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Abstract. For the electronic subsystem of transition metal ions embedded in a crystal lattice or formed a 
complex with ligands, an effective decrease in interelectron repulsion is observed compared to free ions, which 
in modern literature is referred to as the nephelauxetic effect. In this work, we study the role of the nephelauxetic 
effect in the Fe2+ ions electronic spectrum formation in CdTe and ZnSe matrices. Experimental assessment 
of the corresponding corrections was carried out based on the analysis of two transitions – the well-known  
5T2(5D) → 5E(5D), enabling us to record the magnitude of the crystal field, and the less studied  
3T1(3H) → 5E(5D). The discovery of the zero-phonon line of this transition in CdTe:Fe enabled us to compare 
the two luminescent systems properties and demonstrate that for the Fe2+ ion in CdTe the nephelauxetic 
effect role increases noticeably. Based on the experimental data obtained in combination with calculations 
within crystal field theory, we have refined the values of the Racah parameters for Fe2+ ions in CdTe and ZnSe 
matrices. The role of the nephelauxetic effect for Fe2+ ions in two matrices similar in structure is important 
both for practical problems related to IR laser systems improvement, and for resolving some fundamental 
questions of quantum chemistry.

Keywords: transition metal ions, crystal lattice, crystal field, nephelauxetic effect, CdTe, ZnSe
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1. INTRODUCTION

Group II-VI semiconductors with cubic structure, 
doped with transition elements, are widely used in 
the development of tunable [1] and pulsed [2] lasers 
in the mid-IR range. Further progress in laser 
technologies aimed at improving existing laser 
systems [3, 4] or developing new approaches for laser 
generation [5] requires a more detailed understanding 
of the mechanisms of electronic spectrum formation 
of transition element ions in crystalline matrices. 
Among them, the greatest attention is paid to iron 
and chromium [6–8]. A consistent solution to this 
problem could rely on modern ab-initio calculations, 
which allow determining not only the structure 
and electronic spectrum of luminescent centers but 
also studying possible scenarios of their formation 
[9]. Nevertheless, at present, the capabilities of this 
approach are often quite limited due to the fact 

that for embedded transition element ions, both 
the correlation of interelectron motion and the 
existence of a large number of alternative electronic 
configurations contributing to the total electron 
density have a significant influence [10]. In this 
context, much attention is paid to discussing many-
electron corrections within the crystal field theory, 
in particular, the role of the so-called nephelauxetic 
effect is discussed [11,12].

From the crystal field theory perspective, the 
nephelauxetic effect manifests as an effective 
reduction in Racah parameters (B, C), determined 
by the structure of electron shells, during the 
transition from a free ion to an ion embedded 
in the crystal lattice [12]. This tendency can be 
interpreted as an effective reduction in electron 
repulsion. In other words, in the presence of 
surroundings, a correction arises due to many-
electron effects, whose physical meaning can be 
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qualitatively described as delocalization of single-
electron orbitals and interaction of center electrons 
with the surroundings. Accordingly, experimental 
study of the nephelauxetic effect allows not only to 
refine the parameters of the electronic spectrum 
of the radiative center but also to provide some 
quantitative assessment of the role of many-electron 
motion correlation arising due to the presence of 
ligands. The latter circumstance is of considerable 
interest, particularly for establishing the accuracy 
of actively developing theoretical approaches [13], 
combining the convenience of formulation inherent 
in ligand field theory [14] with high-precision 
quantum chemistry methods [15,16], allowing for 
a self-consistent description of correlation effects 
and contributions from spin-orbital and spin-spin 
interactions.

Despite active study of the nephelauxetic effect for 
a number of chemical compounds [11, 17], its role 
remains poorly understood for transition element 
ions in crystal matrices, including the practically 
important case of II-VI group semiconductors with 
cubic structure. Experimental studies of materials 
in this group are complicated by the fact that 
spectroscopic information about several (at least 
two) transitions involving different electron shells 
becomes necessary. This feature is determined by 
the fact that to fix the nephelauxetic effect within 
crystal field theory, it is necessary to determine both 
the crystal field magnitude (Dq) and the exact values 
of Racah parameters (B, C). The difference of these 
parameters from values characteristic of the free ion 
will determine the role of the nephelauxetic effect.

