic is proposed. At each
integration step, the method projects the numerical solution of governing equations onto an invariant
subspace of physically relevant eigenmodes, and the numerical integration is performed along the lines of
disturbance propagation. The propagation of optimal disturbances is studied in a wide range of parameters
for two configurations, viz a boundary layer over a swept wing of finite span and a boundary layer over a
prolate spheroid. The dependence of the disturbance energy amplification on the spanwise wavenumber is
found to have two local maximums. It is discussed how to combine the developed method with the modern
approaches, which are designed to predict the onset of laminar—turbulent transition using the e¥-method.

Keywords: compressible boundary layers, spatial optimal disturbances, bypass transition, boundary layer
over a swept wing, boundary layer over a prolate spheroid, ¢"-method
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PaccmarpuBaeTcs 3agada o TeYCHUM UIeaTbHOM JKUIKOCTH BIOJIb IVIOCKOI TOBEPXHOCTY IIPY HAJTMIMU Ha HEil HeTo-
TIBVDKHOTO 3€PHUCTOTO CJI0SI B (hopMe TTOJTyOECKOHEUHOM CTYNEHBK KOHEYHOM TONIIMHBI, COCTOSIIIIEH 13 OeCKOHEY -
HOTO YMCJIa OMMHAKOBBIX C(heprUeCKUX TPaHyJl, CTATUCTUIECKU PaBHOMEPHO pacIipele/ieHHbIX B cjioe. 3a1aJya pe-
11aeTcsT Ha OCHOBE MCITOJIb30BaHMsI paHee pa3paboTaHHOTO METOIa CAMOCOTIACOBAHHOTO ITOJISI, TTO3BOJISTIOIETO U3Y-
yaTb 3(pPeKTbl TMAPOIMHAMUYECKOTO B3aMMOCHCTBUSI 00JIBIIOrO Yncia cpepuyecKrX YaCTUILL B TOTOKAX UAcaTIbHONU
KUIKOCTH, B TOM YHMCIIE TIPY HAJTMYUY BHEITHUX TPAHMII, U ITOJIy4aTh yCpeTHEHHbIE AMHAMUYECKUE XapaKTePUCTUKI
TaKMX IIOTOKOB. B mepBoM mpubkeHUK 0 OObEMHOI J0J1€ TpaHy/I B CJI0e MojlydeHa aHAIMTUYeCcKast (DYHKIIMS,
OIUCBIBAOIIAST YCPEIHEHHOE T0JIe CKOPOCTEM XUAKOCTH KaK BHYTPHU, TaK ¥ BHE 3TOro cj1os1. bubi. 26. dur. 6.

KioueBble ciioBa: TUAPOANHAMUHNYECCKOC B3aMMOJICHCTBUE, HEMOABUXKHBIN 3CpHV[CTI)II7I CJION, uaeaabHas XUIKOCTb,
NOTCHUHAJIbHOC TCYEHUE, METOA CaMOCOIJIaCOBAHHOI'O IT10JIA.

DOI: 10.31857/50044466925010102, EDN: CCKYNX

BBEAEHME

OmHoli 13 KJII0YEBBIX 3aa4 OIMMCAaHUS JMHAMUKU AUCIIEPCHBIX CPell ¢ MOBHIIIICHHON KOHIIEHTpaIuel AucIepc-
HoW ¢a3sl sBisieTcst yueT 3¢ (HeKToB KOJIIEKTUBHOTO TUAPOAMHAMUYECKOTO B3aUMOIEUCTBHS OOJIBIIOTO KOJIMYECTBA
JTHUCTIEPCHBIX YaCTUII BO BHEITHEM ITOTOKE HECYIIeH CIUTONTHOM cpelbl. TeopeTHuecKoe UCCIIeHOBaHNE 3TOM ITPOOIeMEI
TIPENCTaBIISIET COOO0I Ype3BBIYATHO CIOXHYIO 3a/1a4y, TTOCKOJIBKY, IO CYyTH, OHA MPEACTaBIsIeT cO00 pa3HOBUIHOCTh
M3BECTHOI (PyHIAMEHTAIBHOM MPOOIEeMbI «MHOTUX TEJI», KOTOpas O CUX IOp He UMEEeT TOYHOTO PEIIeHUs HU B OI-
HoW 00J1acTy HayKu. B CBsI3M ¢ 3TUM pellieHre Moa00HbIX 3aa4 J0JIroe BpeMsl 0a3upoBaloCh Ha MOCTPOCHUU pa3iny-
HBIX IPUOIMKEHHBIX (DEHOMEHOJOTMUECKMX MOJIeJIel, TepBOi M3 KOTOPHIX ObLiIa TaK Ha3bIBacMas MOJAEb eMIMHUIHOM
siueiiku [ 1, 2]. Ha ee ocHOBe ObLIM MOJTyY€HBI TTepBbIe MPUOJMKEHHBIE pe3yJIbTaThl 110 AMHAMUKeE AUCcTepCHBIX cpen [3].
B manmbHeieM MHOTHE U3 3TUX PE3YIBTaTOB OBLIM YTOYHEHBI HAa OCHOBE (DM3MUECKH 00JIee CTPOTHUX TECOPETHUECKHIX MO-
JeJieit, HeIoCpeACTBCHHO YINTHIBAIOIINX TMAPOAMHAMINICCKOE B3aMMOAeiCTBHE NUCIIepCHBIX yacThll [4—7]. [To3mHee
OBLI pa3paboTaH PSI IPYTUX MOIXOMOB K PEIICHMIO 3a1a4 TMHAMUKH JUCIIEPCHBIX cpel [8, 9]. OmHaKo B paMKax TaKUX
MOIXOMIOB OJHOM M3 OCHOBHBIX ITPOOJIEM SIBJISIETCS TAKKe MPAaBUIbHBINA yIeT MeXX(ha3HOTO B3aUMOACHCTBUS.

B mocienHee BpeMsI IMPOKOE pacIIpoCcTpaHeHNE TTOIYIIM METOOBI NCCIICAOBAHMST JMHAMUKA JUCIIEPCHBIX Cpell,
OCHOBaHHbBIC Ha Pa3IMYHBIX DEHOMEHOJOTMUECKMX MOIEIISIX MexK(a3HOTO B3aUMOIEUCTBHS C TTOCICIYIOIIUM YUCIICH-
HBIM UHTErpUPOBaHUEM OCPEAHEHHBIX ypaBHeHU ABMKeHUs a3 [10—15]. Takue MeTonbl, 0OU€BUIHO, UMEIOT PsIIL IIpe-
HAMYIIECTB IO CPAaBHEHMIO C YMCTO TEOPETUIECKUMU oaxonamMu. K HUM OTHOCHUTCS BO3MOXHOCTh UCCIIETOBaHMS 3a1a4d
CO CJIOXXHO TeOMeTpHeil TeUeHUS U B IIMPOKOM AUAIMTa30He 3HAYCHUN ONPEIeIISIOMNX THIPOIMHAMINIECKIX KPUTE-
pueB (B ToM ymcie urcia PeitHonpaca). OmHaKo OHM UMEIOT U PSA HEIOCTAaTKOB. MaTeMaTUIeCcKy alipropy JOBOJBHO
CJIOXKHO OTIPENIEIUTD CTEIIEHb JOCTOBEPHOCTH PE3YJIBTATOB YMCICHHBIX PACUETOB, UTO YACTO IIPUBOIUT K HEOOXOIMMO-
CTU TIPOBEACHHUS MapalIeIbHbIX 9KCIIEPUMEHTAIBHBIX UCCIe0BaHuA. B MpUHSTHIX (heHOMEHOIOIMYeCKUX MOIEISIX
YaCTO UCITOJIb3YIOTCST SMITUPUUECKHE KO3GMUIIMEHTHI, YTO TAKXKe CHIKAET CTelIeHh MaTeMaTU4eCKOM CTPOTOCTH MO-
JIeJIN, a COOTBETCTBEHHO U CTEIIEHB JOCTOBEPHOCTH IMOJTyYeHHEIX Pe3ybTaToB. [1pn 3TOM 71100011 pacyeT IPON3BOIUTCS
IIJIST TUCKPETHOTO Habopa 3HAYCHU OIpeae/IIouX mapaMeTpoB. [103ToMy BEISIBIEHIE 3aBUCUMOCTEH (DM3MIEeCKIX
XapaKTePUCTUK AUCIIEPCHBIX TIOTOKOB OT BCETO KOMILIEKCA OMPEACIISIIONINX IapaMeTPOB SIBJISIETCS YPE3BBIYAHO TPY-
JIIoeMKoIi 3agadeit. B aToM Ij1aHe aHAIMTUYECKUE Pe3YIbTaThl TEOPETUUECKUX METOAOB 00siee MTHOOPMATUBHEI.

1) PaGota BeImosIHEHa B pamMKax [oCyIapcTBEHHOTO 3a/1aHusl, HOMeD roc. perucTpaluu TeMbi: AAAA—A19—119012290136—7.
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Hixe paccMaTprBaeTcsl MOAENIb 3€PHUCTOTO CJIOSI, 00pa30BaHHOIO OECKOHEYHBIM YMCIOM CPepUICCKUX IPaHyI,
pPAacMoJIOXKEHHBIX B CJIOE B BUJIE MTOTYOECKOHEUHOH CTYIIEHbKM KOHEYHOM TOJIIUHBI Ha IJTIOCKO# moBepXHOCTU. B cBoOE
BpeMs OBLT pa3paboTaH METOI CaMOCOITIaCOBAHHOTO Mo [16, 17] Mg moaydeHNnsT aHATUTHYECKHUX PEIICHUI 3a1ad
0 COBMECTHOM JABMXEHUU JIIOOOT0 KOHEYHOTO yrcia cdep B UaeaalbHOU XUIKOCTH [18—22], B TOM yucie mpu HaIu-
YuU T10cKoM rpaHuibl. Kak 0110 mokasaHo [20, 21], 3TOT MeTo MpUMEHUM TaKXKe K 3aJa4aM COBMECTHOTIO IBXKEHUST
c(hep nMpy HATMYMY KECTKUX CBSI3eM MeX Ty HUMU. B paMKax MpuHSITOM MOAENV 36pPHUCTOTO CJIOSI 3TO TTO3BOJISIET HA OC-
HOBE MCIOJIb30BaHUSI JAHHOTO METOMA PEIIUTh 3a1a4y O TeUSHUU UACATbHOMN XKUIKOCTU BIOJIb INIOCKOI TOBEPXHOCTU
MPU HaJTMYMHU JII0O0ro KoHeuHoro yucaa N chepudeckux rpanyi. [lociaenyoliee npuMeHeHUE TPOLEAYPHl yCPeIHe-
HU [6, 7] TI0 pa3IMIHBIM BO3MOXHBIM MOJIOKEHUSIM TPaHyJI B CJIOE ITO3BOJISIET MTOJIyIUTh YCPETHEHHOE ITOJIe CKOPOCTei
XKUAKOCTU KaK BHYTPH, TaK U BHE 36PHUCTOTO CJI051 B SBHOM aHAJIMTUYECKOM BUIIE.

1. KOHEYHAA CUCTEMA HEITOABM2XKXHbBIX YACTHUL BO BHEIIIHEM ITOTOKE XNJIKOCTH
[MPU HAJIMYWU TIJIOCKOW TPAHULLBI

PaccMoTpuM cuctemy u3 N cchepryecKux rpaHy/l paanyca a, HOTpyKeHHBIX B ACaTbHYI0 HECKUMAEMYIO XKUIKOCTh
BOJIM3U IIOCKOI O€CKOHEUHOI MTOBEPXHOCTU. byieM cuuTaTth, 4TO rpaHyJibl KAKUM-TO 00Pa30M 3KECTKO CBSI3aHbI APYT
C IPYTOM U C 3aJJaHHOM MOBEPXHOCTHIO U, CJIEAOBATEIbHO, HE MOTYT MepeMellaThCs OTHOCUTENBbHO MoBepXHOCTU. [1po-
HyMepyeM Bce cpepnl oT 1 1o N 1 0003HaUMM O6e3pa3MepHble KOOPAMHATHI HIEHTPOB ChepUueCKUX rpaHyl B 1€KapTOBOI
cucTeMe KoopanHaTt Ox| xp X3 KaKk xf/’) (i=1,2,...,N,y=1,2,3). PaccmoTrpuM 3amauy, Koraa B HEKOTOPbIii MOMEHT Bpe-
MEHU MePBOHAYAIBHO MOKOSIIIAsiCS HA OECKOHEYHOCTH XKUJIKOCTh UMITYJIbCHO TTPUBOJUTCS B COCTOSTHUE IBUXKEHMUSI C
3aIaHHO MOCTOSIHHO# CKOPOCThio UY), HampaBieHHO# BIOMb MI0CKO# moBepxHOCTH W (cM. dur. 1).

Q)

®ur. 1. CxeMa TeUeHUS XKUIKOCTU BIOJIb IUTIOCKOM IMOBEpXHOCTU W ¢ HAXOASIIUMCS Ha Hell 36 pHUCTHIM CJIOEM TOJIIUHON H* B nie-
KapToBoii cucteMe KoopauHat. Ock Ox, NepreHAMKYJIIpHa TUIOCKOCTU pucyHKa. HaacTpouHblil MHAEKC * UCIONb3yeTcs AJs1 000-
3HAYECHUS COOTBETCTBYIOIINX Pa3MEPHBIX BEJTUMUMH.

Krnaccuueckast TocTaHOBKA 3TOM 3aa4M B TPEITTOIOXKEHUH ITOTEHIIMATLHOCTHA TEUEHMS JKUIKOCTH, KaK N3BECTHO,
COCTOWT B pellieHUH ypaBHeHus1 Jlariaca ajisi moTeH1Malla CKOPOCTH (p Y BBITTOJHEHUU TPAHUYHBIX YCJIOBUI CKOJIbXKe-
HUS Ha rpaHuIe W 1 Ha HOBEPXHOCTH BCEX TPaHYIL.

B pamkax pa3paboTaHHOIO paHee METOa CaMOCOITIacOBaHHOTO TTouist [16—22] KpaeBble 3agaun fuHaMUKU N cep
B ITOTEHIIMAIbHBIX IIOTOKAX IECATHHOM KUAKOCTH CBOAATCS K (POpMaIBHOMY pEIIEeHUIO CUCTEMBI YpaBHEHUIA 71T TCH-
30pHBIX KO3(PDUITHEHTOB CE{‘?_“YH, BXOSIIIMX B ITOJIYIEHHOE TOYHOE pellleHne TaKuX 3amad. st chopMyImpoBaHHOM
BBIIIIe 3a1a4M TTPY HAJTMYMHY TUTOCKOM IPaHMUIIBI 3TO pellieHue 1JisT 6e3pa3MepHOro MOTeHIIMaIa CKOPOCTH ¢ UMEET BUIT
[16, 17]:

N = 2n+1 xX0...x0 N 2n+1 X0 ... X0
nao ; \ no. ; \
_ (i) V1 Yn (i) Y1 Vn
P =+ Z Z n+1 CYI"'Yn R2n+1 + Z Z n+1 TﬁlYl e Tﬁnvncﬁl...ﬁn e (1.1)
i=1 n=1 i i=1 n=1 i
rae
Qo= ey =x, X)) =x-x), X)=x - Tﬁvxg)’ Ri=y XXy, Ri= V XX,
1 0 O
Tgy=10 1 0|, a=a/L, e, ={1,0,0},
0 0 -1
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a TeH30pHBIe KO3(PPULIMEHTHI C§’?myn YIOBJIETBOPSIIOT OeCKOHEYHOM (1 < 1 < o0) cuCcTeMe aredpanvIecKux ypaBHEHMIA:

) ()

. 1 o ka2n+1 X7 - X

() -z (l) ( ) B Br

n Jj#i k=0 J 1 2)
ka2 o X9 XD (1.
1 k
+ Z Z k+ 1 Tsp, ”.Tékﬁkcajl“'ak R+
Jj# k=1 J Ri=0

3nech 1 najee MPUHSITH TEH30PHbBIE 0003HAYEHUSI TIEPEMEHHBIX C YCJIOBUEM CYMMUPOBAHMUS TIO TIOBTOPSIIOIIINMCSI
HIDKHUM KOOPAVMHATHBIM UHAEKCAM, TPUHUMAIOIINM 3Ha4eHUs oT 1 10 3. DTo ycnoBue He pacipoCTPaHsIETCsT TOIBKO
Ha NepeMeHHbIe R; ¥ R;. BepxHue MHIEKCHI OTHOCATCA K YaCTMLIAM, U YTOOBI OT/IMYATh UX OT TOKA3aTesIs CTENEHH,
OHM 3aKJIIOYeHbI B Kpyrible ckooku. CooTHoieHus (1.1) u (1.2) 3anmucaHsl B 6e3pasMepHoM Buie. B kauecTBe mac-
1Tab0B COOTBETCTBYIOLINX BEMYMH IPUHATH cKopocTh notoka U'”), 3anaHHasg Ha 6eCKOHEYHOCTH, M XapaKTEPHOE
paccTosTHUe MEXY LIEeHTpaMU COCETHUX TpaHy L.

CriemyeT MomuepKHYTh, 4TO petieHue (1.1) ynoBiaeTBopsieT rpaHMYHBIM YCTIOBUSIM CKOJIBXKEHUST Ha ToBepXHOCTH W
U BCEX TpaHyJI IIPU YCIIOBUU, YTO TEH30PHbBIE KO3(DGUIINEHTDI Cg,’]) v, YAOBIICTBOPSIOT ypaBHEHMSIM (1.2).

TakuM obOpa3om, 3agaya omnpeaeeHUs] moTeHMana ckopocty (1.1) cBoauTCA K HaxoXAEHUIO KO3GhGUINEHTOB
C({’]) Ha OCHOBE cucTeMbl ypaBHeHUM (1.2). 15 npubIMKEHHOTO pellleHUs 3TOW CUCTeMBbl MPUMEM TPEATIONOXKE-
HUe O MaloCTH napameTpa o (o0 < 1). 3aMeTUM, YTO 3TO HE OYEHb CTPOTOE OTPAHUYEHUE, ITOCKOJIBKY MapaMeTp o
BCeraa yIOBJIETBOPSET YCIOBUIO o0 < 1/2 Uit BCceX TpaHYIMPOBAHHBIX CPEl, COCTOSIIINX U3 cheprueckux yacTuil. [1pu

YCIIOBUM 0. < 1 BCce HEM3BECTHBIC (DYHKIIMM MOXKHO MCKAaTh B BUIE PSIOB IO CTEIIEHSIM 3TOTO ITlapaMeTpa:

k k (k
CO ., =Y i ¢= Zoc ®. (1.3)
k=0

IMoncranss paznoxenus (1.3) B cuctemy (1.2) u mprpaBHUBASI WIEHBI C OMMHAKOBBIMU CTEMEHSIMU MAJIOTO apamMeTpa,
TOJIyYM CUCTEMY PEKYPPEHTHBIX COOTHOIIIEHUIA:

(z)(k) (l)(k 2n—1) (i)
Gt Z Z 1 BB Dylpip, (1.4)
j=1 n=1
rue
"0 — , . @0) _ (o) _ R (i) ‘ ()
Cym=ey Gy, =0 m>1 Dy g4, = (1-9;) Qi T Toipr To,p, Gy, 0,00,

0) ( o

QU _ L o X - Xg) G _ Lo Xg) - Xy
Y Ymspr m! Oxu -+ Ox R2n+1 K YevmBreeBe Tt Gxe - Ox R+l ’
i Ym J Ri=0 et} Ym J Ri=0

d; — cumBos KpoHekepa, a KBaapaTHbIE CKOOKM HaJl 3HAKOM CyMMbI 0003Ha4aloT LIEJIYIO YacTh YUCIA.
IMosyyeHHbIe peKyppeHTHBIE cOOTHOIIEHU (1.4) MO3BOJISIOT ONPENETUTDh BCe TEH30PHbBIE KOIM OUIIMEHTHI Cf;l) -
B aHAJIUTUYIECKOM BUJIE B JIIOOOM 3aJaHHOM MPUOTKEHUH TI0 MaJIoMy TTapaMeTpy o. B HacTosIieit ctaTthe OHU OTIpe-
JIEJIEHBI C TOYHOCTHIO 10 O (ocg) . [logcraHoOBKA MOTYYEHHBIX TAKUM 00Pa30M TEH30PHBIX KOA(DDUIIMEHTOB CS/’]) +, BBBI=
paxeHue s moTeHLMana ckopoctu (1.1) ¢ yuetoM cooTHoteHui (1.3) B KOHEYHOM UTOTe MPUBOIUT K CIAEAYIOLIEMY

BLIpaXXCHUIO OJIA l'IpOZ[OJ'II:HOVI Un rlor[epetmoﬁ Us 6€3pa3MepHHX COCTaBJIAIOIIMX CKOPOCTU XKUAKOCTU:

3 N 6 N
a 1 211 o o1 211
U =1+ — 7—3X(l) il il I ~7_3)((1) _ _
=l <R3 8 (RS Rf)) P - (x<,»>)3 (R? B B'R
i= 3

i=1
(1.5)

a
16;((,)) R B Rl R )
X3

X(l) X(l) sy (1)2 X(l) X(l)

g N (0 02 $)?
X; 11 Xy Xy

\ = \R R 32 45 (x(i))S R R 16 < (x(i))4 R R R}  R]
- = >

CiietyeT OTMETUTb, YTO TIPY PEIIEHUH CUCTeMbl ypaBHeHM (1.4) B mTaHHOI pabOTe yUYUTHIBAIOTCS YJICHBI, OMKICHI-
BaIOIIKE TOTHKO MapHbIe B3aUMOACCTBUS YacTull. YIeHbI, ONMMCHIBAIOIINE B3AUMOICCTBIS 00Jiee BEICOKOTO TTOPSIJI-
Ka, 3M1ECh OIMYIIEHBI, TOCKOJIbKY OHU HECYIIECTBEHHBI TTPU IMOCIEAYIONIEM BHIYMCICHUN OCPEIHEHHBIX XapaKTePUCTUK
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B paMKax AaHHO# pa6oThl. Eciii He00X0AMMO MOJIyYUTh 60Jiee TOYHbIE BhIPAXEHUSI 111 TEH30PHBIX KO3 UIIMEHTOB
CP") M, COOTBETCTBEHHO, /LTSl CKOPOCTH XUAKOCTH (1.5), BKITIOUAst CllaraeMble, ONMCHIBAIOIINE MHOTOYACTHYHbIE B3a-
UMOAEHCTBUS, JOCTATOYHO MTPOCTO YYECTh COOTBETCTBYIOIIME YWICHBI TPU pacueTax 1o gpopmyam (1.4).

2. BBIYMCIIEHWE CPEAHUX XAPAKTEPUCTHUK ITOTOKA

®opmyibl (1.5) MO3BOJISIET ¢ BEICOKOI TOYHOCTBIO OMPEIEIUTE CKOPOCTD XXKUIKOCTH ITPY HAJTMYWHK JI000T0 KOHEY -
Horo yucia N ccheprudecKrx rpaHysl i pa3InyHbIX KOH(MUTYpAIUid UX B3aMMHOTO PAcIIOJIOXeHUs B IPOCTPAHCTBE.
OmHako I CUCTEM, COCTOSIIIIAX U3 OYeHb OOJIBIIIOTO YMCia YaCcTHII, peaan3aliis TaKOM MpoLeayphl pacdeTa CTaHO-
BUTCSI 3aTPYIHUTEILHOM 1 BPSIT JIM UMEET CMBICI. B 3TOM cirydae ymoOHee ImepeiTl K ycpeTHEHHOMY OIMCAaHMIO TUHA-
MMKHM TaKMX CTPYKTYP Ha OCHOBE U3BECTHOI MpOoLEeAyphl ycpeaHeHus [6, 7] st pa3inyHbIX BO3MOXHbBIX KOHGUTIYypa-
LI yacTUII B IpocTpaHCTBe. B pamkax Takoit mpoueaypbl CYMMUPOBaHUE U3BECTHBIX (DYHKIUI B cOOTHOIIEeHUHU (1.5)
(bakTHUECKM 3aMEHSIETCSI MHTETPUPOBAHMEM T10 TIEPeMEHHOM xS/i), MpY YCJIOBUM, YTO YACTUIIbI HE MepeceKaloTcs IpyT
C IPYTOM, C 33JJaHHOI TTOBEPXHOCThIO W 1 C TOUKOI1, B KOTOPOI PACCUNUTHIBAECTCS CPEHSISI CKOPOCTb.