Recently, for the quantitative description of the 
nephelauxetic effect, the parameter [11] has been 
used

	    β = +      

2 2

1
0 0

,B C
B C 	 (1)

where B, C are the Racah parameters for the ion 
in the crystal lattice, and B0, C0 are the Racah 
parameters for the free ion. It is considered that 
at β1 ~ 1 the role of the nephelauxetic effect is 
secondary and becomes significant if β1 is notably 
less than unity [12]. In the case of cubic II-VI 
semiconductors, one of the promising systems 
for investigating the nephelauxetic effect is iron 
ions in zinc selenide [18, 19]. This is due to the 
fact that for the optically active ion Fe2+ in ZnSe, 

at least two different transitions with well-studied 
fine structure are known: 5T2(5D) → 5E (5D) [19. 20] 
and 3T1(3H)→5T2(5D [21]. The first transition allows 
determining the role of the crystal field, while the 
second one helps determine the range of permissible 
Racah parameters and evaluate the role of the 
nephelauxetic effect.

Along with the well-known ZnSe:Fe, interest is 
drawn to a system with similar properties CdTe:Fe, 
which also has a cubic lattice but is characterized 
by a larger lattice constant, smaller value of 
parameter Dq and, apparently, more significant role 
of many-electron effects. The latter is determined 
by the fact that the matrix components Cd and Te 
are significantly heavier than Zn and Se [22]. For  
CdTe:Fe the fine structure of the transition 
5T2(5D) → 5E (5D) was studied in [23]; the transition 
3T1(3H)→5E(5D) in this system has not been previously 
studied.

In this work, based on low-temperature 
photoluminescence measurements, we identified 
the transition 3T1(3H)→5E(5D) for the CdTe:Fe system. 
The obtained data allowed us to experimentally 
determine the value of parameter for this system 
and experimentally demonstrate the different roles 
of many-electron corrections, which determine the 
nephelauxetic effect for the inner shells of the ion 
Fe2−, in CdTe and ZnSe matrices. The evaluation 
of the nephelauxetic effect obtained in this work can 
help not only in the development of IR laser systems 
but also in resolving some general issues related 
to many-electron effects in quantum mechanical 
calculations. 

2. MATERIALS AND EXPERIMENTAL 
METHODOLOGY

For the research, polycrystalline ZnSe samples 
were selected, doped by Fe2+ thermal diffusion 
method, which demonstrated laser generation 
parameters close to record values [24]. These 
samples in the form of parallelepipeds were cut from 
a polycrystalline druse with uniform microstructure. 
Then, an iron film was deposited on the sample 
surface, and the samples were annealed in Ar 
atmosphere at temperature 1000–1100°С for 240 
hours. For luminescence measurements, the faces 
of parallelepipeds located perpendicular to the 
surface on which the iron film was deposited were 
used. Along these faces, a notable gradient of dopant 
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iron concentration was observed [25]. Structural and 
optical characterization of selected samples ZnSe:Fe 
are described in work [26].

The laser-quality CdTe crystal doped with iron 
was grown at LPI using an original method [27]. 
The methodology is based on vapor phase transport 
of impurities in He atmosphere during free crystal 
growth. The main features of the technology are 
the use of two separate sources – polycrystalline 
II-IV material and impurity, as well as individual 
control of the flow rate of II-IV materials and 
doping impurity. The studied crystal was cut from 
a boule grown in He atmosphere at 1250 K. During 
furnace cooling, the boule was annealed for 24 hours 
at 1080  K. The concentration of iron ions was  
4 · 1018 cm−3.

Low-temperature photoluminescence (PL) 
measurements of the samples were conducted 
in a wide spectral range from 0.9 to 5.5 μm 
(1.4–0.22 eV). For measuring spectra in the near-
IR range up to 1.1 μm, a setup based on an Acton 
monochromator (Princeton Instruments) with a 
cooled silicon array was used. For operation at 
longer wavelengths, a setup based on a modernized 
IKS-31 monochromator with interchangeable 
diffraction gratings was used. The detection scheme 
employed various detectors, providing maximum 
sensitivity in their respective ranges. In the spectral 
region of 1–1.7 μm, a Hamamatsu H10330B-75 
photomultiplier tube operating in photon counting 
mode was used for signal detection. In the 1.1–2.4 μm 
range, a cooled InGaAs photodiode with a 
transimpedance preamplifier (with cooled resistance) 
was used. In the mid-infrared range, a cooled 
MCT D313 detector was employed. For detecting 
the photoresponse of the InGaAs photodiode and 
MCT detector, we used synchronous detection 
implemented with a Princeton Instruments SR 830 
lock-in amplifier.

To excite PL transitions from level 3T1(3H) in 
ZnSe:Fe, the second harmonic of a solid-state 
Nd:YAG laser with a wavelength of 532 nm was used. 
Such excitation effectively populates level 3T1(3H) 
[21]. Also, with such excitation, the population of 
level 5T2(5D) will be determined 3T1(3H) → 5T2(5D) by 
transition 5T2(5D) → 5E(5D), and the 5T2(5D) → 5E(5D) 
intensity of PL line will be relatively low. Therefore, 
for exciting the PL transition 3T1(3H) → 5E(5D), it is 
more effective to use a laser with photon energy 
lower than the transition energy. We used a 

semiconductor InGaAs laser with an excitation 
wavelength of 995 nm and power of 200 mW. The 
same laser was used to excite the main PL transition 
in the CdTe:Fe sample. To excite luminescence from 
higher-lying states, a semiconductor InGaAl laser 
with a radiation wavelength of 660 nm was used. 
This laser implements the possibility of controlling 
radiation using an external signal. This allows, using 
a pulse generator, to implement pulsed excitation 
of the sample and thus measure the luminescence 
kinetics. To control the 660 nm semiconductor 
laser, we used a G5-72 pulse generator. In the vast 
majority of cases, a pulse duration of 200 μs and a 
pulse repetition rate of 480 Hz were selected. This 
mode was chosen to register relatively long-term 
PL decays characteristic of intracenter transitions. 
The pulse front width did not exceed 100 ns, which 
is quite sufficient for measuring relatively slow 
luminescence kinetics Fe2− at helium temperatures.

3. LOW-TEMPERATURE LUMINESCENCE 
Fe2+ IN CdTe AND ZnSe

Fragments of low-temperature photoluminescence 
spectra of the studied samples, demonstrating 
intracenter transitions Fe2+ in CdTe and ZnSe, 
are presented in Fig. 1. Free iron ion Fe2+ has 
configuration d6 with the ground state being 5D, 
and the first excited state – 3H. In this work, the 
spectrum of ions Fe2+, substituting Zn(Cd) in the 
lattice ZnSe(CdTe) is discussed. In this case, the 
impurity is in a tetrahedral field, which causes 
splitting of the initial levels, see Fig. 2. From crystal 
field theory, confirmed by experimental studies of 
the electronic spectrum, see, for example, [19], it 
follows that when considering only the electric field, 
the ground state 5D splits into two terms, 5E and 
5T2, while the excited term splits into three levels,  
3H → 3T1, 3E, 3T2. The transition between the lower levels  
5T2(5D) → 5E(5D), is well studied. Both for CdTe:Fe 
[23] and for ZnSe [19], a series of phonon-free lines is 
resolved, which allows quite accurate determination 
of the energy shift between levels 5E and 5T2.

 From early works for ZnSe:Fe a broad emission 
band with a maximum around 980 nm is known 
[18]. Experiments with optical detection of magnetic 
resonance unambiguously indicate the connection 
of this band with the transition of 3T1(3H) → 5E(5D) 
ion Fe2+ [18]. Recently, the use of low temperatures 
combined with high-quality ZnSe:Fe crystals made 
it possible to register six phononless components of 
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the fine structure for the transition 3T1(3H) → 5E(5D), 
each with a width not exceeding 0.3 meV [28]. 
The very presence of these components excludes 
a significant role of non-adiabatic effects, their 
number indicates tetrahedral coordination of the ion 
Fe2+, and the energy position provides the possibility 
of more or less correct restoration of the Racah 
parameters in the ZnSe matrix. In turn, the transition  
3T1(3H) → 5T2(5D) to the first excited sublevel was 
discussed in works [21,28]. The position of the blue 
boundary for the corresponding emission line agrees 
with the electronic spectrum structure derived from 
the spectroscopy of transitions 3T1(3H) → 5E(5D) 
and 5T2(5D) → 5E(5D). Characteristic luminescence 
signal decay times for transitions 3T1(3H) → 5E(5D) 
and 3T1(3H) → 5T2(5D), determined by relaxation 
from state 3T1 (3H), are on the order of hundreds of 
microseconds [29].

For ZnSe crystals studied in this work, the 
luminescence spectrum corresponding to the 
transition 3T1(3H) → 5T2(5D) is shown in the center 
of the upper part of Fig. 1. The fine structure 
of the spectrum in the region corresponding to 
the phononless components of the transition 
3T1(3H) → 5E(5D) is shown separately in Fig. 3. 
The presence of several phononless peaks in the 
1.379–1.387 eV region is determined by the splitting 
of states 3T1 (3H) and 5E(5D) due to first- and second-
order spin-orbit interaction [28]. The spectral 

positions of the phononless lines are systematized in 
Table 1.

Unlike ZnSe, only the transition 5T2(5D) → 5E(5D) 
was previously confidently registered for cadmium 
telluride. The fine structure of this transition 
indicates that, as in ZnSe, the coordination of the 
ion is close to tetrahedral. Consequently, the long-
wavelength shift of the transition 5T2(5D) → 5E(5D) 
[23] in CdTe compared to ZnSe is determined by 
the decrease in crystal field splitting (parameter Dq). 
For the studied CdTe:Fe crystals, the emission line 
corresponding to the transition 5T2(5D) → 5E(5D) is 
shown in Fig. 1 bottom left.