[TpuMem Momesb 3¢ PHUCTOTO CJI0SI KAK COBOKYITHOCTD O€CKOHEYHOIO YK CJIa OMMHAKOBBIX C(hepUIECKUX TPaHyJI pa-
JIyca o, IIEHTPHI KOTOPBIX CTAaTUCTUISCKN PAaBHOMEPHO pacIipenesicHbl Hall INTIOCKO# ITOBepXHOCThIO W B clloe, MMe-
IOLEM BUJ MOJIYyOECKOHEUYHOM CTyNIEHM KOHEYHOM TOJIIIMHA x(li) Zona< xg) < (H - a). B aToM citygae Bce rpaHyJIbl
PacMoyioXXeHbI B MIOTPAaHUYHOM CJIoe TOJIIMHOU H = H* /L 1 He iepeceKarTcs ¢ 3aJaHHOM MOBEPXHOCThI0 W 1 miioc-
KOCTSIMU x3 = H 1 x; = 0 (cM. dur. 1). B pamMKax NpUHATHIX JOMYILIEHU BeCOBOI (PyHKIIMEN B Mpolienype yCpeAHEHUS
OymeT yMclieHHas KOHIIEHTPAIYs TPaHyJI B IIPUTPAHUYHOM CJIO€, KOTOPAS SIBJISIETCS IIOCTOSTHHOM BEIMIMHOM B 00beMe
YCpeTHEHMS. DTO YIIPOIIACT pacUeThl M ITO3BOJISICT TOJIYUUTh PE3YJIbTaThl B aHAIMTHYECKOM Buae. Ecim mipu pacdere
CpeTHUX 3HAUEHU I OrPaHUYUTHCS TIEPBBIM MTPUOIMKEHUEM M0 O0BEMHOM A0J1€ ¢ TPaHyJI B CJIOE, TO B BBIPAXKEHUU JIsI
CKOPOCTH XKUAKOCTU BUaA (1.5) HEOOXOAMMO YUUTHIBATH TOJIBKO T€ YJIEHbBI, KOTOPbIE ONMCHIBAIOT MTapHbIE B3aUMOJE-
cTBUsI YacTuil. BzanmoneiicTBus 60s1ee BLICOKOTO TTOPsIIKa AAI0T BKJIAJ TOJIBKO B KO3Gh(MUIIMEHTHI Ipu 60JIee BBICOKMX
creneHsx mapamerpa ¢. [loatomy B hopmynax (1.5) oHu 3apaHee OMyLIEHBI.

[IprMeHeHMe MpoLeayPhl yCPeAHEHMS 10 aHCaMOIIo [6, 7] K TepBOMY BhIpaXKeHUIO B IIPaBOii 4acTu paBeHCTBa (1.5)
B paMKax CIeJTaHHBIX BBIIIE MPEIIIOI0XESHUM IPUBOIUT K CIACAYIONINM BBIPaXKCHUSIM IJIsT 0e3pa3MEepPHBIX KOMIIOHEHT
CpelHel CKOPOCTU KUIKOCTHU:

UX(X,Z)Z Ul = 1 +kx(X,Z)¢7 Uz(x7z)= U3 = 1 +kz(-x’z)¢- (21)
BHe 3epHucToro ciost GyHKIMM ki (x, 7) U k, (x, z) AMEIOT BUA

kx (X, Z) = CIx (.X, Z) ’ kz (-x7 Z) = qZ (X, Z) b (22)

. 2) 3 . h—z-1 + aret h+z-1 + arct z—1 ) z+1
X ,Z)=— |arctan { —— arcan | — arctan (| —— —arctan | —— .
E x—1 x—1 x—1 x—1

3 (G=D+E= D) (=12 +Ghtz= 1)
4n (k=17 + @+ D) (- D*+(h—z- 1))

rue

qZ (-x’ Z) =

BayTpM 3epHUCTOrO C10sI GYHKINH Ky (X, 2) U k, (X, ) AMEIOT BU;

ki@, x>22n0<z<2,
ky(,2) =g (0, 2) + S ko (1), x=22N2<Lz2<h-2, (2.3)
k(@), x=>22Nh-2<z<h,

kZ (x’ Z) = QZ (x7 Z) ’

1 1 23 - 1 +2z7-27%+ 127 4 1 1
kl(z)=—4(1++Z(3 2 1+2:-22+ z+6z)’ k2(2)=—2<1 )

873 2 8z3V1 + 4z +873
R o | 1+2z2(h=1) (1+622) =227 ((h - 1)* - 32%)
k@ =gh-z=D(th-z=17-3) - 555 (“ NET=E=) ’

x=xi/a=xj/a, z=x3/a=x3/a, h=H/a=H"/a,

e xi, X5 1 H* — pa3MepHbIe 3HAYEHUsI COOTBETCTBYIOIIMX BeJMYMH. MTak, mpolenypa ycpeIHEHUS aBTOMAaTHYECKH
TIPUBOAUT K TOMY, UTO PAINyC TPAHYII SIBJISIETCS XapaKTePHBIM TUHEWHBIM MACIITA0OM paccMaTpUBAEMOI 3a1a4M.
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YcpenHeHMe BTOPOTO U TPEThEro cjlaraeMbIX B MpaBoii yacTu (1.5) MpUBOIUT K TPOMO3IKUM BbIpaxkeHUsIM. [1pu
5TOM UX CYMMAapHBI BKJIaJ B KOHEYHBIN pe3yJbTaT ISl CpelHero Mpoduis CKOPOCTU KUIKOCTH, KaK MOKa3biBaeT
CpaBHEHME BCeX MOJYYeHHBIX (PYHKIIMIA, He TipeBbimaeT 1%. B cBsi3u ¢ 3TUM BbIpaxkeHUs IJis 3TUX (YHKIIMI B KO-
HeuHoM pesyJbTraTe (2.1)—(2.3) onyueHsl. CleayeT Takxke OTMETUTh, YTO B HACTOSIIIEH padoTe BHIPaAXKEHUS 1151 KOM-
TOHEHT ckopocTu xunkoctu U, (x,z) u U, (x,z) TIOTy4eHBI JUIsl BCell 00JIaCTH TeYeHUsl, 32 UCKITIOUeHUEM 00JacTh
O0<x<2n0<z<h.

JList uamocTpalu noayyeHHoro pesdyibrata (2.1)—(2.3) Ha ¢ur. 2 u 3 mokazaHa 3aBUCMMOCTb OCPEIHEHHOM Mpo-
JIOTBHOM CKOPOCTH KUAKOCTH U, (X,z) OT KOOPOAWHATHI Z B PA3IMIHBIX CCUCHUSIX TTOTOKA TIPU 3aJaHHBIX 3HAYCHUSIX
00BbEMHOI 10U TPaHyJI ¢ U TOJIUUHBI CIOS h.

Kak u oxwuganoch, MOJy4YeHHbI TpoGUIb CKOPOCTH XUAKOCTU YIOBJIETBOPSIET TPaHUYHOMY YCJIOBUIO
}LI& U,(x,z) = 1 B 11000M ceuyeHUM MOTOKA, T.€. MPHU JIIOOOM 3aJaHHOM 3HAuYeHUM KoopAuHaThl x. Kak BUAHO U3

MpeICTaBIEHHbBIX PE3yJbTaTOB, pe3Koe U3MeHeHre MPOoGUIsi CKOPOCTU XKUAKOCTU MPOUCXOAUT BOJIU3U MOIMEPEUHOM
rpaHMlbl yctyna B objactu 0 < x < 2, T.e. Ha pacCTOSIHUM TMopsiAKa AuaMmeTpa rpanyibl. [1pu aToMm npoduiab ycpea-
HEHHOW MPOJ0JbHOMN CKOPOCTU KUIKOCTU U, BHYTPU CJI0s1 OOPETAET XapaKTEPHYIO HEOAHOPOAHYIO CTPYKTYpPY BOJIM3HU
CTEHKM U BOJIM3M BepxXHEell CBOOOMHOI I'paHUIIBI CJI0s1. B 11000M ceuyeHUH C10s1 MAaKCUMYM CKOPOCTHU JOCTUTAeTCs Ha
IpaHUIIAX CJI0sI, a 3aTeM BHYTPH CJI0S1 Ha PACCTOSIHUM TTOPsIIKA HECKOJIBKUX Pa3MEpOB 3€PEH OT €ro rpaHull BeJIMUMHA
CKOpPOCTH 00peTaeT MpUMEPHO OJMHAKOBOE 3HaUeHUE. DPDEKT «IMpoCcKaIb3bIBAHUS» XUAKOCTA BOJIU3U CTEHKU ObLI
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®ur. 2. Ipadyky 3aBUCUMOCTH YCPEAHEHHOM M0 aHCAaMOJII0 CKOPOCTU XXUIKOCTU U, = U, OT KOOPAMHATHI £ = X3/a B Pa3IMYHbIX
CeYeHMsIX MOTOKa Mepel MornepeyHor rpanuueil yeryna (x < 0) Ipu 3agaHHOM 3HAY€HUM OOBEMHOM Aonu rpaHyl1 ¢ = 025 u
TOJIIMHEI ¢iost h = H*/a = 50. HagcTpouyHbIit HHAEKC * UCITONB3YyeTCs ISl 0003HAUEHMSI COOTBETCTBYIOIINX PAa3MEPHBIX BETUYMH.
[MyHkTupHas 1MHUS 0003HaYaeT BEPXHIOIO IPAHUILY 36PHUCTOTO CJIOS.
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®@ur. 3. [padyKky 3aBUCUMOCTH YCPETHEHHOU TT0 aHCAMOJTI0O CKOPOCTU KUIKOCTU U, = U| OT KOOPIWHATHI 7 = X3/a B Pa3TUIHBIX
CeYeHMSIX ITOTOKA 3a TIOTIePeYHOl rpaHuieil yerymna (x > 0) mpu 3a1aHHOM 3HaYeHUY 00beMHOM HOIM TpaHynl ¢ = 0.25 1 TONIIUHBL
cnosth = H*/a = 50. HagcTpouHblii MHAEKC * UCITOIB3YeTCs 111 0003HAYEHMST COOTBETCTBYIOLIMX pa3MepHbIX BeAnurH. [TyHKTUp-
Has JIUHUS 0003HAYaeT BEPXHIOI IPAHUILY 3€PHUCTOTO CJIOS.
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TeopeTUYECKU MUCCIeNOBaH B padoTte [22], B KOTOpOIi OblJa pacCMOTpeHa IMOoX0oXas 3ajadya — O TeUeHUU UIeaIbHOM
XKUIKOCTU BIOJb CTEHKU TPU HAJUYUMKU CTALlMOHAPHOIO 3€PHUCTOTO CJIOSI KOHEYHOU TOJIIUHBI, PAaCIOJ0XEHHOTO
MepHneHAUKYISIpPHO CTeHKe. B yrmoMsiHyTol paboTe ObLI0 MOKa3aHo, YTO 3TOT 3(PMEKT SABAsIeTCS MPSIMBIM CJEACTBUEM
KOJUIEKTUBHOTO TMAPOANHAMUYECKOTO B3aUMOAEHCTBUS YACTULL CJIOSI, U OH UMEET MECTO TPU YCIOBUU CTATUCTUUECKU
PaBHOMEPHOTO paclipefe/IeH!s] YacTUIl B CJIOe, T.€. JaXe IPU OTCYTCTBUM Pa3peXKeHHOCTH CJIOST BOJIM3U CTECHKH.
Kak ciemyeT u3 pe3ynbpTaTOB HACTOSIIEH paboThI, 3TOT 3P deKT nmeeT MecTo (cM. UL 3) TakKe BOJM3M BHEIIHEH
CBOOONHOI TpaHUIIBI CJIOSI, U OH TaKXe SBISETCS IPSIMBIM CJICICTBUEM KOJJIEKTUBHOIO TMIPOIMHAMMUYECKOTO
B3aMMOJEMCTBUS YaCTHII.

BuacTtHOM cityyae npu x — +oo, T.€. BHU3 110 ITIOTOKY BIAJIM OT MONEPEYHOM I'paHULIbI YCTYIIA, Pe3yabTat AIs Mpodu-
JIst CKOpOCTU XMAKoCTH (2.1)—(2.3) coBrnagaer ¢ nojiyueHHbIM paHee [23]. B aToii obnact (x — +co0) TeUEHUE UMEET
CIICIYIOIIYIO XapaKTepHYI0 OCOOCHHOCTh — BO3MYIIICHNE 3aIaHHOTO BHEIITHETO TeUCHMsI, OOYCIIOBICHHOE HAaTUINEM
rpaHys, 00pa3yIoIINX 3€PHUCTHIN CJION, HE BHIXOAMT 3a IIpeaesibl 3TOro ciios. I1pu aToM Ha rpaHMIax cjiosi 1pu z = 0
U Z = h CKOPOCTh XXMAKOCTH IOCTUTAeT 3HAYEHMSI, pAaBHOTO 3aJaHHON CKOPOCTH BHEILIHETO MOTOKA, C HYJIEBBIMU TTPO-
W3BOJHBIMU. A BHYTPU CJIOSI HA PACCTOSIHUU TTOPsIIKA AMaMeTpa I'paHyJibl OT €ro rpaHUull CKOPOCTh KUIKOCTU UMEET
MPUMEPHO MOCTOSIHHOE 3HaueHue U, ~ 1 — ¢/2 , He 3aBUCHIIEe OT TOJMIUHBI CIOS.

3aBUCHMOCTH CKOPOCTH XKUAKOCTU U, (x, z) OT IPOIOIBHOM KOOPAMHATHI X Ha CTeHKe (z = 0) M Ha ypOBHE BEpXHeit
IrpaHMLIbI 3ePHUCTOTO C1081 (7 = h) TIpeacraBieHbl Ha ¢ur. 4. Kak BUIHO, GYHKUIMY UMEIOT MUHUMYM IIepe]l ITornepey-
HOIt TpaHUILIEei YCTyIa U MaKCMMYM TTocjie Hero. B yacTHOCTH, MMHUMAJIbHOE M MaKCUMaJIbHOE 3HAYEHUST CKOPOCTHU
KMAKOCTU Ha cTeHKe (z = 0) JOCTUTaroTCs B TOYKAX Xpin = 1 — VA — 1 U Xpax = 1 + VA — 1 COOTBETCTBEHHO. 3aBUCU-
MOCTbD Xin U Xmax OT TTAPAMETPOB 33J1a4u MPU YCJIOBUM Z # 0 UMeeT 0oJiee CTOXKHbBIN BUI.

3aBUCHMOCTH YCPETHEHHOM IMTOIIePEIHON CKOPOCTHU KUAKOCTH U, (X, z) OT KOOPAMHATHI Z B PA3IMYHBIX CEUCHUSIX
MOTOKA MPU 3aJaHHBIX 3HAYEHUSIX OOBEMHO 10U TPaHyJl ¢ U TONIIUHBI CJI0s1 & TIpeACTaBIeHbl Ha (UL 5.

Kak u oxunanoch, monepeyHasi CKOpocTb XUIKOCTU U, (x,z) Ha cTeHKe (z = () paBHa HYJIO IIpU JIOOOM 3Haye-
HUU TTIepeMEHHO x. MaKCUMaJTbHBIE TTOJIOKUTEIbHbIE 3HAYeHUST TIOTIEPEYHOI CKOPOCTH HAOIIONAI0OTCST BOJTM3U TOUKHU
IepecedeHNsI MIPOAOIBHON 1 MOITepeYHOM I'PpaHUII 3¢PHUCTOTO ¢j10s. OTpUIIaTeIbHbIe 3HAYSHMS IIOTIEPEYHOM CKOPO-
CTH HAOJIIOMAIOTCS HAa HEOOJIBIIIOM 00JIaCTH B palioOHe TOUKH IIePeCeUeHUs CTEHKH Y MIOTIEPEYHOM I'paHUIIBI 3¢ pPHUCTOTO
ciost. JIuHelHbIi pa3Mep 3Toi 001aCTH MMEET IMOPSI0K HECKOJbKUX TMaMeTpoB rpaHyl. Kak u oxumanock, rormeped-
Has CKOPOCTb KUJIKOCTU YIOBJIETBOPSIET TPAHUYHOMY YCJIOBUIO le_}rgo U,(x,2) =0.

IMonydyeHHas xapakTepHasl KapTUHA TEYEHUS XKUIKOCTA B 00J1aCTH BOJIM3H MTOITEPEYHON IPAHUIIBI CI0S TPEACTaB-
JIeHa Ha ¢ur. 6.
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@ur. 4. [padvku 3aBUCUMOCTH YCPETHEHHOH MO aHCAMOII0 CKOPOCTH Xuakoct U, = U; OT IPOIOJIbHON KOOPIWHATHL X = Xi/a
IUTST ABYX 3HaYEHUN KOOPAUHATHI z = x3/a (z = 0 M z = h) IpM 3alaHHOM 3HaYeHUU 0O0BEMHOM 10U rpaHyd ¢ = 0.25 ¥ TOMIMHBL
cnosth = H* Ja = 50. HancTpouHblii MHIEKC * UCTIONB3YeTCs ISl 0003HAYEHUSI COOTBETCTBYIOIINX Pa3MEPHBIX BEJTUUMH.
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®@ur. 5. [pabuky 3aBUCUMOCTH YCPETHEHHOM MO aHCaMOJII0 CKOPOCTH XKUIKOCTU U, = U; OT KOOPAUHATHI 7 = Xx3/a B pa3iny-
HBIX MTONIEPEYHBIX CEYEHMSIX TOTOKA MPY 3aJaHHOM 3HauyeHUN 00beMHOU o rpanya ¢ = 0.3 u TomuuHsl cnosth = H*/a = 10.

HazncTpounblit MHAEKC * UCIOJIB3YETCS UIst 0003HAYEHMSI COOTBETCTBYIOLIMX Pa3MEPHBIX BenurH. [TyHKTUpHAsK TMHKs 0603HaYa-
€T BEPXHIOIO TPAHMILY 3¢PHUCTOrO CJIOS.
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®@ur. 6. XapakTepHasi UTOTOBasi KapTHHA TEYSHUS KUIKOCTU B 00J1aCTU BOJIM3Y TIOTIEPEYHON TpaHUIIbl ciosl. [TyHKTUpHAs JTUHUS
0003HaYaeT rpaHuIly TPAaHYIMPOBAHHOTO CIIOS.

3. BAKJIIOYEHHME

B naHHOI1 paboTe TeopeTUYeCKU UCCIeNOBaHa 3a1a4a O TeYEHUM XKUIKOCTU Yepe3 MPUCTEHOYHbBII HEMOABXHBII
3epHUCTHIN CJI0¥ B BUJE TTOJyOECKOHEYHOM CTYNEHbKU. 3a1aya pelieHa ¢ yueToM 3¢ (eKToB KOJIEKTUBHOTO TUAPOI -
HaMUYeCKOTO B3aUMOEICTBUS TPaHyJl B 3alaHHOM BHelTHeM roTtoke. [TofydeHo aHanuTuyeckoe peleHue st ycpe-
HEHHOTO0 MPOdUIsT CKOPOCTHU KUIKOCTH KaK CHapyXH, TaK U BHYTPU 36PHUCTOTO CJIOSI C YYETOM BJIUSHUS BHEIITHEH
IUTOCKOW TpaHUllbl. 3aJaya pelagach B paMKax MOJEIU UACATbHON (HEBSI3KOM) XKUAKOCTU JI1 HECYIei CITONTHOM
cpenbl B IEPBOM MPUOIMKEHUU TTO0 OOBEMHOM JoJIe TPaHyl B CJI0€ MPU YCJIOBUM UX CTATUCTUYECKU PaBHOMEPHOTO
pacnpeneneHus B IpOCTPAHCTBE BHYTPU CJIOS.
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CienyeT Takke OTMETUTD, YTO B paMKax IPEIIOKEHHOTO METONIa pelleHUs HET HeOOXOMIMMOCTH MCIIOIb30BaTh
KaKue-JI1M00 MOIOTHUTEbHBIC TIPEANONOXKEHU, B TOM yncie ¢heHoMeHonmornyeckue. Kak nusBecTHo, ucnojb3yemast
B TaHHOI paboTe Moe/b UeaTbHOU (HEeBSA3KOMN) XKUAKOCTU JJIs1 CIUIOIIHON Hecyllei cpebl MPUOJIMXKEHHO OMMUCHI-
BaeT TeYeHUe XKUAKOCTel 1 ra3oB MpU BBICOKMX ynciax PeitHonbaca. Kpome Toro, pesynsrar (2.1)—(2.3) nonydyeH B
TepBOM MPUOTMKEHUN TI0 00BEMHOI 0JIe TPAHYJ ¢ B CJI0€, T.€. JUIsl MaJIbIX 3HAYeHUI 3TOTO mapameTpa. OmHaKo pe-
aJIbHast TOYHOCTH M IIPEIeIIbl IPUMEHUMOCTH pe3ynbrata (2.1)—(2.3) mo uncity PeitHonbnca m 00beMHOI q0JTe TpaHyI B
CJIO€ MOTYT OBITh YCTAaHOBJIEHBI TOJIBLKO dKCIIepUMEHTaIbHO. ClienyeT OTMETUTD, YTO B 3arucH peteHusd (1.5) mpusenae-
HbI TOJIBKO T€ (DYHKIIMM, KOTOPhIE NPU YCPETHEHUH Nal0T BKJIaA B KOG (UIIMEHT mepe MepBoii cTeneHblo 00beMHOM
JIoJIA TpaHy ¢ B cioe B popmynax (2.1)—(2.3). Ins nonydyeHust pemeHus Buna (2.1)—(2.3) ¢ TouHocThIO 10 6oJiee BbI-
COKUX CTeTeHeN O0BEMHOM IO ¢ MTPOCTO HEOOXOAUMO MPU pellieHUH cucTeMbl (1.4) yuecTs Bce (PyHKIIMOHABHBIE
YJICHBI, OIIMCHIBAIOIINE B3aNMOICHCTBYS YACTHUIl COOTBETCTBYIOIIETO ITOPSIIKA, a 3aTeM IIPUMEHUTD K HUM IIPOIIEAYPY
ycpenHeHus [6, 7].

DTO BO3MOXHO B paMKax pa3paboTaHHOro Meroza [16, 17], 4To MOXET CTaTh IPEAMETOM JATbHEMIINX UCCIIEA0BA-
HUMN.