In work [30], the emergence of new emission 
bands with emission maxima of 1.13 and 1.03 eV 
after iron implantation into CdTe and subsequent 
annealing is mentioned. This work also provides 
an estimate of emission decay time of 30 μs, which 
allows concluding that these bands are related to 
intracenter transitions of iron ions. However, no 
assumptions about the nature of the corresponding 
center were made in [30].

As seen in Fig. 1, in the studied crystals CdTe:Fe	
the emission band 1.2–0.75 eV has a complex 
shape, and it can be assumed that it is formed by 
the superposition of two bands – a more intense one 
with a maximum at 1.1 eV and a less intense one with 
a maximum around 0.9 eV. This assumption is based 
on the analogy with the emission spectrum Fe2+ in 
ZnSe, see the upper part of Fig. 1. However, this 

Fig. 2. Energy splitting scheme of 3H- and 5D- levels Fe2+ in a 
tetrahedral field (Tanabe-Sugano diagram). Vertical dashed lines 
correspond to the parameter values Dq	 for CdTe and ZnSe

Fig. 1. Overview spectra of low-temperature photoluminescence 
for ions Fe2+ in ZnSe crystals (top) and CdTe (bottom) at a 
temperature of 7 K. The excitation wavelengths used are shown 
in the figure
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spectral range may be overlapped by the emission 
of CdTe structural defects, see, for example, [31]; 
besides that, a contribution to the emission from 
iron ions in a different charge state is possible.

Unlike intra-center luminescence, conventional 
impurity-defect emission in semiconductors with a 
direct fundamental absorption edge is characterized 
by nano- or microsecond decay times. Therefore, to 
separate the luminescent background, we conducted 
time-resolved PL measurements. An example of 
an emission spectrum obtained at relatively long 
delay times of about 1.4 ms is shown in Fig. 4. It 
can be seen that this spectrum shows the main 
band with a maximum at 1.1 eV, a long-wavelength 
feature around 0.9 eV, and a weak short-wavelength 
component with a maximum at 1.22 eV. Based on 
the relatively long decay times, it can be stated that 
all these components represent intra-center PL.

To evaluate the nephelauxetic effect, as in the 
case of ZnSe:Fe, the spectral position of the zero-
phonon transition (transitions) is of greatest interest. 
In the case of the PL spectrum in Fig. 4, the narrow 
component around 1.22 eV is obviously the main 
candidate for the zero- phonon transition. As in 
the case of ZnSe (Fig. 3), this line may have a fine 
structure that is not resolved in our experiments. 
To confirm this interpretation, we measured the 
luminescence kinetics of the 1.1 eV band and the 
narrow component at 7 K. The measurement results 

are illustrated in Fig. 5 (upper panel) (PL rise) and 
Fig. 5 (lower panel) (PL quenching). As can be seen 
in these figures, similar characteristics of signal 
rise and quenching are observed, which confirms 
that the narrow line at 1.22 eV and the broad band 
at 1.1 eV belong to the same luminescent system. 
Thus, it can be stated that the 1.22 eV peak is indeed 
a zero-phonon transition, and the 1.1 eV band arises 
from interaction with the phonon subsystem.

In CdTe crystals studied in this work, the presence 
of optically active iron ions Fe2+ is confirmed 
by intense luminescence corresponding to the 
transition 5T2(5D) → 5E(5D), see Fig. 1. Nevertheless, 
Fe3+ ions could be a possible alternative candidate 
for the discussed luminescent system in CdTe. As 
estimates show (see Appendix), the first excited 
state for the ion is located around 2 eV. This is 
significantly higher than the spectral position of the 
bands in Fig. 4 (about 1.1-1.2 eV). Furthermore, in 
the experiments described above, we used optical 
excitation with quantum energy exceeding the 
fundamental absorption edge of CdTe. In this case, 
the exciting radiation is absorbed in a thin near-
surface layer, and direct (intracenter) excitation 
of Fe3+ is unlikely due to the small cross-section 
value for the corresponding process. The most 
efficient excitation mechanism apparently consists 
of capturing a photoexcited electron by the Fe3+ ion 
and then relaxation into one of the excited states of 

Fig. 3. Fine structure of the emission spectrum for crystal ZnSe:Fe 
in the zero-phonon line (ZPL) transition region 3T1(3H) → 5E(5D) 
at a temperature of 5K. For PL excitation, radiation with a 
wavelength of 532 nm is used. LO/TO and LA/TA denote phonon 
replicas involving optical and acoustic phonons, respectively 

Fig. 4. Photoluminescence spectrum CdTe:Fe, recorded under 
pulsed excitation conditions at a temperature of 7 K. The delay 
relative to the end of the exciting laser pulse is 1.4 ms. The zero-
phonon transition (ZPL) is located around 1.22 eV
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the Fe2+ ion [21]. The Fe3+ ion in the CdTe lattice 
forms a Coulomb potential similar to a hydrogen-
like donor in CdTe (properties of hydrogen-like 
donors in CdTe are described, in particular, in work 
[32]). Therefore, at helium temperatures, efficient 
electron capture should be expected with subsequent 
formation of weakly bound (hydrogen-like) states. 

At the same time, the Fe2+ ion does not form a long-
range attractive potential for holes, so the process 
where a hole is captured by the Fe2+ ion with 
subsequent formation of the Fe3+ ion in anexcited 
state seems unlikely.

The paper [30] mentions the emergence of new 
emission bands with maxima 1.13 and 1.03 eV, 
after implantation of iron in CdTe and subsequent 
annealing. iron in CdTe and subsequent annealing. 
In this work, an estimate of the of the radiation 
attenuation time of 30 μs, which allows us to 
conclude that these bands are related with intra-
centre transitions of iron ions. However, no 
assumptions were made in [30] on the nature of the 
corresponding centre.

Thus, under experimental conditions, when 
excited above the fundamental absorption edge, one 
should expect intracentral luminescence specifically 
from ions Fe2+. In this case, qualitative analysis based 
on Tanabe-Sugano diagrams allows unambiguous 
identification of the zero-phonon component at 1.22 
eV and the 1.1 eV band with the transition 3T1(3H) 
→ 5E(5D). Therefore, from the spectroscopic data 
presented above, it follows that the transition 3T1(3H) 
→ 5E(5D) between the inner shells of the ion Fe2+ in 
ZnSe and CdTe forms similarly structured emission 
spectra, consisting of zero-phonon peak(s) and a 
broad band arising from interaction with the phonon 
subsystem. The spectral position of the zero-phonon 
peak (or center of gravity of the peak series) agrees 
with qualitative analysis within the framework of 
Tanabe-Sugano diagrams. Spectroscopic data on 
zero-phonon transitions involving states 5T2 (5D), 5E 
(5D), 3T1 (3H), obtained in this work and taken from 
works [28,31], are systematized in Table 1. 

4. ROLE OF THE NEPHELAUXETIC  
EFFECT FE2+ IN CDTE AND CDTE

As follows from Fig. 2a and Table 1, in contrast 
to qualitative reasoning, quantitative analysis 
of spectroscopic data based on Tanabe-Sugano 

Table 1. Energy values of transitions observed in the experiment for ZnSe:Fe and CdTe:Fe (values given in cm−1) 

 5T2(5D)→5E (5D) 3T1(3H)→5T2(5D) 3T1(3H)→ 5E(5D)

ZnSe:Fe   2700-2950  7140  11155 

CdTe:Fe   2197  6250  8695 

Fig. 5. The kinetics of rise (upper panel) and decay (lower panel) 
of the photoluminescence signal, recorded in two different spectral 
regions under excitation of the CdTe:Fe crystal with rectangular 
pulses. The first region (gray curves) corresponds to the zero-
phonon (ZPL) transition in Fig. 4, the second region to a fragment 
of the broad band around 1.1 eV. Temperature 5 K, laser excitation 
wavelength 660 nm 
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diagrams for free ions Fe2+ encounters certain 
contradictions. The spectral position of zero-
phonon lines for the transition corresponds to 5T2 
(5D) → 5E (5D) and thus characterizes the crystal 
field magnitude. As seen from Table 1, the crystal 
field magnitude in ZnSe is 20–25 % higher than 
in CdTe. From the Tanabe-Sugano diagram in 
Fig. 2a, it immediately follows that in CdTe the 
transition 3T1(3H) → 5E(5D) should shift to the 
short-wavelength region compared to ZnSe. At the 
same time, experimental data shows the opposite 
trend – the corresponding line demonstrates a 
pronounced long-wavelength shift. We assume 
that this discrepancy illustrates an increase in the 
nephelauxetic effect during the transition from 
ZnSe to CdTe. Note that if we accept the decrease 
in energy of the state 3T1 (3H) relative to 5E(5D) and 
5T2 (5D) due to the nephelauxetic effect, then the 
observed band for CdTe in the region of 0.9 eV falls 
exactly in the area where the emission of transition 
3T1(3H) → 5T2(5D) should be registered.