B paGoTe n1s mocTaBiaeHHOUM r’MAPOANHAMUYECKO 3a1a4yi B paMKax MOJIETN UIeaTbHOM XUIKOCTH MOJIyYEHO aHa-
JINTUYECKOE pellleHNe OMHOTO U3 KJIaCCUYECKUX YPaBHEHUI, OTHOCSIIETOCS He TOIbKO K THAPOIUHAMHUKE, HO M K PSILY
npyrux obmacreit pusuku. [ToryyeHHOE B paboTe aHATUTUIESCKOE PeIIeHUE THAPOIMHAMNIECKOM 3a1a9i MOXKET OBITh
HEMOCPEICTBEHHO MCII0Ib30BaHO, HAIIPUMED, VISl TEOPETUYECKOr0 UCCAENOBaHUS MPOLIECCOB MepeHoca B TUCIIEPC-
HOM cpefie C y4eTOM KOJUIEKTUBHOIO B3aMOJEHCTBUS TUCTIEPCHBIX YaCTUII, TOCKOJBKY pellleHUe TaKUX 3a1a4 TaKxKe
OCHOBaHO Ha pellieHuu ypaBHeHus Jlaruaca. BoaMoxHOCTB Takoro rmoaxoaa ooocHoBan @enbaepxod (cm. [5]) B 1991 &
B pamkax atoro moaxona borieHsToB [24—26] momy4nt KoahOUIIMEHTHI TiepeHoca (TETIONPOBOIHOCTb, SJIEKTPOITPO-
BOIHOCTB) IUISI UCTIEPCHBIX cpel (B TOM YHCIIe, CIIOKHO-CTPYKTYPUPOBAHHBIX) C YIeTOM 3(P(HEeKTOB KOJUICKTHBHOTO
B3aMMOIEUCTBUS YacTull. B 3Tux paboTax HEMOCPEACTBEHHO UCITOIb30BAINCH PE3YJIBTAThl PEIICHUSI COOTBETCTBYIO-
IIUX TUAPOAMHAMUYECKUX 331a4 B paMKax MOJEIN UAealbHON XXUIKOCTH.
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AN IDEAL-FLUID FLOW THROUGH A NEAR-WALL FIXED
GRANULAR LAYER IN THE FORM OF SEMI-INFINITE STEP
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Abstract. The problem on the flow of an ideal fluid along a flat surface in the presence of a fixed granular
layer on it in the form of a semi-infinite step of finite thickness consisting of an infinite number of identical
spherical granules statistically uniformly distributed in the layer is considered. The problem is solved based
on using the previously developed method of the self-consistent field, which allows studying the effects of
hydrodynamic interaction of a large number of spherical particles in flows of an ideal fluid, including in the
presence of external boundaries, and obtaining the averaged dynamic characteristics of such flows. In the
first approximation in the volume fraction of granules in a layer, an analytical function is obtained that
describes the averaged velocity field of the fluid both inside and outside this layer.

Keywords: hydrodynamic interaction, fixed granular layer, ideal fluid, potential flow, self-consistent field
method
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B pabote paccMmarpuBaeTcs Moneab CTAOWJIbHBIX PeOEPHBIX MOAMHOXECTB (“MaTYMHIOB”) B NBYNOJbHOM Tpade
G = (V, E), BKOTOPOM TPeNNnoYTeHUs IJ1s1 BEpLUIUH OIHOM 1oau (“bupM”) 3aaatoTcs mpu oMoy GyHKIui Beioopa
CO CTaHJAapPTHBIMU CBOMCTBAMU KOHCUCTEHTHOCTH, 3aMEHSIEMOCTU U KapAMHAIBHOI MOHOTOHHOCTH, a MpeanoyTe-
HMS JUTSL BEPIIMH APYroi 1oau (“pabOTHUKOB”) — MPU MOMOIIM JUHEWHBIX OPsAKOB. ISt Takoit Monmenu aaetcst
KOMOMHATOPHOE OMKMCAaHUe CTPYKTYPBI POTALIMIA U TIpeJiaraeTcsi aiTOPUTM ITOCTPOEHUS TTOCeTa POTaluil ¢ OLEHKOM
BpeMeHHOIi cioxHocti O(|E|?) (BKItouas obpalleHus K opakyJiaM, CBSI3aHHLIX ¢ (PyHKLUMAMM Beioopa). Kak cnen-
CTBHE, MOXHO IMOJIYIUTh “KOMIIaKTHOe” adrHHOE MpeAcTaBIeHNE CTAOUIbHBIX MATYMHTOB M 3(p(HEeKTUBHO pelliaTh
CMeXXHBIe 3amaun. buom. 21.

Kimouessie cioBa: nBynonbHBIN rpad, GyHKIMS BEIOOPA, TMHETHBIE TIPEATOYTEHUSI, CTAOWIBHBIA MaTIMHT, adhdrH-
Hasl TIPEeICTABUMOCTb, ITOCJIEIOBATeTbHBIIN BEIOOD.
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1. BBEAEHHE

HccnenoBaHus B 001aCTH CTaOWIIBHBIX KOHTPAKTOB Ha JIBYCTOPOHHUX PHIHKAX HAYaJIMCh C KJIAaCCUYEeCKO pabOoThI
Ieiina u lerm [1] o cTabuabHBIX Mapbsikax. B 3Toit Momenu u ee eCTeCTBEHHBIX 0000IIeHUSIX TUTIA “OIUH-MHOT0”
(one-to-many) u “MHOTO-MHOro” (many-to-many) paccMaTpuBaeTcsl IByIoIbHBIN rpacd G = (V, E), BEPIIMHBI KOTO-
pOTO MHTEPIPETUPYIOTCI KaK “areHThl” phIHKA, a peOpa — KaK BO3MOXHBIE “KOHTPAKThI” MEXAy MapaMu arc¢HTOB.
[MpeanouTeHus areHrta v € V Ha MHOXECTBE JIOCTYITHBIX €My KOHTPaKTOB (MHIMACHTHBIX pebep) E, 3a1al0TCs1 CTPOTUM
JINHEWHBIM TTOPSAKOM, YKCJIO BEIOMpPaeMbIX KOHTPAKTOB OTPAaHUYEHO 3alaHHOU Kk6omoil g(v). J1omycTUMOE TT0 KBOTaM
MHOXECTBO KOHTPaKTOB X C E cuMTaeTcs crmabuibHuiM, €CTA HUKAKOM KOHTPAKT U3 IOMOJHEHUS E — X He SIBIISIeTCS
0oJree TIPEAMOYTUTEILHBIM TSI 00EMX CTOPOH T10 CPAaBHEHUIO ¢ HEKOTOPBHIMH MX TeX, YTO OHU BBHIOPAIIH.

C Tex mop 3aga4y 0 CTaOMIBHOCTH Ha IBYIOJIBHBIX Tpadax ¢ IMHEWHBIMU IIPEATIOYTCHUSIMU B BEPIIITHAX 3aCITyKH -
JIM IIIMPOKYIO TIOMYJISIPHOCTD; 0030phI pe3y/IbTaToOB IO 3TOI TeMe IpencTaBlIeHbl, HalpuMep, B padoTax [2, 3]. 3aech
W3 3HAYUTEbHBIX YCTAHOBJIEHHBIX CBOMCTB MOXHO BBIAEIUTH CIEAYIOLIME: CTAOUIbHOE MHOXECTBO KOHTPAKTOB CY-
IIECTBYET TTPU JIIOOBIX KBOTAaX; COBOKYITHOCTb CTAOMIbHBIX MHOXECTB 00pa3yeT AUCTPUOYTUBHYIO PEIIETKY TP ecTe-
CTBEHHOM CpPaBHEHWH; ONITUMAJIBEHBIC CTAOMIbHBIC MHOXKECTBA [IJIST KaXKIOM M3 CTOPOH PEHIHKA MOTYT OBITH ITOCTPOCHBI
3¢ deKTUBHBIM anropuT™MoM. (MBI Ha3bpIBaeM aJITOPUTM 3@@deKkmuHbiM, €CITA YUCIIO OTIepaLNid, WU épeMs, KOTOPOe
OH 3aTpayMBaeT, OTPaHUYCHO CBEPXY MOJIMHOMOM OT |V|, |E|.)

J7s1 orrpeie IeHHOCTH B pa30MeHMY MHOXKECTBA BEPIIMH V Ha IBE 10JIM (He3aBUCUMBIE MHOXECTBA, XPOMATUIECKHIE
KJ1acchl) OymeM 0003HavYaTh 3TU JOJIM Kak W U F, Ha3bIBasi 3JIeMEHTHI B HUX pabomuurxamu (workers) u gpupmamu (firms),
coOoTBeTCTBeHHO. (B Ki1accuueckoii Moiem ¢ eIMHUYHBIMU KBOTaMU, paccMaTpuBaeMoli B [ 1], BepIIMHBI pa3HbIX 10-
Jiell UHTEPIPEeTUPYIOTCS KakK JIMLA “MYXCKOro” u “xeHckoro” mnosa.) JIroboe moaMHoxXecTBO pedep X C E Oyaem s
KpPaTKOCTH UMEHOBATh MamuuHeom (OTXOIS OT CTAaHIAPTHOTO OIIpeaeICHNS ITOCICTHETO B IUTepaType) 1 OyaeM Ha3bl-
BaTh CTAOWILHOE MHOXKECTBO pedep cmabuavhoim mamuuneom. IlomaepkHeM, 9YTO B 3TOi paboTe MBI paccMaTpUBaecM
MAaTYMHTU TOJIBKO B IBYIOJBHBIX rpacdax.

Cy1iecTBeHHO 60Jj1ee OoraThiii Kiiacc Moeseii CTaOMIbHOCTH Ha ABYAOJIbHBIX I'pachax BO3HUKAET IPU IEePEXoae OT
JIMHEMHBIX TIPEAITOYTEHUI areHTOB K MPEATIOYTSHUSM, OTIpeaeiseMbIM GYHKIMSIMU BbIOOpaA. JIJIsT KaXKm0il BEpIIMHBI
v € V gynxyus evibopa (PB) — 310 onepaTop C, Ha 25, BBIOMpaIoInii B KaxkI0M MOAMHOXeCTBO pebep Z C E, “IipreM-
Jiemyto” (OoJsiee MpeAnoYTUTENbHYI0) YacTh C,(Z) C Z. Kak npaBuio, Ha GyHKUNIO BeiOopa C, HAKJIaIbIBAIOTCS aKCU-
OMBI KOHCUCIMEHMHOCMU T 3AMeHseMOCcmU,, 9TO TTI03BOJISICT BBICTPOUTD TEOPHUIO CTAOMIBHBIX MATYMHIOB, 00O00IIIAIOITYIO
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0a30BbIC PE3y/ILTATHI ISl MOACNICH ¢ TUHEHMHBIMU IpearnouTeHusIMu. (OTMETHM, YTO yKa3aHHAs Iapa aKCHMOM 3KBH-
BaJICHTHA CBOMCTBY He3agucumocmu om nymu, BocxoasieMy K I1norty [7].) IlepBoHayagbHOE pa3BUTHE TOU TEOPUU
ocymecTBisuioch B 1980e roasl, riaBHBIM 00pa3oM B padortax Kenco n Kpaydopna [4], Pora [5] u bispa [6]. B wact-
HOCTH, B HUX TTOKA3bIBAJIOCH, YTO MHOXECTBO CTAOMILHEIX MATIMHTOB HEITYCTO W 00pa3yeT PEIIeTKY.

K BaxkHOMY TTOCTIeAyIONIEMY BKIIAMy CIIEAyeT OTHECTH paboThl AnkaHa [8, 9] Hauama 2000x romoB; B HUX MOKa3aHo,
YTO IIpU 100aBJIEHUU TPEThE aKCUOMBI Keomupyemocmu, Win 6oee cinaboil aKCUOMBI KapOUHAAbHOU MOHOMOHHOCH,
peleTka CTabMIbHBIX MATYMHTOB CTAHOBUTCS IUCTPUOYTUBHOI. DTO BBUIY M3BeCTHOI TeopeMbl bupkxoda [10] Bie-
YeT MPeICTaBUMOCTh CTAOMIBHBIX MATYMHTOB B BUJE MIEaJI0OB HEKOTOPOTO ITOCeTa.

Panee npencrapieHne TaKOro poa 66110 MPOAEMOHCTPUPOBAHO B MMPOCTEMIIIEM CTydae — i1 CTAOWIbHBIX Maphbsi-
xeit — MpBuHrom u Jleiitepom B padote [11]. B Heli ObL10 ITOKa3aHO, UTO: (2) COOTBETCTBYIOIIMI TOCET 00pa3oBaH T.H.
pomayusmu — ITAKJIAMHM, CBSI3BIBAIOLINMU “COCeTHMEe” CTAaOMIBbHBIC MATIYMHTH; (0) YMCIIO POTALINiA HE TIPEBOCXOINT |E|;
U (B) MOCET poTaluil (Taoluii “KOMIIAKTHOE MpeACTaBlIeHe” MHOXECTBA CTAOMIbHBIX MaphsiKeil) MOXKET OBITh IO~
cTpoeH 3¢ dekTuBHO. (B TO Xe Bpemsi, B [11] ycTaHOBIIEHO, UTO 3aja4a OINpeAeIeHUs Yucia CTaOMIbHBIX MATYMHIOB
rpacda sBisieTcs TpyaHopeliaemMol, #P-TpynHoil.) B mocnenyroieit padote [12] 661710 OOBSICHEHO, YTO C TOMOLIBIO
IToceTa poTaldii MOKHO 3()(EeKTUBHO pellaTh 3a1a4y MUTHUMA3ALNT TUHEHHOM (PYHKIINKI Ha MHOXKECTBE CTAOMIBLHBIX
MapbsiKelt; 3mech mpuBiIekaeTcs Meton [Tukapa [13], maroruii cBegeHMe K KJIACCHYECKOM 3a1a4e 0 MUHIMAJIbHOM pa3-
pese.

B HenaBHeit pabote [14] @asH3a u LlaHT nmpoBenu yriryGIeHHOE UCCeNoOBaHKe POTALIMiA, X TIOCETOB U TIPIITOXKE-
HUI U151 o01umx Moneneit Ankana B [8, 9]. OHu paccMaTpuBaiu CTaOWIbHbIE MATYMHTHU, TOPOXIAEMbIE (DYHKIIMSIMU
BBIOOpA, B ABYX cuTyanusx: 1) @B mis Bcex BepIIMH #.20mmogst (T.€. TIOTUMHSIOTCS aKCHOMaM KOHCHUCTEHTHOCTH U
3aMEHSIEMOCTH) IUIIOC KapaIWHAIBHO MOHOTOHHEIE; 2) @B 1151 BceX BepIIMH IIOTTOBBI, M KPOME TOTO, JUISI BEPIIMH
OJTHOM NOJIU, CKaxeM, F', BBITIOJHSIETCSI aKCMOMa KapAWHaJIbHON MOHOTOHHOCTH, a JUISI BEPIUUH Apyron 1o W — ak-
croMa KBOTUpyeMocCTU. B mepBoM cityyae Mbl OyaeM IMpUMEHSITh TEpMUH “o0111as1 0ysaeBa Moaens” (ObM), a Bo BTopoM
chydae — “crnelmanbHas oyneBa mojaenb” (CBbM). 3aech TepMUH “OyJI€BOCTh” OTpaXKaeT TO, YTO Mbl UMEEM JIEJIO C TTOA-
MHOXXeCTBaMU B E WK, 3KBUBAJIEHTHO, ¢ 0, 1 hyHKIMsIMY Ha E, B OTJIMYME OT MOJIEJIEH, T/Ie IOITyCKAIOTCS CTaOUITbHbIE
$yHKIIMH ¢ 60JIee OOIMMM 3HAUCHUSIMU (CKaXkeM, BEIIECTBEHHBIMY WJIH LIEJIOYMCIICHHBIMM).

B xauecTBe OCHOBHBIX pe3ysbTaToB B [14], Kacatomuxcsas ObM, monydeHsl clieayoliye: yToYHeHa CTPYKTypa poTa-
LM (KOTOpbIe HE 00513aTEJIbHO SIBJISIIOTCS MIPOCTHIMU IIMKJIaMU Tpada); moka3zaHO, YTO MHOXKECTBO poTaluii R ume-
eT pasmep O(|F||W|); ycraHoBJieHa OueKuus X N MEXIy peIeTKoi (S, >) cTabMIbHBIX MATYMHIOB X M PELIETKOM
(I, C) uneanos I mocera poTalMii; IOKa3aHO, YTO OTOOPaXeHUE | JaeT LeJoYucIeHHYIO ap@UHHYIO NPeICTaBU-
MOCTb CTaOMJIbHBIX MAaTYMHIOB Yepe3 uaeanbl nocera. IlocaenHee o3HayaeT HaIU4Yue 1EJOYUCICHHON E X R MaTpu-
bl A, JUISl KOTOPO# BBINOJHSAETCS X = Au + x°, Tlle X M u — XapaKTepUCTUUECKUE BeKTOPHI (B mpocTpaHcTBax RE u RR,
COOTBETCTBEHHO) CTAOMIBHOTO MaTUMHIA U UJIeasa, CBA3aHHbIX OTHOLIEHUEM m, a X” — XapaKTepUCTUUECKUIT BEKTOP
W-0oNTUMaJIbHOTO CTAaOMJIBHOIO MaTYMHra. bojiee Toro, 3aMe4eHo, 4YTo MaTpulia A UMEET MOJHbII CTOJOIIOBBIN PaHT,
OTKyIIa CJIeAYeT, YTO MHOTOTPaHHUK CTaOWIHHBIX MATYMHTOB a(PUHHO KOHTPYIHTEH MOPSIAKOBOMY MHOTOTPAaHHUKY
(order polytope) Ctannu [15].

O1U pesyabTaThl yernBatores misi CbM. A umenHo, B [14] moka3biBaeTcs, YTO B 3TOM Cilyyae MOceT poTaluid U
Martpuiia A adbGUHHOrO NMpeACTaBIeHUS MOTYT OBITh MOCTPOEHBI 3(pDeKTUBHO. 3AeCh MpeanoaaraeTcs, 4To GyHKIuu
BbIOOpA 3a/1aHbl TOCPEACTBOM 0pakKy108, MpyuyeM Mpu odpalleHU K opakyy iist C, (v € V) ¢ Ipou3BOJbHBIM MHOXeE-
cTtBoM Z C E, oH BhImaet 3HaueHue C,(Z) 3a “opaKyabHOE BpeMsi”, TOJIMHOMKAIBHOE OT |Z|. bosee Toro, Takoe BpeMst
YCJIOBHO M3MepsieTcsl KOHCTaHToi O(1) (Kak 0OBIYHO MPUHSTO B IMOTOOHBIX 3amavyax, Ilie OLIEHUBAETCS TOJBKO YMCIIO
00pallleHUi K opaKyJiaM, UTHOPUPYS CIOXHOCTb MX BBIMOJHEHUS). T1py 3TUX MPeanoaoXKeHUIX BpeMsl TOCTPOEHUS
roceTa ¥ MaTpULbI olieHnBaeTcd B | 14] kak O(|F*|W|*). AHaIOTMYHO MOZIENAM C TMHEHHBIMY MPEAIOYTEHUSIMU, 3TO
JaeT BO3MOXHOCTD 1711 CbM a3 dekTrBHO perath 3aa4u JMHENHONM ONTUMMU3allM1 HAa MHOXECTBE CTA0MUJIbHbBIX MaT-
YUHIOB.

B Hacrogeit pabote paccmaTpuBaeTcs obdsierdyeHHbIN BapuaHnT CbM. Kak u B moiHoM Bepcuu, TIpearnouTeHus B
nostsix rpada G 3a1aloTcs pasinyHO. A UMEHHO, Kax/as BepllirHa v fonu F cHabxeHa (pyHKLuMeit Boidopa C, Ha 28,
YIOBJIETBOPSIONIEH aKCMoOMaM IIJIOTTOBOCTY U KapJWHAIbHOIK MOHOTOHHOCTH (mogooHo ObM u CbM). Kak u npex-
ne, Bce 9T DB 3amatorcst opakynamu. B cBoto ouepenb, 151 KXol BEPIIMHEI v o W nMeeTcs KBOTa ¢(v) 1 TIpe -
IMOYTEHMS Ha MHOXeCTBe E, 3aMaHbl THHSHHBIM TOPSIIKOM. MBI YCIIOBHO UMEHYEM MOJEb CTAOWIILHOCTHU TIPU TaKIUX
YCIIOBUSIX KOMOUHUpoeaHHoU OyIeBOM MoaeIbio (cokparieHHO, KBM).

CrenyeT OTMETUTh, YTO MOJIE/Ib TAKOI'O po/ia C EAMHUYHBIMU KBOTaMU BEPILMH B W BO3HMKAET B pe3yJibTaTe peayK-
LINY 3aa9H C T.H. nociaedosamensHviM 6bi0opom (sequential choice) B BepIIrmHax OIHOM JOJM, OITUCAHHOM B paboTte [16].

OcHoBHas 11eJTh Hallelt paboTsl coCcTOUT B pa3pabotke st KBM oTHOCUTENTBHO MPO3pavHbIX METOIOB ITOCTPOSHUST
pPOTaLINii ¥ MIX TTIOCETA, a TAKXKE TOKA3ATeIbCTBA OUEKIINMY MEXKIYy pellleTKaMy CTAOMITbHBIX MATYIMHTOB U UJIEJIOB TTOCeTa.
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IIpu 3TOM HAIIM aATOPUTMBI MMEIOT HEBBHICOKYIO BPEMEHHYIO CJIOXKHOCTD; B YACTHOCTH, IIOCET POTALIMI CTPOUTCS 32
speMs O(|E|?) (114 cpaBHeHuUs aHanornyHas 3agayda it CBM pewaercs B [14] 3a Bpemst O(IFP|W?) =~ O(EP)).

PaGoTa opraHu3zoBaHa CleayIolIuM 00pa3oMm.

Paznen 2 cogepxuT 6a30BbIe ONpenesieHns ¥ ocTaHoBKM, Kacaroniuecss KbM. B pa3n. 3 nznaraiorcst yrBepXKaeHUs
U CpelCTBa, MPUBOASIIINE K OIlpeieSieHnIo poTaliuii. B pasn. 4 o0bsICHsAETCS KOHCTPYKIIUS TTOCeTa poTaluil M J0Ka3bI-
BaeTcs TeopeMa 00 u3oMopdu3Me pellleToOK CTabUJIbHBIX MATYUMHIOB U MIeaoB noceTa. Pa3nen 5 B OCHOBHOM MOCBSI-
ILIEH a/ITOPUTMUYECKUM acleKTaM. 3/ech MOKA3bIBAETCs, UTO TIOCET POTALMIl MOXKET ObITH ocTpoeH 3a Bpems O(|E[?),
a HauYaJIbHBIM CTAOMIBHBINA MAaTYMHT (ONTUMaIbHBIN 17151 W) — 3a BpeMst O(|V||E|). OCHOBBIBasiICb Ha KOHCTPYKIIMU MO-
ceTa poTaluii, B pa3a. 6 Mbl JeMOHCTpUpYeM adUHHYIO MIPEACTaABUMOCTD PEIIETKU CTAOMIbHBIX MATYMHIOB U JaeM
OIMCAaHUE CTPYKTYPHBIX 3JIEMEHTOB MHOTOIpaHHMKA CTAOMJIbHBIX MAaTYMHIOB. ClieyeT 3aMEeTUTh, YTO B pa3i. 3—6 MbI
JUJIST yIIPOILIEHUSI M3JI0KEHUST pacCMaTpUBaeM Cilydail eTMHUYHBIX KBOT JUIs BepluuH goau W. B pasza. 7 naetcst 06o011e-
HUE Ha CJTyyail MPOU3BOJBHBIX KBOT MPU JIMHEWHBIX MPEANOUYTEHUSX B A0jie W (UTO HE BBI3bIBAET OOJIBIIMX YCUIUIA).
B 3akimounTeibHOM pasi. 8, ciaenys [16], maeTcst onucaHKe BBILIEYIOMSHYTOM MOJEIN C ITOC/IEA0BaTEIbHBIMU (hYHK-
LIUSIMU BBIOOpA M ee penyKinst K KbM. 3aTtem MBI yKa3bsIBaeM CJICICTBUS VTSI 3TOM MOIEIIM M3 TIOJIydeHHBIX Pe3yIbTaTOB
s KbM.

2. HAYAJIbHBIE OITPEAEJTEHHWA U ITTOCTAHOBKH

B paccmarpuBaemoii Moaeau HaM aHbl: KOHEUHBIN ABYnOJbHBIN rpad G = (V, E) ¢ pa3duMeHMEeM MHOXEeCTBa Bep-
IIWH V Ha 1Ba HE3aBUCUMBIX MOAMHOXECTBA (monu) F u W, Ha3pIBa€MbIX MHOXECTBAMU @upm U paboOmHUK0E, COOT-
BETCTBEHHO. be3 orpaHnueHus1 OOIIITHOCTU, MOXKHO CUMTaTh, 4YTO rpad G He UMeeT KpaTHBIX pebep (cM. 3amedaHue 1 B
KOHIIE pa3iesia); TaKxKe MOXHO CUMTaTh, 9T0 G cBsI3eH. B wactHOCTH, |V| — 1 < |E| < ("2/'). Pe6po B G, coenuHsonee
BeplIMHbI w € W u f € F, MoxeT o603HavyaTbcs wf.

Hns BepuiiHbl v € V 0003Ha4YuMM 4epe3 E, MHOXECTBO €€ MHIIMACHTHBIX pedep. Ha aToM MHOXecTBe 3agatoTcs
MpeanoyTeHus1 BepiuuHbl (“areHra”) v. [IpennoureHus B 1oisix F 1 W MUMEIOT CyILIECTBEHHbIE pa3anyusl.

o (JmHeiiHbIe mpennouTenns) st BepiH w € W TIpeAnIouTeHIS 3adaHbl IIPY ITOMOIIHU AUHeliH020 nopsadka >, Ha E,, .
Ecnmu nns e, e’ € E, BLINIONHSIETCS e >, €', Ml TOBOPUM, YTO peOpO e MPearouTUTEIbHEE IJIsl w, 4eM e’. DTO aHaJIOTUIHO
MPEennoYTeHUSIM B KJIACCUUYECKOM 3aaue o0 cTabMIbHBIX MapbsiKax Ieitna u Llernm [1].

o (pynxkmmm BrIOOpa) /1t f € F mpennoutenus Ha E; 3amaHbl pyu oMo GyHkuuu Beidopa (PB) C = Cf
2Er — 2F/. OHa ynoBIeTBOPSET HECKOJIBKMM CTaHIAPTHBIM YCIOBUAM (akcuomaMm). Beerna rmpeanonaraercs, 4To 310
CKUMaIOIIMIA oneparop, T.e. Ui 11odoro Z C Ey Beinoansaerca C(Z) € Z. JIpe akcnomsl, Kacaiommecs nap Z,Z" C Ey,
BBITJISLAST TaK:

(Al)ecru Z 2 7' 2 C(Z), to C(Z") = C(Z);

(A2)ecru Z 2 Z', o C(Z)NZ C C(Z).

N3 (A1), B yacTHOCTH, CIIEAYET, 4TO UIsA 1t060ro Z C Ef cripasennuso C(C(Z)) = C(Z). B niurepatype cBoiicTBo (Al)
HAa3bIBAIOT KOHCUCMEHMHOCMbIO, & CBOMCTBO (A2) — 3ameHseMocmblo, WIA NepcucmeHmnHocmoio (IIOCASIHUIA TEPMUH
BcTpevaeTcs, Harpumep, B [17]). Kak nmokazano B [18], BemonHeHne (Al) 1 (A2) 5KBUBAJICHTHO CBOWCTBY He3a8i-
cumocmu om nymu, Win naommoegocmu (Bocxofsdiiee K padote [7]); B HallleM CIyJae 3TO BBIIJISIAUT TaK:

U1 MoObIX Z, Z' € Ey cripaBenyimBo C(ZU Z') = C(C(Z) U Z)). 2.1
Ente onHa akcmoma n3BecTHa MOJ HA3BaHUEM KapOUHAAbHOU MOHOMOHHOCMUL:
(A3)eciu Z 2 Z', 10 |C(Z)| = |C(Z").

BaxxHblif yacTHBIN ciydail (A3) — yclIoBuUe kgomupyemocmu; OHO HaKJIAIbIBAeTCs, KOTIA 3aaHO YUCIIO (keoma)
q(f) € Zs(, ¥ BBILJIAAUT TaK:

(A4) nna moodoro Z € Ey cnpaseninso |C(Z)| = min{|Z], g(f))}.

Jlerko mpoBepUTh, UTO YKa3aHHbIE aKCMOMBI BBITIOJHSIIOTCS JJ1s1 BEpIIMH w € W; B 3TOM cjy4yae 3aJaeTcsl KBoTa
q(w) € Zsg, u onieparop C,, IEUCTBYET B COOTBETCTBUU C MOPSIAKOM >,,, @ UMEHHO: B MHOXecTBe Z C F,, BBIOMpPAIOTCS
min{g(w), |Z|} cTapIIMX 3JIEMEHTOB.

B Halem uznoxxeHuu, BIJIOTh 10 pas/l. 7, Mbl IJIsl TPOCTOTHI OyaeM Kak npaBujo paccMarpuBath KbM c ennHuy-
HBIMU KBOTaMU JUis BceX w € W, B To e BpeMsa QyHKUnuU Cy, f € F, OyayT NpOU3BOJIbHBIMU NPU ycaoBuAX (Al)—(A3).
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e (ctabmibHOCTD) J1J151 yIoOCTBa M3I0XKEHMS BCSIKOE TTOAMHOXECTBO pedep X C E OyneM Ha3bIBaTh Mamyuneom. s
v € V orpannyeHue X C E Ha moaMHOXecTBO E, Oynem o003Hauath yepe3 X, ; MUHBIMU clioBaMu, X, = X N E,. [TogmMHO-
KecTBO Z C E, Ha3zoBeM npuemaemvim, eciivi C,(Z) = Z; COBOKYITHOCTb TAKUX MOJAMHOXECTB 0003HAaYUM A,,. DTO 1O-
HSITUE pACIIpOCTpaHsIeTCsl HAa MOAMHOXECTBA BO BceM E; a UMEHHO, cKaxeM, 4To X C E TpUeMJIeMOe, €CIU TaKOBbIMU
SIBJISIIOTCSI BCE €ro orpaHudeHus1 X, v € V. COBOKYMHOCTb IPUEMJIEMbIX MHOXECTB (MaT4MHIOB) B E 0003HavaeTcs A.

Hns Besikoro v € 'V dyHKIUS BeIOopa C, TIO3BOJISIET CPAaBHUBATH IIPHEMJIEMble MHOXECTBA B E,. A UIMEHHO, IS
pa3nIuuHbIX Z, Z' € A, cKaXeM, 4To Z MpearnouTuTebHee Z’, 1 0003HaYMM 3TO KakK Z >, Z', ecliu

C,(ZUZ)=7Z

Jlerko BUaETh, UTO OTHOLLIEHUE >,, TPAH3UTUBHOE.

Hcxonst n3 cpaBHEHUS TIPUEMIIEMBIX ITOAMHOXKECTB B MHOXECTBAX E,,, MOXXHO CpPaBHUBATh ITPUEMJIEMBIC MATUMHT T
BO BceM E. A UMEHHO, BbIOMpasi OnHY U3 noJieid B G, ckaxeM, F, 15 pa3iuuHbix X, Y € A Oynem nucatb X > Y u
TOBOPUTB, YTO X MPEANOYTUTEIbHEE ¥ OTHOCUTEBHO “DUPM”, eciiv UIs Beex f € F BeimonusAeTcsa X, > Yy, Ilopsanox
>w B A OTHOCUTEJIBHO “pabOTHUKOB” OIpeaessieTcs] aHaJIOTUYHO.

Onpenenenue 1. {ns1v € Vu Z € A,, ckaxeM, 4To pedpo e € E,—Z unmepecroe OTHOCUTENBHO Z, eciii e € C,(ZU{e}).
DTO MOHSITHE PACTIPOCTPAHSIETCS Ha TpUeMIIEMble MAaTYMHTY B E. A UMEHHO, TpU MaTuuHTe X € Apebpoe = wf € E-X
Ha3bIBAETCS UHMepecHbiM NI BeplIUHbI (“areHTa”) v € {w, f}, ecmu e € C,(X, U {e}). Ecnmu pebpo e = wf € E - X
WHTEPECHOE I 00enX BEPIIUH W U f, TO TOBOPAT, 4TO e Oa0kupyem X. Matuunr X € A Ha3BIBAETCS CMAOUAbHbIM,
€CJIM OH He OJIOKMpPYeTCcss HUKaKUM pedpoM B E — X. MHOXeCTBO CTaOMJIbHBIX MAaTYMHTOB IS paccMaTpUBaeMbIX G =
(FUW,E), >, gw) (we W), Cr (f € F) obozHaunM 4yepe3 S = S(G, >, ¢, C).

3ametum,atoisive V,Ze€ A,,e € E,—ZnZ := C,(Z U {e}):

(i) pebpo e MHTEpEeCHOE OTHOCUTEILHO Z TOTJA Y TOJIBLKO TOra, Koraa Z’' paBHO JIM00
(a) Z U {e}, nubo (0) (Z — {¢’}) U {e} mnst HEKoTOpOTO €’ € Z; 2.2)

(ii) ecnu e UHTEPECHOE OTHOCUTENBHO Z, TO Z' >, Z, U Ha00OPOT.

3naecs (i) caenyet u3 cootHolueHuit C,(Z) = Zu Z' € ZU{e} u HepaBeHcTBa |C,(ZU{e})| = |C,(Z)| (B cuny KapAWHaJIbHOI
MoHOTOHHOCTHU (A3)). CBoiictBo (ii) cnenyet uz C,(Z' UZ) = C,(ZU{e}) =Z' + Z.

e [Insav € V MHOXeCTBO A,, CHAOKEHHOE OTHOLIEHUEM MPEANOYTEHUS >, 00palllaeTCs B PEILIeTKY; B HEl, B COOT-
BETCTBMU C U3JIOXKEHHBIM B [9], 1151 Z, Z’ € A, TOUHas1 BEpXHsIS TpaHb Z Y Z’ BbIpaxaeTcs Kak C,(Z U Z’) (B To BpeMs
KaK TOYHAsI HYDKHSIS TpaHb Z A Z' BBIpaXKaeTcsl ¢ MCITOIb30BaHEM ITOHSITHSI 3aMBIKaHMST; MBI 3TO 31€Ch HE IIPUBOINM).

“IIpsamoe mpousseneHne” pemeToK (Ay,>¢) 1nd f € F jaer peweTky (A, >rp) (B Helt g X, X' € A onepauuun
X Yr X’ (join) u X Ap X’ (meet) OTHOCUTENBHO J0AU F ONpenessitioTcsl eCTECTBEHHBIM 00pa3oM uepe3 OrpaHUuYeHUS
XrY X} uXy A X}) AHaJOTMYHO oNpeaensieTcs pemeTrka (A, >w) OTHOCUTENIbHO 10au W.

e Terepb MbI MOXeM COPMYJIMPOBAThH BasKHBIE IS TaTbHEHIIET0 CBOMCTBA MHOXECTBA CTAOMIbHBIX MATYMHIOB
S; OHU HETOCPEACTBEHHO BBITEKAIOT U3 COOTBETCTBYIOIIMX OOLIMX pe3yabraToB B padote [9] (cM. B Helt Teopemy 10).
A MMeHHO,

(a) S HenycTo, U (S, >F) ABISCTCI dUCMPUOYMUBHOU PEILIETKOIA;

(06) (cBOWMCTBO noasapHocmu). MOPSIAKU >r U >y IPOTUBOIMOJOXHEI, a UMEHHO: ISt
X, YeS,ectuX > Y, T0Y >y X, 1 HA000POT; 2.3)

(B) (CBOKICTBO uHeapuaHmuocmu pasmepos): Iis JIo0ol HUKCUPOBAHHON BEPILIMHBI
v € V uucino |X,| onMHaKoBoO Ipu Bcex X € S.

Mpbi 6ynem 0603HaYaTh MUHMMAJIbHBIN M MAKCUMAaJIbHBIM 371eMEHTHI B pelueTke (S, > ) Kak X™Min i XMaX  coOTBET-
CTBEHHO (TOTa MePBbIiA — HAWIYYIIWUI, a BTOPOW — HAUXyIUIWIA 1T 1o W, B cuily cBoiicTBa nosisipHocTu (2.3)(0)).

OTMeTHM, YTO B CJIy9ae BBIIOJHEHUS KBOT (YTO, B YACTHOCTH, BepHO Wit mou W) cBoiicTBO (B) B (2.3) mMmeeT
BaxkHoe ycusieHue (cp. [17, Corollary 3]):

JUIST BepIHBL v € V, eciii @B C, mogqunHseTCsT akcmoMe KBOTHpyeMocTH (A4) ¢ KBOTOM
q(v), ¥ €CJI1 /11 HEKOTOPOTO (WU, YTO IKBUBAJIEHTHO, JIIOOOr0) CTAOUJIBHOTO MAaTYMHTA 24
X BeinonHseTcd |X,| < g(v), ToO MHOXECTBO X, ONMHAKOBO IIpH Bcex X € S.
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3ameuanue 1. MlHorma B urepaType O CTaOMIBHBIX MaTIMHTaX Ha rpacdax (He 00s3aTeIbHO ABYIOJbHBIX) HOITYC-
KaeTcsl HaJInuMe KpaTHBIX pebep, T.e. paccMaTpuBaeMbiit rpad G MoxeT ObITh “Mynsrurpacdom”. (Takoe 0000IIEHNE
MOXET UMETh pa3yMHble 3KOHOMUYEeCKHUE MHTepnpeTalnu.) OQHaKo JOCTaTOYHO MPOCTasi KOHCTPYKIIUS TTO3BOJISIET
npeobpa3oBath G B rpad G’ 6e3 KpaTHBIX pedep, Moyyass SKBUBAJIEHTHYIO 3a7a4y O CTAOMJIbHOM MaTyuHre mis G'.
Takast KOHCTPYKIIMS yKa3aHa B [19] st cirydast TMHESHHBIX IOPSIIKOB Ha BCeX BepIMHAX; OHA IIPUMEHNMA U K HaIllel
monenu KBM. (B cuty 3T0ro MBI B JanbHEHIIIEM MOXEM OTPAaHUYUTLCS OOBIKHOBEHHBIMU TpadaMi, YTO YIIPOIIAET
U3JI0XEeHHUE, He OrpaHUYMBasl OOIIHOCTH; B YaCTHOCTH, peOPO MOXET 0003HAYATHCS Mapoil ero KOHIIEBBIX BEPIIIMH. )
Kpartko onuiem gaHHY10 KOHCTpyKUMIO. B Heil (Kaxaoe uin xkexaeMoe) pedpo e MexXIy BeplliMHaMU u U v B Tpade G
3aMeHsieTcst moarpacdom K, , mopokaaeMbIM 6-1IUKIIOM O, C TIOCIEA0BaTeIbHOCThIO (HOBBIX) BEPIIUH V1, . . ., Vg U ABYMS
JOTIOTHUTEEHBIMU PeOpaMu uv; U vv,4. [IpennouTeHNsI B BepIIMHAX OIPEACIICHBI IO KPYTY: PeOpo v;_1v; JIYUIIEe V;V;
(Tromarast vg = vp); KpOMe TOTro, pedpo uv, (vv4) ToaraeTcs CpeaHUM B TPOMKE IS V| (COOTBETCTBEHHO, v4). KBOTHI
IIJIS BCeX HOBBIX BEPIIUH v; paBHHI 1.

Jlerko nmpoBepHTh, UTO B CTAOMILHOM MaTdWHTe X’ 71T Moaeau ¢ G’ Bce BEpIIUHEI v; JOJDKHBI OBITH TIOKPHITH X' .
Otcrona clieayeT, uTo pedpa uvy 1 vv4 OTHOBPEMEHHO JIMOO MPUHAAJIeXaT, 1100 He puHaaiexaT X’. DTo eCTeCTBEHHO
IMopoxXaaeT MaTduHT X 111 G (e IMHCTBEHHBIM 00pa30oM), KOTOPHEIi cTadmiteH st Moaenu ¢ G. O0paTHO, CTaOVITBHBIH
MaT4YMHT X 1719 G MOXET ObITh Ipeo0pa3oBaH B CTaOMIbHBINA MaTuyuHT X’ 17151 G”; 31ech 06a pedpa uv; 1 vvy NpUHaLIe-
XKaT X’ Torza M TOJIbKO TOrJa, Korjaa peopo e npuHamiexxuT X. Ha moarpade K, MmaTamHr X’ onpeaesieTcs: eAIMHCTBEH -
HBIM 00pa3oM 3a UCKJIIOYEHUEM Cilydyasi, Koraa e ¢ X, U IIpU 3TOM pedpo e — He UHTEPECHOE NMPpU X HU ISl BEPLIMHBI
u, HU 11 BEPLIMHBI v; TOMETUM 3TO Kak cayyaii (+). [Ipy Hem X’ MoxXeT ObITh Ha3HaUeH BHYTPU K, IBYMSI CITOCOOaMU:
JIM0O0 ViV, V3Vyg, V5V € X7, TUO0 vov3, V4vs, VeV € X'. O cBsI3U poTaluii B G’ u G OyeT cKa3aHO B 3aMeYaHMu 2 B pasl. 5.

3. AKTUBHBIV I'PA® U POTALIUU

3adukcupyeM CTaAOMIBHBIN MAaTIMHT X € S, ONIMIHBINA oT X™**. Hac mHTepecyeT MHOXECTBO Sy CTaOMIBHBIX
MaT4yrHTOB X', ynoBaeTBopsiomux X' > X u 1pu 3ToM 01u3Kux K X. [locnenHee o3HavaeT, yTo X HenocpeocmeeH-
Ho npeduiecmgyem X' B peleTke (S, >r); MHauUe TOBOpsI, HET Y € S, nexaiero Mexnay X u X', T.e. yIOBJICTBOPSIOIIETO
X' >r Y >r X. 11 HaxoxXaeHUsI Sy Mbl OyIeT CTPOUTD T.H. AKMUGHbLIl epag, B KOTOPOM OYAET BbIIEJSITHCS CEMEICTBO
CTelMaIbHBIX LIUKJIOB, Ha3bIBaeMbIX pomayusmu. Ham MeTo onpeaeneHrs poTaluii CylieCTBEHHO mpoiie U 3¢ dek-
TUBHee, YeM MeTOJ, B [ 14], pa3paboTaHHBIN 1151 OoJiee OOIIeit MOIeN.

Onpenenenue 2. Bepuiuny w € W HazoBeM deguyumnoii, ecnm |X,,| < g(w). Unaue (npu |X,,| = g(w)) Oynem nuMeHo-
BaTb BEPIINHY W HOAHO8ECHOI; MHOXECTBO TaKUX BEPIIUH 0003HAYMM yepe3 W=,

(CornacHo cBoiicTBy (2.3)(B), MHOXecTBO W™ He 3aBUcUT oT X € S. Kpome Toro, BBULY (2.4) 11 Ne(UILIUTHON Bep-
IIWHBI W MHOXECTBO X,, = X N E,, He 3aBUCHUT OT X € S.)

B nanbHeiiiiem, korna He BOSHUKAET JBYCMBICIEHHOCTH, MBI [IJIs1 KPATKOCTU OyJeM Mucath > BMECTO > . JJist ipo-
CTOTBI U3JIOKEHMS MBI fajiee OyIleM pacCMaTpUBaTh CIydyail eTMHUYHBIX KBOT g(w) = 1 11t Bcex w € W; o0LIMiA citydaii
KBOT g Ha W OyneT paccMaTpuBaThes B pasil. 7.

3. 1. Axmuenwiii epagh

JIJ1s1 TIOJTHOBECHOM BepIIMHBI w € W= eIMHCTBEeHHOE pedpo (3a(MKCUPOBAHHOIO) MaTYMHTra X, MHIUIASHTHOE W,
0003HaYMM 4Yepes x,,, T.e. X,, = {x,}. PaccMoTpuM MHOXeCTBO pebdep ¢ = fw € E,,, YIOBICTBOPSIOMIMNX CIEIYIOITUM
CBOICTBaM:

(a) e <, x, ¥ (0) e uHTEPECHOE 1)1 f IIpU X, T.€. e € Cr(Xy U {e}). 3.1

Ecou 5T0 MHOXECTBO HEIyCToe, TO caMoe Jydillee peOpo B HEM OTHOCHUTENBHO IopsiaKa >, Ha3oBeM W-
donycmumoim IUISE X 1 O003HAYNM a,, = a,,(X).

Paccmorpum Takoe pedpo a,, = fw. CoracHo (2.2)(i), BO3MOXHEI IBa BapuaHTa uid Xy 1 a,,. Ecim Cr(Xy U {a,,})
BbIpaxaeTcs Kak (X, — {e’}) U {a,} g HekoToporo e’ € X, (BapuaHT (0)), To peOpo e’ HazoBeM F-donycmumbim U
0003HaYUM bJ”Z' = b}”(X). Takke ckaxem, 4To b}' accoyuuposato ¢ a,,, i 9To napa (a,,, b;f) o0pasyer cga3Ky, MPOXOASIIYI0
yepes BEPLUUHY f.

(B ciywae Cy(X,U{a,}) = XrUla,} pedbpo a,, He TOPOXIAET CBA3KY. 3aMETUM TAKXKE, YTO HEKOTOPLIE F-I0IYyCTUMBIE
pebpa MOryT ObITh aCCOLIMMPOBAHBI ¢ AByMsI U OoJiee W-I0IyCTUMBIMU peOpaMu, T.€. BO3MOXHBI pa3InyHbIe CBSI3KU
(a, b;V) u(a,, b}”’), JUUTSE KOTOPBIX b}” = b}V' .) Y3 onpeaeneHust OMyCTUMBIX pedep HEMOCPEICTBEHHO CEAYeT, YTO

JU1s1 I000# CBA3KM (a, b), mpoxoaduiel Yyepes BeplunHy f € F, cpaBeqivso a ¢ Xy,

be Xf, " Cf(Xf Ufa}) = (Xf U {a}) — {b}. 3.2)
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IIycts D = D(X) = (V, Ep) — OpMEeHTUPOBAaHHBIN Ipad, pedpaMu KOTOPOTo SBISIIOTCST W-IOIycTUMBIE pedpa, Opu-
eHTUpoBaHHbIe OT W K F, U F-A0IyCTUMBbI€ pedpa, OpueHTUPOBaHHbBIE OT F K W; Mbl MpUMeHsIeM 0003HaYeHE BUIa
(w, f) n1st mepBbIX, U (f, w) 11 BTOpbIX (tne w € W u f € F). [lpuMeHuM K D cienyroniyto mpoueaypy.

IIpouenypa ounctkn. Eciu B Tekyiiem rpacde D oOHapyXWBaeTcs BepliMHa w € W, uMeroIias ucxonsiinee W-
JIOITyCTUMOE pebpo a,, = (w, f), HO He UMerolIas Bxoasuero F-gomyctuMoro peopa (Buga (f’, w)), To ynaasaem
a,, 13 D. OMHOBpPEMEHHO, €CJIU TaKOe a,, UMEET aCCOLIMMPOBAHHOE PeOpo b}, Y 3TO pedOPO HE yJacTBYET B APYTUX
CBsI3KaX, POXOSIINX Yepe3 f B TeKyLIeM D, To Takke yaasieM by u3 D. Kpome Toro, ynaisieM n3 D M3011pOBaH-
HBIE BEPIIMHBI, KOTIIa OHU MOSBIISTIOTCS. IToBTOpSIEM TIpolieAypy C HOBBIM D, 1 T.1., ToKa D He CTaOMITU3UPYETCSI.

Ilycte I' = T'(X) = (Vr, Er) obo3HauaeT rpag D, MOAYyYEHHBIH MO 3aBeplleHUM 3TOU Mpoueaypbl. Mbl Ha3biBaeM I'
akmueHviM epaghom 1 X, U ero pedpa — akmuenvimu pedopamu. Ilonoxum Wr := WN Vru Fr := F N V. 115 BepIIUHbBI
v € Vr o603HaunM yepe3 6°"(v) = 62" (v) u dn(v) = 6}“(\/) MHOXecCTBa pedep B I', BBIXOOSIIUX U3 v U BXOJSIIMX B V,
COOTBETCTBEHHO. [pad I' obiagaeT clenyrolnMy CBOMCTBAMMU:

(a) kaxas BepuIHa w € Wr yoosieTBopsieT |8 (w)| = |8 (w)| = 1;

(6) U151 Kaxoii BepwMHEL f € Fr cripaeunso |8°U(f)| = |8 (f)|, u cBsi3KkH (a,,, b;’), po-
XOsIIIIMe Yepes f, TorapHo He TiepeceKaloTcs 1o pedpaM 1 JaloT pa3dreHne MHOXeCTBa
8(f) U B (f) (re a,, € O™(f) u by € ().