According to crystal field theory, calculations of 
energy level splitting values can be performed with 
the crystal field splitting parameter Dq (ligand field 
splitting) for the matrix material and parameters 
determining electron-electron interaction [33]. In 
calculations, Slater integrals are used Fi, which, due 
to the complexity of performing initio calculations 
for ions in a crystal matrix that give results with 
spectroscopic accuracy, usually remain theoretical 
parameters and are determined experimentally [33]. 
Racah introduced new notations for Slater integrals, 
which are convenient to use as semi-empirical 
parameters when solving the problem [33],

	
−=

2 49 5 ,
441

F F
B 	 (2)

	 =
45 .

63
F

C 	 (3)

As noted above, the parameter Dq determines 
the distance between the lower levels 5E and 5T2 
and therefore is unambiguously determined from 

experimental data. Parameters B and C for the free 
ion Fe2+ are given in reference books: B0 = 917 cm−1,  
C 0 = 4040 cm−1 [34]. W hen interpreting 
experimental data, phenomenological accounting 
for nephelauxetic effects can be accomplished by 
using Racah parameters B and C, whose values differ 
from those for free ions. In fact, this corresponds to 
an effective reduction in electron-electron repulsion. 
For an ion in the lattice, these parameters can also 
be calculated ab initio and are therefore convenient 
in developing and adapting rather complex modern 
theories.

Table 2. Energy values of transitions observed in the experiment for ZnSe:Fe and CdTe:Fe 

 B, cm−1 C, cm−1 Dq, cm−1 B0, cm−1  C0, cm−1 β1

ZnSe:Fe   600(±15)  2733(±18)  300 [28]  917 [34]  4040 [34]  0.941 

CdTe:Fe   500(±15)  2242(±29)  228 [28]  917 [34]  4040 [34]  0.778 

Fig. 6. Range of parameter values B and C , at which the desired 
value of 1.383 eV for level 3T1 ZnSe:Fe (a) and 1.078 eV for level 
3T1 CdTe:Fe (b)
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Our experimental data allowed us to refine 
the parameter values B and C for the ion Fe2+, 
embedded in ZnSe and CdTe lattices. Fig. 6 shows 
the spread of acceptable parameter values B and 
C for our task, which give an energy shift between 
5E(5D) and 3T1(3H) of approximately 1.383 eV 
in ZnSe (Fig. 3) and approximately 1.078 eV in 
CdTe. As can be seen, the range of suitable value 
pairs in the case of ZnSe: C = 2550 − 2800 cm−1,  
B  = 590 − 783 cm−1. These values were 
chosen according to the rule (pattern) of ratio  
C/B = 4 − 4.5 [26]. 

Furthermore, for iron group ions, a more 
significant decrease in parameter B than parameter C 
is expected, relative to free ion values. Consequently, 
as optimal parameters, one can choose B = 600 
cm−1  (±15) and C = 2733 cm−1 (±18). The crystal 
field splitting magnitude Dq = 228 cm−1 cm 
in CdTe is somewhat lower than in ZnSe (see 
Table 1), due to differences in lattice parameters 
determining the crystal field magnitude, such as 
the ionic bond fraction. The range of suitable value 
pairs for Fe2+ in CdTe also differs from the free ion: 
C = 2220 − 2280 cm−1, B = 476 − 518 cm−1 (Fig. 2b). 
We chose the average suitable Racah parameters 
and for the ion in CdTe: B = 500 (±18) cm−1, 
C = 2242 (±29) cm−1.

The determined Racah parameters (B, C) allowed 
us to further calculate the nephelauxetic effect 
magnitude, describing the degree of bond rigidity 
weakening in the ion (transition from ionic to 

covalent bonds). This effect (cloud expansion effect), 
most significant for d-transition elements, was very 
consistently considered by Jorgensen [8]. For these 
ions, there is an increase in d-orbital size due to 
their screening by lone electron pairs of ligands. 
The increase in nephelauxetic effect approximately 
corresponds to the growth of ligand-metal bond 
covalency.

As noted in the Introduction, several modified 
approaches to evaluating the nephelauxetic effect 
have recently emerged β1 [7]. From relation (1), it 
follows that in ZnSe β1(ZnSe)=0.941 (±0.04). A 
similar calculation for CdTe:Fe gives significantly 
lower values, indicating some weakening of the 
covalent bond: β1(CdTe)= 0.778 (±0.08). All 
obtained parameters are shown in Table 2.

It should be noted that the increased role of the 
nephelauxetic effect in the case of the CdTe matrix 
is generally expected, as the higher value of Dq 
places ZnSe further right in the spectrochemical 
series of ligands [35], and the nephelauxetic effect 
typically manifests more strongly for weaker ligands 
[12]. However, this relationship is rather crude 
and often breaks down (see, for example, [36] and 
references therein), which is one manifestation of 
crystal field theory violations. A correct description 
of the nephelauxetic effect requires consideration of 
several factors, such as the influence of a specific 
ion's electron shell on the ligand electron shell, the 
dependence of the effect on the distance from the 
center to the ligand, as well as the role of dynamic 
and static correlation of electronic motion. To solve 
this problem, initio ligand field theory (ab initio 
ligand field theory, AILFT) [13] has been actively 
developed in recent years, combining ligand 
field theory methodology [14] and high-precision 
quantum chemistry methods that account for the 
multi-reference nature of electron wave functions 
involved in ion-ligand bonding, as well as dynamic 
correlation of ion and ligand electron motion. To 
the authors' knowledge, due to the complexity of 
the studied systems, such calculations for them are 
currently absent in the literature. Thus, the results 
obtained in this work can also serve to determine 
the accuracy and further development of modern 
theoretical approaches in the physics and chemistry 
of transition metal ions embedded in crystal 
matrices.

Fig. 7. Calculated dependence of energy splitting values in a 
tetrahedral crystal field on the field magnitude for ions Fe3+ (d5). 
The dashed line shows the approximate position of the crystal field 
for the CdTe matrix
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5. CONCLUSION

Thus, at helium temperatures, emission lines 
corresponding to transitions and 3T1 (5D) → 5E (5D) 
and 3T1 (5D) → 5T2 (5D) of the ion Fe2+ in the CdTe 
matrix were recorded. Taking into account the 
availability of comprehensive experimental data on 
the fine structure of the transition 5T2 (5D) → 5E (5D), 
this made it possible to conduct a comparative 
analysis of the nephelauxetic effect in the formation 
of the electronic spectrum of ions Fe2+ in CdTe and 
ZnSe matrices. These matrices have the same lattice 
type but differ in lattice constant value, crystal 
field magnitude, and the role of multi-electron 
corrections.

Calculations within the crystal field theory, 
based on the obtained experimental data and recent 
results from work [28], allowed to refine the semi-
empirical Racah parameters for ions Fe2+ both in  
ZnSe — B = 600 cm−1, C = 2733 cm−1, and in  
CdTe — B = 500 cm−1, C = 2242 cm−1, as well as the 
magnitude of the nephelauxetic effect β1 =0.941 for 
ions Fe2+ in ZnSe and β1 =0.778 for Fe2+ in CdTe. 
We attribute the observed significant increase in the 
nephelauxetic effect in CdTe to the fact that in the 
case of ZnSe, the bond is more ionic in nature, which 
is expressed in a larger value of Dq. The tendency 
of the cubic CdTe matrix to form covalent bonds 
indicates that for ions placed in this matrix, one can 
expect more pronounced spectral effects related to 
the influence of multi-electron correlations. The 
obtained data, besides the possibility of direct use 
for quantitative description of the spectral properties 
of the studied centers, can serve to evaluate the 
accuracy of currently developing high- precision 
methods for describing the electronic properties 
of transition metal ions embedded in crystalline 
matrices.
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 APPENDIX. TANABE–SUGANO  
DIAGRAM FOR Fe3+ ION

In calculations, we used the values B = 1015 cm−1 

and C = 4800 cm−1. The crystal field splitting 
parameter for CdTe varies in the range 800–900 cm−1. 
The calculation results are shown in Fig. 7. As 
follows from the diagram, the possible levels 4T1 and 

4T2 lie significantly higher in energy (4T1 ~ 3.1 eV and  
4T2 ~ 4 eV), than the experimental values obtained 
and the results of similar calculations for Fe2+ 
ions presented in the main text of the work. Thus, 
we exclude the possibility of intracenter radiative 
transitions in Fe3+ in the luminescence spectra of 
the studied samples. 
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Abstract. A comparative analysis of electromagnetic emission by an electron in Gaussian fields of linear 
and circular polarization was carried out. For a short laser pulse, local (power in solid angle and power) and 
integral (energy emitted from the trajectory) characteristics of emission are determined. It is shown that the 
previously discovered law of growth of the emitted peak angular power in a linearly polarized field also extends 
to the case of a circularly polarized field with a decrease in the numerical coefficient by a factor of 2 due to a 
decrease in the field amplitude by a factor of √2. During backscattering in both considered cases of linear and 
circular polarization, the emission characteristics have a power-law increase with indices 6 (peak power per 
solid angle) and 4 (power, radiated energy) in terms of the initial electron energy and significantly exceed the 
values of the radiation characteristics from symmetric trajectories.