(3.3)

JeiicTBUTENBHO, U3 onpeacieHust W- u F-1oMycTUMBbIX pebep ciemyeT, uto |0 (w)|, [8°™(w)| < 1 and Bcex w € Wr,
u |3(f)] > |8°%(f)| mnst Beex f € Fr. B pesyabrare noleaypbl O4MCTKM HEPABEHCTBA B IEPBOM BHIPAXEHUM (11 w)
ob6pawiatorca B 1 = [8™(w)| > [§°"'(w)|, a BUI BTOPOTo BhlpaxeHUs (HepaBeHCTBa I f) coxpaHnsiercsl. Teriepb TpeGyeMble
paBEHCTBA CJICIYIOT U3 OYEBUIHBIX 0AJTaHCOBBIX COOTHOINCHMI (ITOCKOJIBKY pedpa B I', Bexomsiue u3 W, u peopa,
BXOJsIIIME B F', — OMHU U Te Xe, U aHAJIOTUYHO JUIs1 pedep, BhIXonsux u3 F, u pedep, Bxoasuux B W).

3.2. Pomayuu

W3 (3.3) cnenyert, yTo akTUBHBIN rpad I' = I'(X) 1eKOMIoO3upyeTcsl B MHOXECTBO MOMapHO HelepeceKaloluxcs Mo
pedpaM OpUEeHTHUPOBAHHBIX LIMKJIOB, Te KaXKIbIi UUKI L = (vg, €1, Vy,..., e, Vi = Vo) OMHO3HAYHO CTPOUTCS €CTECTBEH -
HBIM 06pa30M, a UMEHHO: I i = 1,...,k, ecii v; € Wr, 1o {e;} = 8™(vy) U {eir1} = 8°"'(v;), a ecu v; € Fr, To mapa
(ei, €i+1) 00pA3yeT CBSI3KY, MPOXOMSAIIYIO Yepe3 v;. 3aMeTUM, 4TO Bce pedpa B L pa3IndHBIe, HO L MOXET caMorepece-
KaThCsl B BepILIMHAX T0JH F. B 3aBUCMMOCTH OT KOHTEKCTa MBI TAKXKe MOXEM paccMaTpuBaTh LIUMKI L Kak moarpad B I’
U IpUMeHSITh o0o3HayeHue L = (V, Ep).

Ilycts £ = L£(X) o603HaUYaeT MHOXECTBO YKa3aHHbIX UMKJIOB B I'. 1151 Kaxkaoro ukia L onpeaeanm pa3doueHue
(L*, L) MmHOXeCTBa ero pebep, rme L* obpazoBaHo pedbpamu, uaymmmu oT W X F, a L~ — pebpamu, unyimmmu ot F Kk W
(Ha3bIBaeMBIMH, COOTBETCTBEHHO, W-akmuensimu N F-akmuensimu pedpamu). kel L € L MBI 1 Ha3bIBaeM pomaui-
AMU, ACCOLIMMPOBAHHBIMU ¢ MaTYMHIOM X. KitoueBble CBOMCTBA pOTaLIMiA MPUBOISTCS B CIEAYIOLIMX ABYX YTBEPXKIE-
HUSIX.

Ipennoxenne 3.1. /s kaxncdoeo L € L(X) mamuune X' := (X — L™) U L* aeasemcsa cmabuavHbim u yoosremeopsem
X > X.

CkaxeM, 4To Takoil MaTuuHr X’ noayuern uz X npumenenuem pomayuu L, 1 0003HAYMM Yepe3 Sy MHOXKECTBO TaKMX
MaT4YMHIOB 1o BceM L € L(X).

Ipennoxenne 3.2. [lycmv Y € Su X < Y. Toeda cywecmeyem X' € Sy, yooseaemeopsowuii X' < Y.

JloKka3zaTeabCTBa 3TUX MPEJIOKEHU CYIIECTBEHHO UCIOJB3YIOT CJEAYIOILyIo JieMMy. Jist yrpouieHus1 o003Have-
HUI 3[eCh U Jajiee JJisi MHOXeCTBa pedep Z U 3JIEMEHTOB a ¢ Z U b € Z Mbl MOXeM nucath Z + a BMecto ZU {al uZ — b
BMecCTO Z — {b}.

Jlemma 3.1. Ilycmob (a(1), b(1)), ..., (a(k), b(k)) — pazauunble (Henepecexkarousuecs no pebpam) ceasxu 6 I, npoxodsuue
yepes geuwiury [ € F. Toeda 0as a0boeo muoxcecmea I C {1,...,k} =: [k] cnpasedauso
CrXr+a)+---+alk)y—{b):ielh)=Xs+a(l)+---+ak) —b(1) —--- = b(k).

JokasareabcTBo. O60o3HaunM X + a(l) + -+ + a(k) — {b(i): i € I} yepe3 Z;. Hano nokaszarte, uto Cs(Z;) = Zy) 1
moboro I C [k].

Criepsa ycraHoBUM 3710 4714 I = 0. [Ins 31010 cpaBHuM aeiicteue CrHaZy = Xy +a(l)+---+a(k) uHa Y; := Xy + a(i)
IIpY IPOU3BOJIbHOM i € [k]. VI3 onpenenenus cBA3kU (a(i), b(i)) cnenyet Cp(Y;) = X + a(i) — b(i). IIpuMensis akcuomy
(A2) x mape Zy D Y;, uMeeM

Ci(Zp) NY; € C(Yy) = Xy + a(i) — b(i).
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ITockonbKy Y; conepXur b;, monydaeM b; ¢ C¢(Zp).
Taxkum obpasoM, C(Zy) € Zy—b(1)—---—b(k) = Zy). B 3T0OM BEIpakeHUM BKJIIOUEHHE BBITIOIHAETCSA KaK PABEHCTBO,
4TO CJIEAYeT U3 KapAMHAILHOI MOHOTOHHOCTH, IPUMEHEHHOM K nape Zy 2 Xy, B CUJTy KOTOPOii

|IC(Zp)| 2 |IC(Xp)| = |X¢| = |Zp].

Ternepb mokaxxeMm TpedyeMoe paBeHCTBO ISl IPOU3BOJIBHOTO I # (), mperiosarasi 3To BbIIIOJHEHHBIM 10 MHAYKIIMU
Juts Besikoro I’ € 1. BospmeM i € 1, monoxuM I’ := [ —i v paccMOTpuM napy Zp O Z;. Ilo unnykunu umeeM C(Zy) = Zy,.
Torna B cuny KapauMHaJIbHOM MOHOTOHHOCTU MOJIyYUM

ICr(ZD| £ |C(Zp)| = |Zig] = Xl

C npyroii croponsl, npuMeHss (A2), umeeM C((Zp)NZ; € C¢(Z;). Otcrona cienyet, uto C ¢(Z;) CONEPKUT Zy (BBULY
OYEBUIHOTO Z; 2 Zyy). Torna Cr(Zy) = Zyyg.
Jlemma 3.1 mokazaHa.

W3 a10i1 NeMMBI CJIEOYyCT, 4YTO

MHOXeCTBO Z := Xy +a(l) +--- +a(k) — b(1) — - - - — b(k) — ipuemnemoe st f u yooBie-

TBOPSICT Z > X. (34

(ITockonbky, mpumMenssa temmy 3.1 K I = 0, umeeM Cp(Z U Xy) = Cy(Xy +a(l) + --- + a(k)) = Z.)

JokazatenbcTBo npenoxenus 3.1. [Ipexae Bcero 3aMeTuM, 4TO MHOXECTBO X, MpUeMiIeMoe Uisl Bcex v € V. OT1o
cienyeT U3 mpuemieMocty X, ecimu v ¢ Vp. inga w € W NV, MHOXecTBO X|, COCTOUT U3 OfHOTO pedpa, n C,, (X)) = X,
O4YeBUIHO. A st f € F N V), IpHeMIeMOCTb X, CIeAyeT n3 GAmpuL*NEs={ay,...,axiym L- NE; ={b(1,...,bk)}.
Takum obpazom, X’ € A.

Tenepb, paccyxaast OT IPOTUBHOTO, MPEAIOJIOXNUM, YTO X’ He CTaOMJIbHOE U PacCMOTPUM OJIOKUpYIOIee pedpo
e = wf s X', T.e. e MHTepecHOe Uik w IpY X, U UHTepecHoe st f 1pu X;. 3ametuM, 4to ¢ ¢ X. (MHaue us e € X
Ue ¢ X' cnenoBayo 6bl e € L™ N Ey =: By, U, IpuMeHsst teMMy 3.1 KAy := L* N Ey u B’ := By — e, MBI IM€JIN OBI
Cf(X} +e)=Ci(Xy—B)YUAy) = X}, BONIPEKU TOMY, UYTO e UHTEPECHOE 151 f MpU X}.)

Ipennonoxum, 9ro yKazaHHoe pedpo e He uHTepecHoe and f npu X. Torna Cr(Xy + e) = Xy, OTKyza (IIpUMeHAA
IUIOTTOBOCTH (2.1)) monyyaem

Cr(X; U Xy +e) = Co(X;UCp(Xp +e) = Cp(X; U Xp) = X
C npyroii cTOpoHbl, nojiaras Z’ := C (X} + e), umeeM
CrXpUXy+e)=CpCrXpUXp)+e)=Cr(Xp+e)=Z".

CnenoBateibHO, Z' = Xj. Ho cormacHo (2.2)(ii), u3 UHTEPECHOCTU ¢ OTHOCUTEIBHO X s IOJDKHO CriefioBath Z' > ¢ X},
MPOTUBOPEYME.

Takum o06pa3oM, e UHTepecHoe s f TIpu X.

Tenepp, UTOOBI IPUIATH K (PHATBHOMY TPOTUBOPEUMIO, CPABHUM e C aKTUBHBIM peOpOM a,, U pedpoM ¢’ € X, UHLIU-
JIIEHTHBIM w; ToTAA {a,,} = X|, 1 {¢’} = X,,. Tak KaK e uHTEpeCcHOE U1 W TTPU X', TO BBITIOJIHSIETCS € >, a,,. B TO XXe Bpems,
TaK Kak pedpo e MHTepecHoe Il f Mpu X, TO ¢ He MOXET OBITb MHTEPECHBIM VIS w IpK X (BBUAY CTAOMIIBHOCTH X);
moatomy ¢’ >,, e. TakuMm o6pas3oMm, e yaoBJaeTBOpsieT CBOMCTBY (3.1) U Mmpu 3TOM sIBJIsIeTCs 00J1ee MPEeaNOUYTUTETbHbIM,
yeM W-aKTUBHOE pedpo a,,; MPOTUBOPEYUE.

Hrtak, X’ He fomyckaeT OJIOKUPYIOLIUX pedep, T.e. sABasieTcsl cTabWiIbHBIM. CBOUCTBO X’ > X CIEAYET U3 X, >, dy,
w € W, (BBumy (2.3)(0)).

IIpennoxenue 3.1 noka3aHo.

JlokazareabcTBo npemioxkenus 3.2. YToOwI TocTponTh potanuio L € L(X), onpenessionIyo TpeOyeMbIii MaTIMHT
X’, mpexxze Bcero 3aMeThM, 4to comtacHo (2.3)(B), pa3Mepbl orpaHndeHnit X M Y OAWHAKOBBI JIJIs1 KaXKIOM BEPIIMHBI
v € V, Te. |X,| = |Y,|. [Tockonbky X # Y, HaligeTcs BepminHa w € W, njs kotopoit X,, # Y,,. Toraa X,, cocTouT us
oHoTO pedpa x,,, U Y,, COCTOUT U3 OAHOTO pedpa y,,, U BBIIIOJHSIETCA X, >, Y, (TaK KaKk X < Y Beder X >y Y, BBUILY
noJisipHocTH (2.3)(0)).

Pe6po y,, = wf DOJKHO OBITh UHTEPECHBIM ULl BepWIMHEI f Tipu X. JIefCTBUTENBHO, BBULY Yr >¢ X;, UIMEEM
C(YyUXy) =Yy, ne C := Cy. Torna, UCIONIL3Y4 MIOTTOBOCTh, UMEEM

Yy =C(YyUXyp) = C((Yy = yw) U Xy +yw) = C((Yy = yi) UCXp + y)).

>KYPHAJI BBIUMCITUTETbHOU MATEMATUKU U MATEMATUYECKOM ®U3UKU  TomM 65 Nel 2025



CTABUJIbHBIE MATYUHTU, ®YHKLWU BbIBOPA U TUHEWUHBIE MOPIAKU 127

Nsy, ¢ (Yr —yy) cnenyer y,, € C(Xy +y,), NO3TOMY y,, UHTEPECHOE 114 f TIpy X.

CrenoBaTeibHO, UMEETCSI aKTUBHOE Pedpo a,, = wg, VIS KOTOPOIO X,, >, @y =, Y. PACCMOTPUM BEPIIUHY g U
MHOXeCTBa X, U Y,. PeOpo a,, ABIAETCA MHTEPECHBIM I g IPU X, HO HE NpU Y (MHA4Ye Mbl UMENU Obl a,, # y, U
a,, > Yw, U TOTAA PeOPO a,, ObLUTO OBl MHTEPECHBIM MPpU Y ISt 00X BEPIIUH W U g, BOMIPEKU cTabuiibHOCTH V). UTak,
Co(Yy +ay) =Y,

Dakr. C,(X, + a,) = X, + a,, — b 014 nexomopoeo b € X,; npu s3mom b ne npunadnexcum Y, u onaZ := X, + a,, — b
ebinonnaemca Xy, <o Z <4 Y,.

Jloka3aTeabCcTBO. BBUIY MHTEPECHOCTH @), OTHOCHUTEJIBHO X,;, BO3MOXHBI ABa ciryyad (cp. (2.2)(i)): (a) C(X, + ay) =
=X, + a,, wm (6) C(X, + a,) = X, + a,, — b ang HexoToporo b € X,, tne C := C,. B ciyyae (a), ecnm a,, € ¥, nmeeM

|C(Xg +ay)| = |Xg| +1> |Yg| = |C(Yg U Xg)|’
¥ B TO Xe BpeMsi X, + a,, C Y, U X,, 4TO IIPOTHBOPEYNT KapAMHAIBHO MOHOTOHHOCTH. Ecin e a,, ¢ Y, T0
CY,UX, +a,)=CCY,UX,)+ay,)=C,+ay),

a Takxe [C(Yy + ay)l = |C(X; + ay)l = [Xg| + 1 (Mcmonb3ys KapAMHAJIbHYIO MOHOTOHHOCTb JISI BJIOXKEHUS
Y, UX, +a, DX, +a,). Torna C(Y, + a,) # Yg, U, CIIENOBATENBHO, PEOPO a,, ABIAETCA OJOKUPYIOIINM A4 Y (y4uu-
THIBaS d,, # Y\ ); IPOTUBOPEUHLE.

Takum 00pa3oM, UMeeT MecTo ciydaii (6). IIpennonoxum teneps, uro b € Y. Torna C(Y, U X, +a,) = C(Y, +a,), u
B TO XK€ BpeMsl

CY,UX,+a,)=C{(Ys-b)UX, +a,)=C(Y,-b)UCX,+a,)) =C((Y,-—b)U (X, +a, —D)).

ITockosbKy 06a onepana B ocaeAHEM OObEINHEHUM HE coaepxar b, nonydaem b ¢ C(Y, +a,,). Ho rorna C(Y, +a,,) C
C Y, +a, —b # Y,, 4TO HaeT MPOTUBOPEYNE KaK B CiIyyae a,, € Y, TaK U B ClIy4ae a,, ¢ Y (IIe MOXHO BUIETh, YTO
a,, Gokupyert Y). Takum obpaszom, b ¢ Y. YkasaHHble cpaBHeHUs Ul X, Z = X, + a,, — b U Y, nerko cienytor. Pakrt
JTOKa3aH.

IIycts b = w'g. U3 dbakTa ciremyet, 4To pedpo b acconmmmnpoBaHo (00pasyeT CBSI3KY) C d,,, M 9YTO BepIIMHA W' MH-
LIMICHTHA Pedpy y,» € Y, OIMYHOMY OT b = x,» € X. Torma BBITIOJTHSIETCS X,y >, Yy (BBULY X >y Y), U MBI MOXEM
MPUMEHUTH K TIape (x,, y,,) T€ K€ caMble PacCyXIeHUsI, YTO IPUMEHSIIMCh paHee K mape (X, yy,).

ITponosxast maHHBIN TPOLIECC U Jajee, Mbl MoJy4aeM “HeorpaHWYeHHBIN” MyTh U3 Yepeayoimuxcs W-aKTUBHBIX
n F-akTtuBHBIX pebep 1 X. B HeMm Kaxas napa cocelHuX pebep, MHLIMIEHTHBIX BepIUnHE f B F, cCKaxeM, e, e’ € Ey,
00pasyeT CBA3KY, Il KOTOPOW BBIMOIHAETCSA ¢ ¢ Xy 3 €', U MHOXECTBO Z := Xy + e — ¢’ yIOBIETBOPAET Yy >f Z.
Brimensst B 3TOM MyTH y4acTOK MEXIY NBYMs ITOMAanaHUSIMU B OMHY M Ty Xe BepIIUHY B W, MBI TTOJTyJ4aeM LUK, SIBJISI-
foluiics potalueii L, onpenesstonieit MCKOMbI MaTYuHT X’ := (X—L7)UL* (roe L* u L~ — MHOXecTBa W-aKTUBHBIX U
F-akTUBHBIX pebep B L, COOTBETCTBEHHO). 3/1€Ch BCe BepIlIMHBI B W NV}, pa3IMuHbIe, U U3 TOCTPOSHUS CIEAYeT, UTO IS
KaXJI0/ TaKOM BEPIIVHBI W BBIIIOTHAETCH X,y >y, X, 2, Y. (HTO KacaeTcs BepliuH B F NV, Kaxnas Takas BeplivHa f
MOKET OBITh IIPOIICHA IIMKIIOM L HECKOJIBKO pa3, 4To IMMOPOXKIACT HeIlepeceKaIoIMecs IT0 pedpaM CBSI3KI;, UCTIONb3Ys
JgeMmy 3.1 1 dakT BbIlIe, MOXHO BUIETH, UTO Xf < X <y Yy.)

IIpennoxenue 3.2 moka3aHo.

4. TIOCET POTALIM

B sTOM pasn. ycTaHaBIMBAIOTCS BaXKHbIC JOTIOJHUTEIbHbBIE CBONCTBA POTALIMIA, KOTOPHIE TPUBOISAT K IIOCTPOCHUIO
IOCeTa pOTaLIUIA.

Ilyctb 7 — mocienoBaTebHOCTh MATUMHIOB X, X1, ..., Xy, [1e Xy cTabuibHOe, M Kaxaoe X; rojydaercs u3 X;_;
MpUMeHeHueM (W cdeueom édoav) potauuu L; € L(X;_1), T.e. X; = (X;-; — L;) U L. Toraa, B cuity npegyioxenust 3.1,
BCE MAaTYMHTIU X; SIBJISIIOTCSI CTAOMJIbHBIMU, U CIIPABEMINBO X < X < - - - < Xy (rne <=<pr). Taky1o mociaeaoBaTrebHOCTb
7 MBI Ha3bIBaeM mpaccoil, uayiieit u3 Xy B Xy. MHoXecTBO poTauuii {L,..., Ly} 0603HauuM R(7"). MOXHO BUIETD,
4yTO

(i) 4yuMca0 MATYMHIOB B JII0OOM Tpacce 7 He MpeBbIlaceT |E|;

(ii) s Kaxkmoro cTabMJIbHOrO MaTYMHTa X HaileTcs Tpacca, uayliasi i3 MUHUMaJIbHOTO 4.1
MatypHTa X™" (Hamxynamrero st F v Hamrydiiero it W) B MaKCUMAaJTbHBII MATIMHT
XM g mpoxonag yepes X.
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JIefiCTBUTENBHO, €CIM X; MOJIy4yaeTcsi IPUMEHEHUEM POTAllMM K X; 1, TO U1 Kaxa0i BepiiiHbl w € W, rae (X;),,
otnnyaercs oT (X;_1),,, THIUAEHTHOE MAaTYMHTOBOE peOpO CTAHOBUTCSI MEHEE MPEATIOYTUTEIbHBIM. DTo naeT (i) (1 maxe
oLIeHKY |7| < |E|/2). B cBoto ouepens (ii) aerko caemyet u3s [pemioxenus 3.2.

Takke, IpUMeHSIS JIeMMy 3.1, JIeTKO MoKa3aTh KOMMYTHPYEMOCTh pOTallnii B akTuBHOM Tpade I'(X). bosnee Touno:

1151 1to00ro noaMHoxecTBa L C L(X) MaTuuHT X', moyyaeMblil 3 X ynajieHueM pedep
u3 U(L™: L € L) u nobaBneHueM pedep uz U(L*: L € L’) aBnsgercs CTaOUJIbHBIM, U
Kaxnoe L' € L(X) — L aBasercs poTtauueit B I'(X’); B yacTHOCTH, poTauuu B .L(X) MOTyT
MPUMEHSITBCS B TPOM3BOJbHOM TMOPSIAKE.

“4.2)

DTO MMO3BOJISIET MOJYIMTh CIIEAYIOIIee BAXXKHOE CBOMCTBO MHBAPUAHTHOCTH MHOXECTBA POTALIMIA IUTSI TPAacC, COeI-
HSIIOIIMX (DPUKCUPOBAHHBIE MATYMHTHU (BIIEPBbIE CBOMCTBO TaKOTO poja ObLIO nmoaydeHo B [11] ai1s1 Kiaccuyeckux cra-
OUJIBHBIX MapbsIKEi U 3aTeM OBbLJIO TTOKA3aHO PsIIOM aBTOPOB JIJis 00jiee 00X MOeei CTaOUIILHOCTH).

Jlemma 4.1. Ilycmo X, Y € Su X < Y. Toeda oas eécex mpacc T, udywux uz X 6 Y, muoscecmeo pomauuii R(7") 00Ho u
mo gnce.

Jloka3aTreabcTBo. O003HAUMM Uyepe3 X MHOXKECTBO CTAOMIILHBIX MAaTYMHIOB X’ TakuxX, 4yTo X < X’ < Y. MbI 3HaeMm,
YTO MHOXECTBO Tpacc, uaymux u3 X’ € X B Y HemycTto (B cuiy npemoxeHus 3.2). Ckaxem, yTo MaTyuHr X’ € X
SIBJISIETCS 0COObIM, €CTTA HAWIYTCS ABE Tpacchl 7,7 u3 X’ B Y takue, uto R(7) # R(T"). Hago mokaszaTb, YTO MaTYNHT
X HeocoObli (mpu GUKCUPOBAHHOM Y).

IIpenmnonaoxum, 4To 3TO HE TaK, U pACCMOTPUM OCOOBII MATYMHT X’ € X MaKCUMaJIbHbII B TOM CMBICJIE, YTO JTIO0OI
MaTyuHr Z € X Takoii, uto X’ < Z < Y, yXe He sABJigeTcst ocoobiM. B m1060i1 Tpacce u3 X’ B Y nepBblit mociie X’ MaTYuHT
Z niony4daetcsd u3 X’ mpuMeHeHueM HekoTopoii potauuu u3 L(X’). [Toatomy u3 Beidopa X’ ciieayet, YTo HAalWAyTCS ABE
portauuu L, L’ € £(X’) Takue, YTO MAaTYMHIU Z 1 Z’, TIoJydeHHble U3 X’ npuMeHeHueM L U L’ (COOTBETCTBEHHO) SIBJISI-
I0TCSI HEOCOOBIMM, HO UMEIOTCS Tpacca 7 u3 X’ B Y, mpoxonsiuas yepes Z, u Tpacca 7’ u3 X’ B Y, npoxongias yepes
Z', 1151 KOTOpbIX R(T7) # R(T).

B 10 Xe BpeMs1, MOCKONbKY poTauuu L v L' KOMMYTUDYIOT (Cp. (4.2)), L ABnseTcs poTaumeit aia Z’, a L' — potauueit
nns Z. IToatoMy ecTb aBe Tpacchl 7 1 7 u3 X’ B Y Takue, uto 7 HauuHaetcs ¢ X', Z,Z”,a 7' HauuHaetcsa ¢ X', Z', Z",
a 3aTeM 5TH TPAcChl COBNAIAIOT; 31€Ch Z” MONy4aeTcs U3 Z NMPUMEHEHUEM L’ WM, SKBUBAJIEHTHO, MOJTyYaeTcs U3 Z’
npumeHeHueM L. Torma R(T) = R(T ”). B cuity Heoco00CTU Z U Z’ JOJIXKHO BBIIOJIHSITHCS R(T )=RTHIURT') = R(T).
Ho torna nosnydyaem R(7°) = R(7); npOoTUBOpPEUHUE.

Jlemma 4.1 nokasaHa.

HasoseM Tpaccy, uayLiyto usz X™" B X™* nognoii. CornacHo jemme 4.1, 115 Bcex MOHBIX Tpace 7~ MHOXECTBO PO-
Tamuii R(7°) OMHO U TO Ke; OymeM 0003HavyaTh ero yepe3 R (TakuM 00pa3oM, R COCTOUT U3 BCeX BO3ZMOKHBIX POTAIIUIA,
MMPUMEHUMBIX K MaTIYMHTaM B S). M3BeCTHBII MeTON CpaBHEHUSI pOTalllii, IepBOHAYAIbHO YKa3aHHbIH B [11], moaxo-
IuT 1 111 Haeit monenu KBM u mo3BosnsieT 3anath Ha R CTPYKTYpy MoceTa.

Omnpenenenne 3. JIms porammii R, R’ € R cKaxeM, 4To R IpenmiecTByeT R’ 1 0603HAYMM 3TO KaK R < R’, eciu B
KaXXIIOM TTOJTHOM Tpacce poTalus R npumensemcs panbuie, 9eM poTalus R’ .

OTO OMHAPHOE OTHOILEHME SIBISIETCS TPAH3UTUBHBIM U aHTUCUMMETPUYHBIM U 3aaeT YaCTUYHbIN MOPSIOK Ha R;
MBI Ha3biBaeM (R, <) nocemom pomayuii st G. TecHast CBSI3b 3TOTO MOCETA CO CTAOMIBHBIMUA MaTIMHTaMU ITO3BOJISI-
€T TIOJIYYHTh “KOMITAKTHOE OIMMCaHMe” perieTKy (S, <) (B myxe padotsl bupkxoda [10], rme mpons3BoirbHass KOHEUHAS
IUCTPpUOYTUBHAS PEIlIeTKa IIPEICTABISICTCS B BUAC PEIICTKU MICaIOB ITOCETA).

Bosee TouHo, 11s Kaxaoro X € S Bo3bMeM Tpaccy 7 U3 X™" B X ¥ 0603HaUMM MHOXECTBO poTauuii R(7") yepes
w(X). DTO MHOXECTBO HE 3aBUCUT OT BLIOpaHHOM Tpacchl, U A1 R,R" € Ru3 R < R' u R’ € w(X) cnenyet R € w(X), T.e.
w(X) saBaseTcs udeasom noceta (R, <). BepHo u odpaTHoe, 1 6osiee TOro, oToopaxkeHue w 1aeT u30MOpGhU3M peLIeTOK.

IIpennoxenne 4.1. Coomseemcmeue X +— w(X) ycmanaeaugaem uzomoppusm mexcoy peuiemxoli cCmaduabHbix Mamuut-
206 (S, <r) u pewemkoii (I, C) udeanros nocema (R, <) (e0e mounvie HUNCHAA U 6epxHss epanu oaa I,I' € T —oamo I NI u
11U I, coomeemcmeeHHO).

Jloka3areancTBo. PaccMoTpumM cTabuabHbIe MATYMHTU X, Y € S ¥ BO3bMEM MX CTPYKTYpHOE TepeceyeHue (“meet”)
M = X A Y u cTpyKTypHOE o0benuHeHue (“join”) J := X Y Y B pemretke (S, <). OCHOBHas 4acCTbh JOKa3aTeIbCTBa
COCTOUT B TOM, YTOOBI YCTAHOBUTH COOTHOIIEHUSI

oX)No@)=oM) 1 oX)Uo®)=ol); 4.3)

MHBIMMU CJIOBaMHM, HY>KHO I10Ka3aTb, YTO w OMMPEACIIACT FOMOMO[)CI)I/I3M paccMaTpnuBa€MbIX PCIICTOK.
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IMokaxem eBoe paBeHCTBO B (4.3). JIJIs1 3TOro mpuMeHNM METOJI TOKa3aTeJIbCTBA IIPEIOXKEHUS 3.2, paccMaTpuBast
mapy M < X unnapy M < Y. Ilycts W; (W>) — MHOXecTBO BeplunH w € W, tne M,, # X,, (COOTBETCTBEHHO, M,, # Y,,).
Mpui yrBepxkaaem, uto Wy N W, = 0.

YToObI 3TO MOKa3aTh, CAELys JOKA3aTeIbCTBY MpeaoxkeHus 3.2, BbioepeM MPOM3BOJbHYIO HAYaJdbHYIO BEPIIMHY
w € W, WIsl KOTOpO# BbIMOMHSETCS m,, >, X, (roe {m,} = M,, u {x,,} = X,,), U IOCTPOUM COOTBETBYIOILLIUI YepeayIO-
muiics myTh P B Tpade gomyctuMocTy D(M) ¢ HavajaoM w IO TIEPBOTO 3alIMKJIMBAHUS, MOTydas potanuio L € L(M).
Torma nnss M’ := (M — L™) U L* BeimonHsiercst M < M’ < X. 3aMeTUM, 4TO MyTh P U poTauusi L CTPOSITCS KAHOHUYECKHU,
OHU OIpeAesIOTCS TOJIbKO TpacdoM D(M) 1 HayaJbHOM BepIIMHON w (M B OCTaJIbHOM He 3aBUCST OT X).

B ciiyuae Wy N W, # 0, B3sB 00111yI0 BeplIuHy w € Wi N W5, MbI MOJYYUIN Obl OMHY U TY XK€ pOTaLUIO JJIsT 00erX
nap (M, X) u (M, Y). Ho Torna a1 X u Y Mbl uMeJIM Obl HUXKHIOIO TpaHb 00JIbIYI0, YeM M (a UMEHHO, M’ Kak BbIIIIE);
MPOTUBOpEYHE.

CnenosarensHo, Wi N W, = (. [Ipomoirkas mocTpoeHue o YKa3aHHOMY METO.y IUISI Mapbl (M, X), MBI MOJTy9rM
Tpaccy 7 U3 M B X Takylo, YTO JUIs KaXKIOro MpOMEXYTOUHOro MaTyruHIra M MHOXECTBO BepluuH w € W, rae M,, #
X, ABIIsIeTCS ToAMHOXecTBoM B W,. M aHayiornuHo 1151 Tpaccel 7/ u3 M B Y 1 MHOXecTBa W,. OTcloa clieayeT, 4To
RIHNRT") = 0. MockoabKy w(X) = o(M)URT ) u w(Y) = o(M)UR(T"), Mbl TOTy4aeM TpebyeMoe JiIeBOe PaBEHCTBO
B (4.3).

JlokazaTesbCTBO ITPaBOT0O paBeHCTBA B (4.3) CUMMETPpUIHOE (OHO MOXET IIPOBOIUTHCS IMMyTeM Iepexoa OT <y K <y
1 o0pallleHeM POTaIllMOHHBIX ITPeoOpa3oBaHMUil).

Tenepb TpebyeMoe yTBepKAeHUE JIETKO CIeayeT U3 Toro (akTa, 4to /g poTauuit R, R’ € R oTHolleHUe R < R’ He
BBIMTOJTHSIETCS TOTAA M TOJIBKO TOTJAa, KOrIa HaeTcsl CTabUJIbHBINM MaTYMHT X, IJ11 KOTOporo R’ € w(X) # R. (MHbIMuU
clloBaMU, pelieTka (S, <) He MOXeT ObITh “OoJsiee KpynmHoi”, yeM pewerka (7, C).)

Ipennoxenue 4.1 noka3aHo.

Kak cnenctBue, MHOXKECTBO S OMEKTHBHO MHOXECTBY (A aHTHU-1ienei rmoceta (R, <). (HanoMHum, 4to anmu-yens B
nocete (P, <) — 3TO MHOXETCBO A MONapHO HECPABHUMBIX 3jieMeHTOB. OHO onpesaesseT uaean {p € P: dae€ A|p < a},
U OTPENEIISETCS UACATOM, JJISI KOTOPOTO A — MHOXKECTBO MAKCUMAJIBHBIX 3JIEMEHTOB.)

5. ITOCTPOEHHMA

Kak ykasbiBasioch Bbiliie (cp. (4.1)(i)), uncio portaiuii |R| He MpeBOCXOAUT uKcia pedep |E| paccMaTprBaeMoro rpa-
(a; nosToMy nocet potauuii (kak rpacd) umeet pasmep O(E[?). (IToMUMO 3TOro, MOXHO BUAETb, YTO POTALIUY HOMAP-
HO He MepeceKaroTcs 1o pedpaM OJHOTro 3HaKa; ClieloBaTeIbHO, CYMMAapHOe YMCJIo pedep B poTalusIX He Boile 2|E|.)
B cBete nemmbl 4.1, HaxoxXIeHUEe MHOXeCTBa R He MpeacTaBisieT 00JIbIIOro Tpyaa, €CJIM U3BeCTeH HayalbHbIi (HauMe-
Hee BBITOAHBIH ISl F) CTaOMJIbHBII MATYMHT X™"; a UMEHHO, JOCTATOYHO MOCTPOUTH IPOU3BOIBLHYIO MOIHYIO TPACCY,
uayLyo 13 X™" (qetanu Takoro MocTpoeHus 6yayT YTOUHEHbI o3aHee). MeHee TpUBUAIbHOI BBINISLIUT 3a4a4a Ha-
XOXIEHHWS OTHOLIEHMS TTPEAIIECTBOBAHUS < Ha POTALIMSIX, KOTOPOE ObLIO OMPEAEAeHO HESIBHO, ITYTEM PACCMOTPEHMST
BCETO MHOXKECTBA ITOJHBIX Tpacc. MBI HAUHEM 3TOT pasnesl C U3JIoXeHMS 3¢ (GEeKTUBHOTO METOIA OIIPEeIeICHUS 3TOTO
OTHOIIIEHMS 1 3aT€M PACCMOTPHUM BOIPOCHI 3 (HEKTUBHOIO MOCTPOSHUS APYTUX YIIOMSIHYTBIX CTPYKTYD.

5. 1. Ilocmpoenue nopoxcoarouseo epagha das (R, <)

Poraius R € R Ha3bIBaeTCs HenocpedcmeerHo npeduiecmayrowjeti potauuu R’ € R, eciu R < R’ v HeT Takoro R” € R,
4yTo R < R” < R’. O603HauuM uepe3 H = (R, &) OpMEHTUPOBABHHBII I'pad), B KOTOPOM MHOXECTBO pedbep & 00pa3oBaHO
BceMU mapaMu (R, R'), Toe R HETIOCPEACTBEHHO MPEAIIECTBYET R’ ; MHBIMM CJIoBaMM, H — 3To mrarpaMMa Xacce Imocera
(R, <). Ipad H ompenensier JaHHBIN MoceT (Yepe3 JOCTIKMMOCTb OPMEHTUPOBAHHBIMU ITYTSIMM) U MOXET 3aMEHSITh
MoceT Ipu paboTe ¢ MPUTOKEHUSIMU.

DddekTrBHOE MOCTpoeHUe rpada H onupaeTcs Ha CASAYIOLIUIA MPOCTOM (PaKT.

Jlemma 5.1. /lna R € R obosnavum 1T maxcumanvuwiii udean é (R, <), ne cooepyucawuii R. Honoxcum I' := I"F* U
{R}. Pomauus R HenocpedcmeenHo npeduiecmeyem pomauuu R’ moeda u moavko moeda, koeda R’ 516451emcs MUHUMAAbHbIM
a1eMeHmoM, He cooeprcaujumcs e I'.

JlokazaTebcTBO. 3aMeTUM, 4TO ["3* sIBJIsieTCsl JONOIHEHUeM 10 R MHoxecTBa (“duiabrpa”) dg, 06pa30BaHHOIO
porauudaMu R GOJIBLIAMY WITH paBHBIMU R (T.e. R < RwmR = ﬁ). AcHo, YTO MUHUMAaJIbHbIE 21eMeHThI B @ — {R} —
5TO B TOYHOCTHU T€ DJIIEMEHTHI R’, IUISI KOTOPBIX R SIBJISIETCS] HETTOCPEACTBEHHO MIPEAIICCTBYIOMMNM. DTH R’ COCTABIISIIOT
MHO>KECTBO MMHMMAaJIbHBIX 2JIEMEHTOB BHE uaeana I’. JleMma qokaszaHa.

st R € R 0603HauuM uepe3 J ; MHOXKECTBO POTALIMiA, HEMOCPEACTBEHHO ClleyIolrX 32 R. OCHOBBIBAsICh Ha ITPeJi-
JoxeHuu 4.1 u nemme 5.1, Mbl MoXeM 3(PGhEKTUBHO CTPOUTh MHOXECTBO [ CIeAyIOLIUM 00pa3oM (MpH yCIOBUU, YTO
MU3BECTEH MaTYMHT X™").
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IMoctpoenne 7. HaunHas ¢ X™", mociie1oBaTeIbHO BHICTPAUBaeM Tpaccy 7, MCTIONb3ys BCe BO3MOXHbIE POTALIMH,
Kpome R. A UMEHHO, Ha OYepeIHOM 1are JJjis TEKyIero MaTYMHra X HaxoaAuM MHOXeCTBO potauuii £(X), acCoLuu-
poBaHHBIX ¢ X (cM. pazaen 3.2), BbiOupaeM Mpou3BoJibHYIO poTtauuio L € L(X), OTIMYHYIO OT R, 1 caBuraemM X BAOJIb
L, moiyJast HOBBIM TeKyIuii MaTduHT X’. B ciydae £(X) = {R} nepBas daza npoueaypbl 3aKaHIYUBAETCS.

Bropas daza mpoiienypbl COCTOUT B CABUTE MOJy4YeHHOTo X BIoib R. MHOXecTBO L(X’) poTauuii, acCOUUMpOBaH-
HBIX C TIOJIyYEHHBIM MIPU CABUTEe MaTYMHTe X', BBIAAETCS KAK MCKOMOE MHOXECTBO 1 f.

(HerpyaHo BuIeTh, YTO IIpH 3aBEPIICHUH TIEPBOM (ha3bl TEKYIIMI MaTYMHT X COOTBETCTBYeT uacany I = I™3*, T.e.
o(X) = I. ®akr coBnaneHus £ ; ¢ L(X’) Takxe OUYeBUAECH.)

“He3aMbIcI0BaThIil” aJTOPUTM, UCTIONB3YIOLINIA 3Ty MIPOLIEAYPY, COCTOUT U3 |R| 60abuiux umepayuii, Kaxaasi U3 Ko-
TOPBIX pACCMATPUBACT OYEPETHYIO POTALIMIO R B CITMCKE BCeX poTalMid. (3aMeTHUM, YTO HET HYKIBI CTPOUTH 3TOT CITH-
COK 3apaHee, OH MOXeT (hOpPMUPOBATHCS ITO XOMY BEITTOTHEHUS 00IbIINX UTepannii. CIIMCcOK HAUMHAETCSI C MHOXKECTBA
L(X™in) ) Ha Kax10ii 60JIbLI0I UTEpallii MHOTOKPATHO peLlaeTcsl cileytolas 6a3oBasi 3a1aua:

(P): nns 3amanHoro X € S mocTpouTh aKTUBHBIN rpad I'(X) 1 BBIAEINTH B HEM MHOXKeCTBO poTauuii L(X).

Jls moctpoeHus I'(X) mpocMaTpuBalOTCs BEPIIMHBI w € W, M 1 KaXIOro w CKaHUpyloTcs pebpa wf € E,, B o-
psiike yObIBaHUS MPEANIOYTEHMS >,,, HAUMHAs ¢ pebpa, CIeIyIoLIero 3a x,,. s Kaxaoro pedpa e = wf onpeaensierc,
ABJIAETCS JIM OHO MHTEPECHBIM 114 f nipu X (myTeM BbruuciaeHus Cy(Xy + e) M CpPaBHEHUSA C X ), U IEPBOE NHTEPECHOE
pebpo (ecau TakoBoe HaleTcs1) 0ObsABAsIeTCS W-aKTUBHBIM peOpoM a,,. [TonmyTHO onpenensiorcs F-aKTUBHBIE pedpa
U CTPOSITCS CBSI3KM. DTO maeT gonyctuMblii rpad D(X). ITpouenypsl ounctku rpada D(X) v pa3noxXeHus OYUILIEHHOTO
akTuBHOTO Tpada I'(X) Ha poTallny pyTUHHBIC, K MOTYT BBITIOJTHSIThLCA 3a TUHEITHOe BpeMst O(|E|). Kak ciencTsue,

pemeHue 3anayu (P) cBoguTcs K BbIMOAHEHUIO O(|E|) CTaHIApTHBIX ONEpaluii MIoc

O(|E|) obpamieHusM K “opakyiaaMm” Cy (f € F). .1)

(3mech ¥ ganee Mbl IIpedrnonaraeM, 4To GyHKUMU BeI6opa Cy 3a1al0TCsl HESIBHO IIPY IIOMOIIM “OopakyJia”, KOTOPBIA
JUISL ONIpaIMBaeMoro aprymenra Z C E; coobwaer 3HaueHue Cy(Z); cuuTaeTcs, YTo Takas omnepauus 3aHuMaer O(1)
OPaKyJIbHOT'O BPEMEHU. )

becxurpoctHoe noctpoeHne MHoxXecTBa £ 5 1 PUKCUPOBAHHOIO R CBOIUTCS K He3aBUCUMOMY peuieHuto O(|E|)
3anay (P) (rme kaxnas 3amaya KkacaeTcs dJieMeHTa CTposIIIelics Tpacchl 7 ), MO3TOMY BpEMEHHbIE MOKa3aTe/u, yKa3aH-
Hele B (5.1), cnenyer yMmHOXUTh Ha O(JE|). OnHAKO 3TOT MPOLIECC MOXHO YCKOPUTb. JI1 3TOro B KaX10il BeplInHe
w € W cienyeT 3aOMUAHATh MOCIeIHEE MPOCKAHUPOBAHHOE peOpo ¢ = wf Ha mpenblaylux marax. Ecau 310 pedpo
ObUIO aKTMBHBIM 1 YYaCTBOBAJIO B MPUMEHEHHON pOTallMU, TO JajibHEUIIee CKaHUpoBaHue B E,, cieayeT HaUMHaTh C
pebpa, CIeayIoNIero Mo MopsaaKy 3a e. Eciu e oHO He MCMoJIb30BaJI0Ch MMPU POTALlMM, TO OHO OCTAaeTCs aKTUBHBIM Ha
TEKyIIEM 111are. OTo 000CHOBBIBAETCS MTPU MOMOILM JeMMBI 3.1, U3 KOTOPOI CJIeAyeT, YTO eCIv poTalus L BXxoauja B
L(X) nyisg X Ha HEKOTOPOM 111are, HO He OblJla MpMMEHEeHa, TO OHa OCTaeTCsl AeHCTBYIOIIEl poTalldeil Ha TOCAEAYIOIIUX
1arax, moka He OyaeT MpuMeHeHa.

BTO IaeT yaydyllIeHHYI0 NPOLeAypy nocTpoeHus 7, Npu KOTOpoi Kaxaoe pedpo B E,, ckaHUpyeTcsl He bojiee of-
HOTO pa3a, U MO3TOMY BCS Tpolieaypa AJisi OOHOTO R € ‘R BbIMOJIHMMA 3a cTaHAapTHoe BpeMsi O(|E|) U aHaJTIOTUYHOE
opakynbpHOoe BpeMsi. OTciofa npu nepedope 1mo R moxydaem

Ipennoxenue 5.1. ITpu nasuuuu mamuunea X™™ HaxodcoeHue MUHUMANbHO20 NOpOdcOatoueeo epaga (duazpammol Xac-
ce) H = (R, &) 024 nocema pomayuii (R, <) ocyuecmeumo 3a épems O(|E|*) (6xarouas opaxysvHoe épems).

5.2. llocmpoenue nauanvHoeo mamuunea X™"

YTo6bl CKOHCTPYUPOBATh X™™, MOXHO BOCIIOJIb30BaTbcs MeTOAOM B [17, Sec. 3.1], mpucrocobneHHbIM A4 6osee
IIAPOKOTO KJIacca MOJIeIeit CTaOMIBHOCTH Ha ABYHOJBHBIX rpadax. Himke MBI maeM ero omrcaHre IMPUMEHUTENIBEHO K
Hameit Mogenmn KbM. AnbrepHaTUBHBII METON, OCHOBAaHHBIM Ha KJIACCUYECKOI TEXHUKE “OTIOXECHHBIX TPUHITHIMA
(deferred acceptance), usnaraercs B [14, Sec. 4.1].

Ha urtepauusx aaroputma noctpoeHus X™" rocienoBaTelbHO KOHCTPYUPYIOTCS Tpoiiku MHoxecTs (B!, X', YY),
i=0,1,...,i,.... BHauasne monaraercsa B® := E. Ha Bxone OUYEPENHOMN i-1 UTEPALIMU UMEETCS MHOXECTBO B CE (yke
MU3BECTHOE), KOTOPOE TTpeodpa3yeTcst Ha IBYyX CTaUsIX UTEPALIUH.

Ha 1-ii cmaduu ntepauuu B' mpeobpasyercst B X! C E npuMeHeHueM orieparopa C,, K KaXIOMy OrpaHUYEHUIO
B, =B g, (We W), re. X' — 910 MaT4MHI, st Kotoporo X, = C,,(B! ). UHbIMU CIIOBaMH, B HAILIEH MOJIEJIH C JINHE-
HBIMU NIPETIOYTEHUSIMU U €IMHUIHBIMU KBOTAMU B W JUISl KaXI0ii BEpIIMHBI w € W B MHOXeCTBe B!, BHIOUpaeTCs
HanboJiee MPEIIIOYTUTEbHOE (OTHOCHUTEBHO >,,) PeOpo e, u monaraercst X, := {e}. B ciyuae Bi, = 0, nonaraercs
Xi := 0 (v BepmnHa w Oyzet aedumTHO). Takum 06pa3oM, X' yIOBIETBOPSIET KBOTAM BO BCEX BEPIIMHAX 101 W.
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Ha 2-i cmaduu wreparmy mosydeHHbIi MatauHr X' TpaHchopmupyercsi B Y C E npuMeHeHneM oreparopa Cr K
KaxJ10My orpaHuyenmio X = X'| K (f € F), Te. Y' — 3T0 MaTyuHr, 1t Kotoporo Yy = Cy(X}). (CnenosarenbHo, Y!
npHeMIeMoe JUISl BCeX BEPIINH; OJHAKO OHO He 00sI13aHO ObITh CTAGMIBHBIM. )

IMonyyeHHble MHOXeCTBa X', Y 3aTeM MCIOJIb3YIOTCS [IPU FeHepalMy MHOXecTBa B! 1uis cnenyoleit utepauuu.
A MIMEHHO:

B! cocronT 13 Bcex e € E TaKMX, 4To ¢ € B, mmbo e € X' N Y, mubo e ¢ X' U Y’ (nHaue

) . ) , 5.2
rosops, e € B' He monagaet B B'*!, ecam e mpuHamwtexut X' 1 He MpUHALIEXNT V7). (5-2)

3atem B! npeobpasyerca B X! u Y**! kak ykaszaHo Bbiwe, u T.1. IlpoLiecc 3aKaHYMBaeTCsl, KOTa HAa TEKYLIEH,
p-ii, UTepalMy MoJTydaeM paBeHCTBO Y” = X? (aKkBUBaNeHTHO, BP*! = BP). MoxHo Buzeth, uto B’ > B! 5 ... > BP,
TO3TOMY TIPOIIECC KOHEUEH U YMCIIO UTepaluii He PeBOCXonuT |E|.

W3 nokazanHoro B [17] ciemyeT

Ipennoxenue 5.2. [Toayuennviii mamuune XP cmabunvhblil u onmumanshwiii 022 W, m.e. XP = X™n,

Crenyet 3aMeTUTb, YTO JJIsl paccMaTpuBaeMoii B [17] o0lieit Moaeau, KoTopas MOXET UMETh JIeJIO C BellleCTBEHHBI-
My QyHKUMSIMU Ha E, TIpoLiece Mpeodpa3soBaHusi COOTBETCTBYIOLINX (QYHKIINI (b, x',y') MOXET OBITh OECKOHEUYHBIM,
HO BCera CXOIUTCSI K HEKOTOPOii Tpoiike (b, X, y), yaoBiaeTBopsiolieii X = y. [lokasbiBaercs (B Teopemax 1 1 2 B [17]),
YTO Ipeae/ibHas GYHKIMUS X CTabuIbHAsI MU ONTUMaJIbHAsI [UIsl COOTBETCTBYIOLIEH M0JM BepliuvH. B HallleM yacTHOM
OyJIeBOM cJIydae MbI IoJlydaeM TpeajoxeHue 5.2.

Ha i-ii uTepanuy alropuTMa MHOXeCTBO X' (popmupyetcst u3 B 3a O(|W|) (“aMOpTU3aLIMOHHEIX”) AEHCTBUIA, TTyTeM
B3SITHSI TIEPBBIX JIEMEHTOB B OrpaHWYeHusX B, w € W. MHo)ecTBa X' } JUISI BceX f € F MOXHO Takxke c(hopMUPOBATH 3a
O(|W)) meiictBuit, u onepatop Cy MPUMEHSIETCI K KAXKIOMY X’f He 6oJiee OHOTO pa3a (BBIYMCIISS V' ji) C y4eToM 3TOTO,
HUMILJIEMEHTAIIMIO aJITOPUTMAa MOXHO OPraHMW30BaTh TaK, YTOOBI MOJYYUTD CICIYIOIINE OLIEHKU CIOKHOCTHU:

MaTyuHr X™" ctpoutcs 3a Bpemst O(|E||V|) (BKJIIouas opaky/JbHOE BpeMs). 5.3)
DT0 BMecCTe C MpeaoxXeHueM 5.1 gaeT ciaenyroniuii pe3yabTar.
Teopema 5.1. ITocem pomayuii (R, <) moxcem 6vims nocmpoen 3a épems O(|E|?) (6xatouas opaxyavhoe épems,).

3ameuanue 2. [TocTpoeHMe poTanuii 1 ux Ioceta HeTpyaHO nepeHect Ha KbM ¢ rpacdom G = (V, E), comepXaiimm
KpaTHbIe pebpa. [ aToro ucnonp3yeTcs penykius K rpacdy G’ = (V’, E’) 6e3 KpaTHBIX pebdep MmyTeM 3aMeHBI pedep e
noarpadamu K, Kak ykazaHo B 3aMedaHuu | (B pasn. 2); 31ecb MHOXeCTBO U 3aMeHsIeMbIX pedep COAEepKUT Mo Kpaii-
Hell Mepe OHO Pedpo U3 KaxXIoi Mmapbl KpaTHbIX pedep. CTabuiibHbie MAaTYMHIY B G’ HA30BEM poOdCmEeHHbIMU, €CITU
OHM OTJIMYAIOTCS TOJIBKO Ha HEKOTOPBIX UKIaX O, st ¢ € U (YIUTBIBAs ciydaif (+), OTMEUEHHBINM B 3aMeYaHUM 1).
Torma MHOXeCTBO S CTaOMILHBIX MATYMHTOB 1T G M30MOP(MHO MHOXKECTBY KJIACCOB POICTBEHHOCTH B MHOXECTBE
CTaOMJILHBIX MAaTIYMHTOB IS G'. B COOTBETCTBUM ¢ 3TUM, MHOXECTBO R’ porauuii it G’ AeIUTCS Ha ABa ITOIMHOXKE-
cTBa R} 1R}, TA€ Kaxaas porauus B Ry COOTBETCTBYET UUKILY O, 111 HEKOTOPOIo e € U. MOXHO BUAETD, YTO €CJIU IIPU
MOCTPOEHUU TPacChl B G’ IPUMEHSIETCS poTallMs, couepxkalias peopo us K, 11 HEKOToporo e € U, To 3HaYeHMST MaT-
YUHTa CTAOUIU3UPYIOTCS Ha K., T.e. HUKaKas U3 MOCIEeIYIOIIUX POTAllMiA yKe He UCTIONb3YyeT pedep u3 K,. (BTo cienyeT
W3 CTPYKTYpHI K, 1 MOHOTOHHOCTH M3MEHEHMIT Ha BceX pedpax, a MIMEHHO, €CJIM IIPU pOTAlIMU pedpo mepecTaeT ObITh
MAaTYUHTOBBIM, TO OHO OCTAeTCSI TAKOBBIM B JaJIbHEUIIIEM. )

Kak crnencrBue, kaxnass porauus B R ABIAETCA MaKCUMAJIBHBIM 3JIEMEHTOM IoceTa (R, <’). B cBoio ouepenp,
porauuu Uit G B3aMMHO OJHO3HAYHO COOTBETCTBYIOT 3JIEMEHTaM B R} (SBJIASCh 0Opa3aMu MOCJIEAHUX IPU 3aMEHE
nonrpados K, pedbpamu e), 1 oceT porauuii (R, <) id G uzomopdeH orpanuyeHuIo nocera (R, <’) Ha R]. Tak kak
|E’| < 8|E|, moceT ans G ctpoutcst 3a BpeMs O(|E|?), BBULY TeopeMsl 5.1.

6. AODOMHHAS TMTPEJICTABUMOCTb U CTABUJIbHBIE MATYMHIY MUHUMAJIBHOM CTOMMOCTHU

buekuusa w, nipeacraBieHHas B npenjoxeHuu 4.1, mo3possieT nokaszaTb ap@UHHYIO MPEACTABUMOCTh PEIIETKU
(8, <F), MO aHAJIOTUU ¢ TeM, KakK 3To aeyaetcs B [14] niasa oOuieii OyaeBoii 3amaun uiau B [20] st 3agaum o CTabUJib-
HBIX pacIipee/ICHUsIX.

HammoManM, 9T0 Kaxmast potanus R € R BO3HMKaeT KaK IIUKJ OIpeaeIeHHOTO akTuBHOro rpada I'(X), m MHOXe-
CTBO ee pedep nMmeeT (UKCUPOBaHHOE pa3dureHne, odo3HayaeMoe (R*, R™) u cocTosiee u3 W- u F-aKTUBHBIX pedep,
COOTBETCTBEHHO. MBI accoLupyeM ¢ R xapakrepuctudeckuii Bekrop fR € RE, mpuHumarommii sHadenue 1 mis e € R,
—1 gnst e € R~, 1 0 ai1st ocTaabHBIX pedep.

IMomuMo mpocTpaHcTBa RE, Mbl Takoke 6yaeM paccMaTpuBath mpocTpaHeTBo RX ¢ koopayHaTamMu, MHIEKCUPYEMBbI-
MM pOTAIIMSIMU; B 3TOM CIIydae MBI OyaeM 0003HaYaTh eIMHUIHEIN Oa3MCHEBINM BEKTOP, COOTBETCTBYIOIINIA pOTAIlUM R,
Kak (R).
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It monmHoxecTBa X C E ero xapakrtepuctuyeckuii 0,1 Bekrop B RE Gyner o6o3HavyaThest Kak xX = X, u aHano-
I'MYHO, 11 MoAMHoxXecTBa I C R ero xapakrepuctiudeckuii 0,1 sektop B RX 6yner o603Hauarbes Kak ! = Xéa-
IMyctb A € REXR — mMatpuna, cTon6isl Kotopoii o6pazosanbl BekTopamu PR, R € R. U3 npemnoxenus 4.1 cnenyer,
YTO
oToGpaxenue \ € RR s x € RE, re x onpeensiercs Kak ™ + AL, IOPOXIACT OUeK-
LIMIO MEXIY XapaKTepUCTUYECKUMK BEKTOPaMH % MaeatoB I moceta (R, <) n xapakre- (6.1)
PUCTMYECKUMM BEKTOPAMH x CTAOWIIbHBIX MATYMHIOB X € S.

(3mech Y COOTBETCTBYET ECTECTBEHHOMY PACIIMPEHMIO OTOOpaxXeHus o~ ! u3 npemioxenus 4.1.)

CoracHO OIMCaHMSM B pasll. 5, MaTpULA A MOXET ObITh MocTpoeHa 3ddekTUBHO 3a BpeMs O(E|?). Bnaronaps
aToMmy, adGUHHAsI IPEACTaABUMOCTD [JIsl peLIeTKU (S, <r), BolpaxeHHas1 B (6.1) (rae MOpsiioK < COLJIacyeTcs C BJO-
JKEHUEM C B pelleTKe uaeanoB M (R, <)), MOXET IPUMEHSITbCS ISl CBeIEHUST OMpeeIeHHBIX 33Ja4 O CTaOMJIbHBIX
MaTyMHIax K “0oJjiee MpoCcThIM” 3ajauaM Ha ujaeajax moceta poTaluii.

Ipexne Bcero oTMeTHM, uto apduHHOE oToOpaxeHue y B (6.1) MepeBOANT BBIMYKIIYI0 060/104Ky conv(Z) ¢ RR
MHOXecTBa J WIEeaIoB ITOCETa POTALM B BBITYKIIYIO 000J109KY conv(S) ¢ R MHOXecTBa cTaGMIBLHBIX MATYMHTOB S.
(3mech MBI TSI IIPOCTOTHI M3JIOKEHHMS OTOXKIECTBIISICM HIeaIbl ITOCeTa U CTAOMIIBHBIC MATIYMHTHY C UX XapaKTepUCTHIC-
CKMMM BeKTopaMu.) MHororpaHHuk conv(J) MoJIHOpa3MepHBI (ITOCKOIbKY KaXIblii ¢ TMHUYHBIN 0a3MCHBII BEKTOP
(R) (R € R) MOXeT ObITh BBIPAXXEH KaK Pa3HOCTh XapaKTepPUCTUUECKUX BEKTOPOB ABYX uaeanoB B 7). OH onuchIBaeTCs
HepaBeHCTBaMU

0<MR)<1, REeR (6.2)
MR)>MR), R,ReR R<R. (6.3)
BOra IMHeHasg cucTeMa COOTBETCTBYET OIIUCAHUIO NOPA0K06020 MHo20eparHuka (order polytope) P ¢ 111 KOHEYHOTO

noceta Q B pabore Craniu [15]; B Hawem citydae Q = (R, <) u Pg = conv(J). Iuneprpanu (facets) B conv(J) BbIpaxa-
I0TCS HEpaBEHCTBAMHU TPEX BUIOB:

(a) MR) < 1 mas1 MUHUMAIBHBIX R; (0) MR) > 0 mIsi MaKCUMAaJIbHBIX R; 1 (B)

6.4
MR) > MR’), TA€ R HEMOCPENCTBEHHO MPEIIeCTBYET R’ . 64
Yro KacaeTcst BEpIIUH, TO
BEPILIMHBI B conv(J ) B3AMMHO OJTHO3HAYHO COOTBETCTBYIOT Ujcanam B J . (6.5)

(leiicTBUTENIBLHO, KaXablid uaean I € I onpenensieT BepiuuHy B conv(J), TIOCKONBKY ' — eIMHCTBEHHBI BEKTOD,
MaKCHMU3UPYIOLINii cKalsipHoe pousBeaeHue ay! 1o BeceM uaeanam I’ € I, rie a MpUHUMAET 3HaYeHue | Ha poTaLusx
R € I, m 3HaueHne —1 Ha poTanusax R € R — I. O6paTHOE OYEBUIHO. )

BaxHoe cBoiicTBO oTOOpaxeHus y B (6.1) ciaeayeT U3 Toro, 4to

MaTpulia A UMeeT MOJHbIN CTOJOLOBBIN paHT. (6.6)

BT1oT dhakT ObUT TTOKa3aH B [14, Th. 1.4] mnsa obiero OyneBoro ciaydast (rme ®B mig Bcex BepIIUH MOTIMHSIOTCS
akcuoMam (A1),(A2),(A3)). dokazaTeabCTBO 3TOro 1js Hameit Moaean KBbM noBojibHO TpocToe, U 1151 TOJTHOTHI U3-
JIOXKEHWSI, MBI €70 TIPUBOIUM.

JokaszareabetBo (6.6). I[Tomoxum N := |R| 1 mepeHyMepyeM poTanuu Kak R(1),...,R(N), cobmonas mpaBujo: U3
R(i) < R(j) cnenyet i < j (ynopsimoueHHEe TAKOro po/ia U3BECTHO MO Ha3BaHUEM ““TOMOJIOTMYECKON COPTUPOBKU”~ Bep-
IIVMH allUKJINYeCKOTO OpUeHTUPOBaHHOTO rpada). st kaxnmoro i = 1,..., N B R(i) Belie MM OIHO peOpo B “oTpulia-
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TeJIbHOI” YacTu R(i)~, KoTopoe 0003HAaYMM Kak e;. J1J1s1 MoaydyeHHbIX HyMepaluii cipaBelJIMBO CeAyIolIee:

(a) Bce pebpa ey, ..., ey pasauunbie; v (6) Wi mobbix 1 < i < j < N 3Hayenue PRV

6.7
Ha pebpe ¢; paBHO 0. ©7

OTU CBOICTBA CJIEAYIOT U3 TOTO, YTO IJISI pOoTalluu R, cTposieiics B akTuBHOM Tpade I'(X) maTunHra X, B KaxKa0u
BepIInHe w € W, IpuHamiexarieit R, MAaTYMHTOBOE peOpo e = wf € X GoJiee IPeaIIOYTUTEIFHOE, YeM aKTUBHOE peOpo
a=wf',Te.e>, a. MbluMeeM ¢ € R~ M a € R*, ¥ Ipy IPUMEHEHUH POTallMU R K X MaTYMHIOBOE peOpO ¢ MEHSIETCS
Ha a (Tak cKa3aTh “capuraetcs BrpaBo”). [ToaToMy mpu mocTpoeHUM 1000 TpacChl TTOC/e UCITOIb30BaHUS POTALIMU
R xaxnas mocieayolnas poTalus He MOXET coJepKaTh peopo e. Orciona ciieayroT oba cBoiictsa B (6.7). (DakTuuecku
MOKHO Ha0JII0aTh cleAylolee: IIod0oe pedpo e IIPUHAICKUT He 00jiee IBYM POTALIMSIM, M €CJIM ¢ TIpUHAMIEKUT R(k)
" R(i) mpu k < i, TO 3TH POTAIIUM CPAaBHUMBI, T.¢. BRIIONHSIETCS R(k) < R(i), u ipu 3ToM e € R(k)* e € R(i)™.)
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Tenepsb mepecTaBUM CTOJIOLBI U CTPOKM MAaTPULBI A Tak, 4To6bl cTon6ubl B mmm no BozpacTaHMio MHAEKCA i
(cneBa-HarpaBo), U TiepBble N CTPOK COOTBETCTBOBAJIM pedpaM ey, .. ., ey, CIEAYIOLIUX 10 BO3PACTAHUIO UX MHIECKCOB
(cBepxy-BHU3). Torna u3 (6.7) ciemyert, YTo moagMaTpuIla, 00pa3oBaHHas IMTEPBLIMU N CTPOKAMM, SIBJISIETCSI HUXKHE Tpe-
YTOJIbHOM ¢ KoadduliMeHTaMu — 1 Ha AuaroHaau. D1o aaet (6.6).

U3 (6.1) u (6.6) mosryyaem

CaenctBue 6.1. dim(conv(S)) = dim(conv(Z)) = |R|, u mHoeoepannux conv(S) aggunro KoHepyIHmMeEH NOPAOKOBOMY
MHo2oepanHuKy conv(l) nocema (R, <).

B yactHoCTH, BepiMHbI conv(S) 06pa3oBaHbl BCEMU CTAOMJIbHBIMU MaTYMHIAaMHU B S U B3aMUMHO OTHO3HAYHO CO-
OTBETCTBYIOT uieanam B 7, MHOrorpaHHuK conv(S) umeer O(|R[?) runeprpaHeii, Bce OHU ABISAIOTCSA 00pa3aMu MPH Y
runeprpaeit B conv(Z) (yKazaHHBIMU B (6.4)) 1 MOTYT OBITh 3(P(HEKTUBHO BHIMTMCAHBI.

B 3aBCPIICHNU 3TOr0 pa3acjia Mbl paCCMaTpuBacM 3a(3al4y 0 CMabuabHOM MamuuHee MUHUMAAbHOU CIOUMOCMIU:

IUJIS 3aJJaHHBIX cmoumocmell c(e) € R pedep e € E HAliTU CTaOWUJIbHBINA MaTYMHT X € S

MUHUMAJIbHOH 001Ielt cTouMocTH ¢(X) 1= ), c(e). 6.8)

3aMeTHM, 9TO ITOCKOJIBKY BCe CTAOMIbHBIC MATIMHTY X MMEIOT ONMHAKOBEIN pa3mep |X|, GYHKIIUS ¢ MOXET 3a1a-
BaThCS C TOYHOCTHIO IO KOHCTAHTHI;, B YACTHOCTH, MOXXHO CUUTATH ¢ TIOJIOKUTEILHOM. 3aMEHSIS ¢ Ha —c¢, MBI IIOJTydaeM
9KBUBAJIEHTHYIO 3a1a4y Makcumuzauuu c(X) cpeau X € S.

DddekTuBHBIN MeToa, pa3padoTaHHbIi B [12] A5 pelleHus 3aaa4M MUHUMM3aUUU JUHEHHONH (PYHKLIMYA HA MHO-
3XKECTBE CTAOWIIHLHBIX MaphbsKel ¥ BITOCICACTBUY YCIIEITHO TPUMEHEHHBIN PSIIOM aBTOPOB IUIST HEKOTOPHIX IPYTUX MO-
JeJieil CTaOMILHOCTH, COCTOUT B CBEICHUM K 3afade JTUHEHHON MUHUMM3AIUY Ha MHOXECTBE MIeaIOB COOTBETCTBY-
OIIEeTO ToCeTa POTAInii (B IIPEIIIOIOXEHNH, 9YTO TAKOM MOCET CYIMIECTBYET X MOXKET OBITh 3(D(EKTUBHO ITOCTPOCH), 1
3aTeM ITOCJIeIHS 3aga4ya cBoguTcs MetonoM ITukapa [13] K Kimaccudeckoii 3amadye 0 MUHMMAaIbHOM pa3pe3e OpUeHTH -
poBaHHOrO rpada. s MOJTHOTHI M3JI0XKEHMSI MBI Jajiee ONMChIBAEM METO/I, pellieHsI 3aaauH (6.8) IJ1sT Hallero ciydast
(mpuaepXxuBasich onucaHus B padote [21]).

Bravane BbruncisieTcss crouMocThb cfff (= ¢(RY) — ¢(R™)) Kaxnoii poraunu R € R. Torna s kaxmoro X € S u
COOTBETCTBYIOIIETO naeana I := w(X) mMmeeM

e(X) = c(X™™) + > (B Re D).
DTO MO3BOMAET TEPENTH K CIEAYIOLIEl 3ana4e Ui poTaluii R ¢ Becamu (CTouMocTaMu) L(R) := cpX:
Haiitu uzean I € 1 noceta (R, <), MUHUMU3UPYIOLIUI ob1uit Bec L(1) := D> (C(R): R € I). (6.9

‘VnoOHo ciierka paciivpuThb TOCTAHOBKY MOCAeAHEe ! 3a1auM, paccMaTpuBasi IPOU3BOJIbHbII KOHEUHBI OPUEHTUPO-
BaHHBIN rpad H = (Vy, Ey) 1 dyHKIUIO BecoB C : Vi — R. Tpebyercs HaliTH 3aMKHYTOE€ MHOXECTBO BepiH X C Vy
MMHHMMAaJIBHOTO Beca {(X); Ha30BeM 3T0 3adaueii (). 3mech MHOXECTBO X Ha3bIBaCTCS 3aMKHymbiM, €CI B H HET pedep,
unyux ux Vg — X B X. (SIcHO, 4TO B COOTBETCTBYIOIIEM Ipade MmoceTa 3aMKHYTbIE MHOXKECTBA — 3TO UIEabl.)

Cnenys [13], 3agava (x) CBOOAUTCS K 3aJa4e O MUHMMUJIBHOM pa3pe3e OpUEeHTUPOBAaHHOTO rpagda H=(V, E ) C DYyHK-
LIMe TPOMYCKHBIX CITOCOOHOCTEN pedep /1, KOTopbie MotydarTcs u3 H, C npu:

(a) nobGaBieHUU ABYX BEPUIMH: “UCTOYHUKA” s U “cTOKA” f;

(0) mobaBneHnu MHOXecTBa E* pedep (s, v) IJIsT BceX BepIIUH v, IpuHamIexkamux V' = {v € Vy: T(v) > 0};

(B) mobaBneHun MHOXecTBa E~ pedep (u, t) IJIsI BceX BepIIMH u, IpuHamexammux V- = {u € Vg : L(u) < 0};

(T) Ha3HAYEHUM MPOITYCKHBIX CITOCOOHOCTEM A(s, v) := C(V) st v € V*F, h(u,t) := |C(u)| mnst u € V—, 1 h(e) := oo mnst
BCcex e € Ey.

HamomHuwMm, 4To mon s—t paspe3om B H NOHMMAETCs] MHOXECTBO HarnpasJIeHHBbIX pedep O(A), UAYIIUX U3 TTOAMHO-
KeCTBa BepIINH A C V TaKOTo, 4TO s € A 7 ¢, B €ro IOMOMHEHHE V — A, ¥ IPOIYCKHOM CIIOCOGHOCTBIO 3TOT0 paspesa
cuuTtaercsi BemuuuHa h(8(A)) := Y (h(e): e € 8(A)). MOXHO BUAETb, UTO &(A) MMeeT MUHUMAIIbHYIO MPOMYCKHYIO CIO-
COOHOCTb CpelIU BCEX s—t pa3pe30B TOTAA U TOJbKO TOrna, korna X := Vg — A — 3aMKHYTO€ MHOXECTBO MUHUMAJIbHOTO
Beca L(X) B H.

HeiicTBUTeNbHO, OJ151 s—t pa3pe3a O(A) BennuunHa h(6(A)) SBIsSIETCS] KOHEYHOM Toraa M TOJbKO Torda, Koraa 0(A)
He comepXXuT pedep m3 H (YIUTBIBas OCCKOHEYHYIO MPOITYCKHYIO CIIOCOOHOCTH mociieqHnx). OTcioga CIemyeT, YTo
0(A) € E* U E~, 1 9TO MHOXeCTBO X 3aMKHyTOe. Torma

h((A)) = h(d(A) N E") + h(d(A) NE) = LX N V) + > (Ll ue (Vg -X)nV7) =
=XNVH+LXNV)-LV) =LX) -L(V).

JKYPHAJI BBIYMCITUTEIBHOM MATEMATUKU U MATEMATUYECKOM ®U3UKU  TomM 65 Nel 2025



134 KAP3AHOB

TakuMm o6pazom, {(X) otmmyaercs ot h(8(A)) Ha KoHcTaHTy {(V™), OTKya cieayeT TpedyeMoe CBOMCTBO, M MBI ITPU-
XOJIMM K X€JTaeMOMY PE3YJIBTarTy.

Teopema 6.1. 3adaua o cmabuavom mamuunee MuHUMAAbHOU cmoumocmu (6.8) das paccmampusaemoti mooeau KbM
DA3pewuma 6 CuAbHO NOAUHOMUANbHOe 8pems (OyeHUBarowee YUcA0 CIAHOaPMHbIX U OPAKYAbHbIX ONEPAUUL).

7. MPOU3BOJIbHBIE KBOTbI HA W

Bblllie MbI ONUCHIBAJIM KOHCTPYKIIUU Y AOKa3bIBaaW YTBEPXKIECHUS B MPEAINOIOXEHUN, YTO B pacCMaTpUBaeMoi
KOMOMHMpOBaHHOM Moaenn ctabuibHOoCcTH (KBM) KBOTHI Becex BepIiH B nojie W paBHHI 1. Bce 3To mocTaToqHO ITpocTo
0000111aeTCs Ha Cyvyaid TpOM3BOJbHBIX KBOT g(w) € Z,, w € W, M H/XXE MbI 1Ia€M KPaTKO€ U3JIOKEHHWE YTOUHEHUI 1
U3MEHEHMH, OCTaBJIsISI aKKypPaTHYIO IIPOBEPKY AeTajieil YMTaTesI0 KaK yIIpaKHEHHE.

1) IIpexne Bcero yToUHMM KOHCTPYKIIMIO aKTUBHOTO Tpada aj1s1 ctaduiabHoro MatunHra X C E (pasa. 3.1). Panee
JIJIs TOJTHOBECHOM BepLIMHBI w € W= MbI 0003Haualu x,, €IMHCTBEHHOE pedpo B X,, = X N E,,. Tenepp, paccmaTpuBast
MOJTHOBECHYIO BepIIUHY w € W (T.€. yIoBJAETBOPSIONIYIO |X,,| = g(w)), Mbl 0003HaUaeM x,, ocjaenHee (HauMeHee mpe-
TOYTUTEIBHOE) Pe6pO B X,,. OnpeneseHust W-101ycTMoro pebpa a,, B E,, 1 CBSI3KH (ay, b}) OCTAIOTCS IPEKHNMHU (KaK
B (3.1) m (3.2)). 3ameTuM, 4TO, KaK 1 IIpexXIe, Kaxnas BepiarHa B W nMmeeT He 6ojiee oqHOro W-IomycTuMOro pedpa.

2) Kak u mipexne, B rpadpe D = D(X), omnpeneasieMOM HaIpaBIeHHBIMA W- U F-TOIyCTUMBIMHU peOpaMu, IS
BepIINH f € F 4UCIO BXOAAINX W-IOITyCTUMBIX pedep (BUIA a,, = (w, f)) OOJbINE WJIM PaBHO YMCITY BBIXOISIITUX
F-ponyctTuMbix pebdep (Buma b = (f,w’)). (3mech epBoe YKUCIO IIPEBOCXOAUT BTOPOE, KOTAa Ul BXOMASIIEro pedpa
ay = (w, f) Bomonusercs Cr(Xy +ay) = Xy + a,, (M CJIENOBATENLHO, @, HE TIOPOXKAAET CBA3KY), WM KOIIa MUMEIOTCH 1BE
WM OoJiee CBI3KU (a, b), (a’,b") ¢ b = b’.) B To Xe BpeMsl, IJisI BepIlIMH w € W nMeeTCsl OAHO BbIxosiiee W-10IycTUMOe
pebpo a,,, a YUCIIO G,, BXOASIIUX F-gonycTUMBIX pebep (f, w) MoxeT ObiTh paBHO 0, 1 uau 6otee (mocaeaHee MOXeT BO3-
HUKHYTH ITpA g(w) > 1).

3) IIpouemypa OYMCTKU OCTAETCS TOCIOBHO TOM Xe caMoif, oHa mpeobpasyeT D B akTuBHEIN rpad I' = I'(X). 3a-
METHM, 4TO ISl BepluuH w B Wr := W N Vi mpoueaypa 6yaeT obecriednBarhb BelIonHeHUE |8 (w)| > [8°%(w)| = 1 (rae
3" (w) 1 §°'(w) 0603HAYAIOT MHOXKECTBA BXOASLIMX M BBIXOASALIMX pebep B ', MHIMICHTHBIX W); B clIy4ae o,, > 1 31ech
arnpuopu JOMYCTUMO CTPOroe HEpaBeHCTBO. TeM He MEHee, 3TOro He TPOUCXOAMT, U CBOMCTBO (3.3) coxpaHsieTcsl B CU-
JIy MIPOCTBIX 6aaHCOBBIX COOTHOLIEHUIT (BBUAY TOTO, UTO, KaK U mpexie, [0 (v)| = [8°(v)| mist Bcex v € Vr). Takum
o0pasoMm, Kak u npexae, I pacrnagaercs Ha HemepeceKaloluecs 1Mo pedpaM LUKJIbI-pOoTalllK, Kaxaash BepiiuHa B Wr
MPUHAJIEXUT POBHO OAHOU poTalliu, U Jito0as poTaius L MpoXoauT yepe3 KaKaylo BeplirHy B W, pOBHO OJIMH pas,
HO MOXET MHOTOKPAaTHO MPOXOAUTb YEPE3 OAHY U Ty XK€ BEPLIUHY B Fr.

4) Jlemma 3.1 ocTaeTcs CIIpaBeIMBOM, U €€ TOKa3aTeJbCTBO He M3MeHseTcs. B mokazaTenbcTBe mpemioxeHus 3.1
MHOXECTBO X/, Tellepb HE 00513aHO COCTOSITh U3 OJHOrO pedpa, a B COOTBETCTBUU C OOLIMM MPABUJIOM OIpPEIEseTCs
Kak X}, := X,, —e +a,, rae {e¢} = L™ N E,,. DTO He BIXsET HAa JOKA3aTEJIbCTBO, C TOYHOCTBIO JO MEJIKMX IONpaBokK. B no-
KazaTeJIbCTBe Mpeyioxkenus 3.2 B ciyvae X,, # Y, BMecTto {x,,} = X,, u {y,,} = ¥,,, pedpa x,, 4 y,, JOJKHBI BHIOUPATHCS
BX, - Y, uY, — X,, COOTBETCTBEHHO, TaK, YTOOBI BBIIIOJHSIOCH X,, >, ¥, (4TO MOXHO caellaTh, BBUIY X,, >, Y,).
CrpyKTypa ToKa3aTeabCTBa 1 OCHOBHBIC ACTAIU COXPAHSIIOTCS.

5) B nokazaTtenncTBe nipemioxenus 4.1, Bmecro {m,} = M,, u {x,} = X,,, cieayeT BeIOpaTh m,, € M,, — X,, 1 x,, €
€ X,, — M,, TakuM o0pa3oM, YTOOBI BBITIOJHSIIOCH 1, >, X,. B OCTAJIbHOM M3JI0XeHUE pa3ld. 4 MPUHIUIIMNAIBHO He
HU3MEHSsIeTCS.

6) MoXXHO yOeauThCs, YTO TTOCTPOEHUS W PE3YJIBTaThl, U3JI0XKEHHBIE B pa3l. 5 1 6, BEpHBI U [UIST OOLIEro Cirydast
KBOT B W. B yacTHOCTH, OcTaeTcsl BepHOI TeopeMa 5.1, yTBepxKaaroiasi, YTo MoceT poTaluii (R, <) CTpOUTCS 3a BpeMs
O(EP).

8. MOAEJIb CTABMJIIBHOCTHU C ITOCIIEAOBATEJIbBHBIM BBIEOPOM

Kaxk ynoMuHanoch Bo BBenenuu, paccmarpuBaemasi HaMu Mofeib ctabuinbHocT (KBM) nosiBisieTcst npu penyk-
1y 0oJiee 0OIIeit MOIeI CTAaOMIIBHBIX MATYMHTOB B IBYIOJIBHOM Ipacde. B rmociaenHeit mpearmouTeHsl areHTOB OTHOM
ponu (“oupm™) 3a1a10TCS € TOMOILBIO IUIOTTOBCKUX M KapaAWHaIbHO MOHOTOHHBIX DB, a peanodreHust areHTOB Ipy-
roii moau (“paboTHUKOB™) 3agaloTcs T.H. TToceaoBaTeTbHBIMU (sequential) D B; mist onpeneleHHOCTH MBI Jajiee OyaeM
HMMEHOBATh 3Ty MOJENb nocaedosamenvhoi, unu I1-modeavro. B pabore [16] ObLIO YyCTAHOBIEHO, YTO UMEET MECTO pe-
nykuus [T-monenu k KbM, npu KOTOpoil MHOXXECTBa CTAOUIbHBIX MATYMHIOB OKa3bIBaloTCs u3oMopdHbeiMu. Huxke,
caenys [16], mbl gaem ommcanue I1-monenu u ee penykuun K KBM u popmynpyeM yrBepKaeHUsI 00 M30MOpdpru3Max
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COOTBETCTBYIOIIMX MATYNHTOB U MX PEIIeTOK. 3aTeM MBI 00CyXIaeM, Kakue cieacTBus st [1-momenm MOXHO TT0JTy-
YUTb U3 PE3YJIBTATOB O POTALIMSIX U UX TIPUIIOXKEHUSIX, TToTydeHHbIX 1711 KBM.

CrenyeT 3aMeTUTh, 4TO B [16] paccMmaTpuBaeTcst 6oJiee IMPOKUi KiTace MoJiese ¢ rmociaenoBareabHbIMU @B, on-
HaKO Hac ceiiyac MHTEPECYEeT TOIbKO Ta X HUX, YTO HEMOCPENCTBEHHO CB3aHa ¢ penykuueit K KbM. 7151 mpocToTsl
WU3JI0KEHUsI MBI OYIeM IpeaIiojaraTtb, YTo paccMaTpuBaeMble Tpadbl He comepKaT KpaTHBIX pedep (TOMyIeHIe KpaT-
HBIX pedep OyIeT cnenaHo B 3aMeYaHNU B KOHIIE pa3ziena).

Kak u npexne, paccMaTpuBaeTcsl ABYIOJIbHBIN Tpad G = (V, E) ¢ BepIIMHHBIMU H0JasaMu W (“paboTHUKU”) U F
(“dupMBI”), ¥ JUIS KaXI0Hi BepIIMHbI f € F 3alaHa IJIOTTOBCKAas M KapAWHaIbHO MOHOTOHHas ®B C : 2B — 2Fr,
B T0 Xe Bpemsi Ulsl KaXI0i BepUIMHBL w € W 3aaHa 10C/Ie10BaTeIbHOCTD Auneiinbix OB CL, ..., Ci™ wa E,,; 310
o3Havaer, 4to Kaxaas @B C! cBsizaHa ¢ IMHEHHBIM TIOPSIIKOM >, Ha E,, ¥ BBIOMpAeT B KaXI0M MoaMHOXecTBe Z C E,,
MaKCHMaJIbHBIA 3JIeMEHT OTHOCUTEIbHO >iv. MoxHO cuuTaTh, 4To g(W) < |E,|.

Ompenenenne 4. 0603HauuM CL * - - - x cim dyHkuuio Beibopa C,,, KoTopas i 1obdoro Z C E,, ONpeaessieT ero
MOAMHOXeCTBO C,,(Z), COCTOSIIIEE U3 DJIEMEHTOB Z, . . . , Zk, [1I€ k = min{|Z|, g(w)}, KOTOpbIE€ BBIOUPAIOTCS O CIAEAYIOLIE-
My PEKYPCUBHOMY MIPABUIIY: z; — 9TO MAKCHMAJIbHbIN JIEMEHT OTHOCUTENBHO >/, B MHOXeCTBE Z — {71, . . . , 7i-1 }. Takyio
dbynkumio C,, Ha30BeM nocaedosamensioii @B panra g(w), OPOXIAEMYIO IMHEHHBIMU TTOPsAKaMU >, .. ., >4 (v
muneiineiv OB CL, ..., C1™).

IMoka3zwiBaercs, uro @B C,, siBIsieTCs MIOTTOBCKOI M KBOTUPYeMOTt ¢ KBOTOM g(w). CoBoKymHOCTH {C,, v € V} yKa-
3aHHBIX @B 1 ompenensieT To, YTO MBI BEIIIE Ha3Baau [1-Monenpro. OTa MOIeIb MIPEACTaBIsIeT COOOIM YaCTHBIN CITydaid
CBM (cnenmanbHO OyJIeBCKOM Momear, YIIOMSHYTOI Bo BBeneHun), 1 B To Xe BpeMs: oHa o6o61maer KbM. (3ame-
THM TaKXe, 4TO, KaK yKa3aHo B [16], paHee ObLIO ITOKA3aHO, YTO He BCsIKasg KBOTMpyeMast riotToBckast DB sBisetcs
nocienoBarebHON PB.)

[MpucTymmM K oImMcaHuIo peAyKInu gaHHoi [1-Moxenm, onpenensieMoii BeimeykazaHHbMu @B C,, v € V. Ipad G
IIpeobpasyeTcs ITyTeM PEIIMKALIMT BepITH 1oau W. A IMEHHO,

Kaxas BepluHa w € W 3ameHsietcs g(w) BepuHaMu w', ..., w9™) | 1, COOTBETCTBEHHO,

: 1
Kaxnoe pedpo wf € E nopoxnaet g(w) pedep w' f, i =1,...,qg(w). @)

[MosnyyeHnbiit rpad 0603HAYMM G = (\7, E) 1 0003HAUUM Yepe3 T eCTECTBEHHOE 0ToOpakeHue (IMMPOEKIIUIO) Vu E
BV U E. O0beKTHI, CBsI3aHHbIE ¢ G, MBI Oy/ieM Takke 0003Ha4arh ¢ TWIbAOK. B yacTHOCTH, KOTIMY BeplvH f € F BG
0003HaYNM KaK f ¥ TSI JTI000#H BEPILINHBI ¥ € V MHOXECTBO MHIMIEHTHBIX pebep B G 0003HAYNM KakK E;.

Terepb OOBSICHIM, KaK 3aal0TCsI IIPEAIOYTeHIs 1 (GYHKIMN BbIGopa Cy uist BepimH v € V. [List Bepime B W 910
Jie1aeTcst 0eCXUTPOCTHO, & UMEHHO:

JUISl BEPLUMHEL W' € w (rmew e Wul<i<qg(w) OB 5w, — aro nuHeliHasg @B, onpenensie-

. (8.2)
Masl IMHEUHBIM ITOPAIKOM >, HA EW:‘ , ABJIAIOIIMMCA KOIMMEN MTOPpsAIaKa >:/v Ha EW.

J7151 BEpILUH B F YCTPOWCTBO PYHKILIMIA BBIOOPA MEHEEe TPMBHAIBHO. A MIMEHHO, [UTsI BEPLINHBI f €eF (komuu f B F)
paccMOTpUM TTOAMHOXECTBO pedep Zc E U ero obpas Z = nZ)BG,u obpasyem C cJeAyIoIIM 00pa3oM:

st Kaxnoro wf € Cy(Z) B “cioe” mt~!(wf) BosbMeM peGpo w'f Takoe, 4To w'f npu-
HAUIEXUT MHOXECTBY Z 1 IIPY 3TOM MMeeT MUHUMabHBIit HoMep i; Torna Cr sBiseTcs (3.3)
00BbEIUHEHUEM B3SIThIX 371€MEHTOB. ‘

ITyctb S 0603HaYaeT MHOXKECTBO CTAOMIBbHBIX MAaTYMHIOB JIJIs1 paccMaTpuBaemoii I1-mMonenu ¢ rpadpom G u PpyHK-
uusamu Bei6opa Cr (f € F)u C,, (w € W) (rne Cy TUIOTTOBCKAs M KapAWHAJILHO MOHOTOHHas, a C,, — OC/eoBaTeIbHas
®B, mopoxaeHHasT TMHENHBIMU TOPsIIKAMM > >l >’3V(W)). ITycTs S 0603HAYAET MHOXECTBO CTAOMIBHBIX MATUIHIOB
st KBM ¢ mocTpoeHHBIMU rpad oM G, ®BC 7 (f € F) 1 TMHEAHBIMU TIOpsIIKAMU >,,;. B [16] moka3biBaloTCs CIeayIO-
1€ KJII0UYeBbIe CBOMCTBA:

(i) I Kaxmoro cTabMiabHOrO MaTdyuHTa X € S orpaHMYeHHME OTOOpAKEHMS 7T Ha MHOXECTBO X
WHBEKTUBHO;

(ii) oTobOpaxkeHMe T UHIYIIMPYET OMEKIIMIO MEXKITy MHOXECTBAMU CTAOMIIBHBIX MATYMHTOB S U S;
~ x - (8.4)
(iii) ykazaHHOE€ OTOOpaXkeHUe CTAOMIIBHBIX MATYMHTOB X > X JaeT n30MopdU3M pelIeToK Ha S 1

S, Te. g X,Y € SpmonHAOTCA T /X AY) =a ' X)) A ' Muna'X YY) =a'X) Y al(Y)
(roe A ¥ Y 0003HAYaIOT B3ATHUE TOUHOM HUXXHEW IpaHu (meet) U TOUHOM BepXHEH rpanu (join)
I S, v aHaJIOTUYHbIE 0003HAUYEHMSI C TUJIbIaMU TTPUMEHSIIOTCS 1715 S).
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OcHoBbIBasIiCh Ha (8.4) 1 UCITOIB3YS MOJTYYEHHBIE pe3yJabTaThl 0 poTauusx 11t KbM, MbI MOXeM aTh ONMCcaHue
porauuii nist [1-moxenu.
JL7is1 3TOT0 PacCMOTPUM POTALIUIO RB rpacde G.OHa MPUMEHSIETCS TSI IEPeXo/ia OT HEKOTOPOTO CTAOMIIBHOTO Mart-
UnHra XeSk HETIOCPENICTBEHHO CIIe/IylomeMy (B cMBICTIE MTOPAIKA <7 B S) CTaOMJIBHOMY MaTYUHTY X', a IMEHHO,
(X R yu R*. Tlonoxum X := n(X) ux .= n(X’) B cuny (8.4)(i), (11) T yCTAaHABJIMBACT OUEKLIMIO MEXKTY XuXu
MeXay XuX , OTKYJIa JIETKO 3aKJIIOYUTh, YTO R U30MOP(HHO n(R ), 1 R* U30MOP(HHO n(R*) AHpI/IOpI/I MBI HE MOKEM
WUCKJTIOYUTD CUTYaALUIO A = n(R )n n(R*) # 0 (B 3TOM cityuyae umeercs pebpo wf € E Takoe, 4To w'f € R uw fe R*
IIJISI HEKOTOPBIX [ # J), M B JAHHBIM MOMEHT MBI OCTaBJISIEM BO3MOXKHOCTD A # () KaK OTKPHITHIN Borpoc. Ompeneamm

R :=a(R)-A u R':=a{R)-A.

Torma X’ = (X — R7) UR™, |R™| = |R*|, u 00a MHOXecTBa R, R* HerrycThie (MHaYe OBLIO OBI X # X', o (X) = n(X)),
Boripeku (8.4)(ii)). B N

MoxxHO BUIETh, UTO R := 7(R) — A mopoxnaeT pedbepHo MpocToit LMK B G (MHAYILIMPOBAaHHBIN poTaiueii R, pac-
CMaTpuBaeMoOil Kak IIUKJ), ¥ B 3TOM LIMKJIe YepeaytoTcst pedbpa u3 R~ (“oTpuiareinbHbie”) u R (“TiooxuteabHbie”
D710 R (paccMaTpuBaeMoe, B 3aBUCUMOCTU OT KOHTEKCTa, KAK MHOXECTBO pedep UM KaK LIUKII) UTPAET POJIb POTALIUU
B G, ¥ MbI TOBOPUM, YTO CTAOWJIbHBIN MAaTYMHT X’ MOTydaeTcst U3 X mMpuMeHEHUEM POTaluu R.

(MBI Takke OCTaBJIsleM OTKPBITBIM BOIIPOC, MOXET JIM POTallMsi R POXOAUTH Yepe3 OIHY U Ty Xe BepiuuHy B W
0oJiee OMHOTO pa3a, YTO HEBO3MOXHO IJist Ru W.)

CyMMUpPY$ CKa3aHHOE BBIIIIE, Mbl MOXXEM IOJTYYUTh U3 CBOUCTB B (8.4) u pe3yssratoB it KbM crienyroine oxu-
JlaeMbI€ YTBEPXKICHUSI:

(i) xaxnplii CTAOWIBHBIA MAaTYUHT X € S MOXET ObITh MOJYYEH U3 MUHUMAIbHOTO MaT-
YUHra B (S, <r) IPUMEHEHUEM MOCIEN0BATEIbHOCTU poTaluuii B G;

(ii) orobpaxkeHmMe R R = n(R) — (n(R*) N R™)) DaeT GHEeKLIMIO MEXIY poTauusiMu B G U G; 8.5)

(iii) oToOpaxkeHME T MHAYIIUPYST N30MOPDU3M MEXKIY ITOCETaMU POTALTNIA IS GugG.

3aMeTHM, 4TO pa3Mepsl rpada 5, MOJYYeHHOTO peruiMKaluei KaXnoi BepIiuHbl w € W KOMUSIMU B KOJIMYECTBE
g(w) < |F|, MoxHO rpy60 oLeHUTb Kak O(|W||F|) BepiuuH u O(|W/||F|?) pe6ep. [1oaToMy U3 TeopeMsbl 5.1 MOXKHO 3aKJII0-

YUTb, UTO
nns [1-mopenu ¢ rpadom G = (V = W LI F, E) MHOXECTBO pOTalldil M UX MOCET MOTYT

ObITb TOCTPOCHBI 3a BpeMs O(W[?|F|*) (BK1I04ast 4nciio 06palleHuii K OpaKyaiam). (8.6)

(ITpu |W| > |F| aTa oLieHKa cJierka yiIy4llaeT opaKyabHyo olueHKy O(W|3|F|?) nj1st moctpoeHust mocera poTawuii 1st
CBM B pa6ore [14].)

OddexkTrBHOE MOCTpoeHUE poTaumit U ux rmoceta B [1-Moaeau nmo3posisieT 3¢ GHeKTUBHO pellaTh 3a1a4y MUHUMMU-
3allM JIMTHEWHON (DYHKIIMM HAa MHOXECTBE CTAaOMIbHBIX MATYMHTOB, IIPUMEHSS METOH, aHAJOTUYHBIN OIMMCAHHOMY
B pasz. 6.

B 3akiroueHnH, 3aMeTUM TakxXe, 4TO Ipu paccMoTpeHnu [1-momenu Ha rpade G ¢ BO3MOXHBIMUA KPaTHBIMU pe0-
paMU MOXHO JIeMCTBOBATh KaK M3JI0XKEeHO B 3aMeuaHuu 1 (B pasn. 2), monydas cBeaeHue K [1-monenu Ha rpade G’ 6e3
KpaTHBIX pedep (¢ mHaynupoBaHHEIMI DB 17151 MpeskHUX BEPIIVMH U TIMHEWHBIMUY TTOPSIIKAMMU 1T JOOABJICHHBIX BEp-
LLIMH), ¥ 3aTeM OIMCHIBATh CBSI3b poTalnii B G, G’ 1 G', pacCykiast Kak BBIIIE M MCIIOJB3Ysl 3aMedaHne 2 U3 pasi. 5
(MoapoOHOCTU MBI 3[A€Ch OITyCKAeM).

ABtop Omarogaput JlarunoBa Bnagumupa MiBaHOBWYA 3a ITOJIE3HBIE OOCYKACHUS IO TEME CTaTbU M MHDOPMHUPO-
BaHue o pabore [16].
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Abstract. A model of stable edge subsets (“matchings”) in a bipartite graph G = (V, E) is considered, in
which preferences for vertices of one side (“firms”) are given by choice functions with standard properties
of consistency, substitutability, and cardinal monotonicity, and preferences for vertices of the other side
(“workers”) are given by linear orders. For such a model, we give a combinatorial description of the structure
of rotations and propose an algorithm for constructing a rotation poset with a time complexity estimate
O(EP) (including calls to oracles associated with choice functions). As a consequence, a “compact” affine
representation of stable matchings can be obtained and related problems can be solved efficiently.

Keywords: bipartite graph, choice function, linear preferences, stable matching, affine representability,
sequential choice
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