An estimate of the radiated angular power in the direction of the motion speed is obtained.
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oscillation energy, integral emission energy
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1. INTRODUCTION

A charged particle experiences maximum impact 
from the electromagnetic field in the vicinity of the 
laser pulse focus. As a result, the electron radiation 
spectrum can reach X-ray and gamma ranges [1]. 
The study of radiation generation has both applied 
and fundamental significance. Radiation sources 
with prediction of peak intensity values and radiation 
power distribution are of interest in biomedicine 
and atomic physics [2,3]. Applied task formulations 
are based on the initial position of a "stationary" 
electron directly in the laser pulse focus, which 
leads to radiation in the form of classical Thomson 
scattering with "forward-backward" symmetry. The 
radiation of an electron that acquires kinetic energy 
due to interaction with the field is interpreted 
as nonlinear Thomson scattering. In the case of 
electron counter-propagation relative to the laser 
pulse, electron radiation also fits into the scheme of 
nonlinear Thomson scattering.

From a fundamental perspective, obtaining 
maximum radiation characteristics is of interest, as 
well as establishing radiation features in connection 
with the possibility of radiation-dominant regime 
emergence [4–5]. A notable contribution of radiation 
friction is noted in works [6–8].

Various aspects of nonlinear Thomson scattering 
are considered in works [9–11]. The development of 
methods for calculating radiation power, alternative 
to the relativistic Larmor formula [12], is relevant. 
Thus, in work [13], a methodology for constructing 
electron radiation diagrams is proposed, which also 
allows determining the directionally integrated 
radiation power. A power-law growth with an 
exponent of 6 for the angular power of backscattering 
in a linearly polarized laser field with respect to the 
initial electron kinetic energy was discovered [14].

The aim of this work is a comparative analysis of 
electron radiation in laser fields of linear and circular 
polarization.

776–784



	 COMPARISON OF ELECTRON EMISSION...	 777

JETP, Vol. 165, No. 6, 2024

2. MODELS OF FOCUSED LASER FIELD

When choosing a focused laser field model, one 
is usually guided by the criterion of accuracy in 
correspondence with Maxwell's equations. The 
second important criterion is the consistency of 
theory with experiment. The complexity of model 
implementation should also be considered. Let's 
evaluate the models according to these criteria.

The model of transverse fields with a flat phase 
front and inhomogeneous transverse distribution 
does not satisfy Maxwell's equations [15]. It was used, 
for example, in works [6–8]. In general, it does not 
describe the axially symmetric ejection of ionization 
electrons from the interaction region with a linearly 
polarized laser field observed in experiments. It 
describes ejection along the polarization direction, 
which according to existing understanding is not 
important for the problems solved in works [6–8].

The model of Gaussian beams with transverse-
longitudinal field components, due to accounting 
for the phase front tilt, is a solution to the parabolic 
equation — an approximation of the wave 
equation  — a direct consequence of Maxwell's 
equations in vacuum, i.e., it is an approximate 
solution to Maxwell's equations [18]. There are many 
solutions in the form of Gauss–Laguerre fields. 
The fundamental Gauss–Laguerre mode has an 
exponentially decreasing transverse inhomogeneity 
from the axis. This field distribution satisfies the 
criterion of axial symmetry for electron ejection from 
the interaction region. The applicability conditions 
for this approximation are as follows:

= =
0

1 1, ,d
kp kL

ε  ε2 ≪ 1, δ ≪ 1.

Here ρ0 is the transverse waist size of the laser pulse 
at half-height in the focal plane, L is the longitudinal 
size of the laser pulse, k is the wave number of laser 
radiation. The coefficient ε2 appears in the wave 
equation for the complex amplitude of the vector 
potential. Note that both conditions are obtained 
when applying the method of variable separation 
to the wave equation and are less burdensome than 
in other works. The first condition limits the focal 
spot size from below. The second condition limits 
the envelope application since =L cτ, τ is the pulse 
duration, c  is the speed of light.

2.1. Field Models Based on Exact Solution  
of Maxwell's Equations

Maxwell's equations in vacuum reduce to the 
wave equation for vector potential, which should be 
solved with boundary conditions on the focusing 
lens surface. The solution of the linear wave 
equation with boundary conditions can be obtained 
through variable separation methods, reduction 
to Kirchhoff 's integral, and Fourier–Laplace 
transformation. The paper [19] presents some exact 
solutions of Maxwell's equations describing time-
stationary focused laser pulses. In particular, the 
electric-type laser pulse with transverse electric 
field and transverse-longitudinal magnetic field 
differs from the fundamental Gauss–Laguerre 
mode. As it approaches the diffraction limit, the 
solution transitions into a Gaussian beam-type field 
distribution, representing a complex combination 
of Gauss–Laguerre modes. The model was applied 
[20] to interpret experiments with asymmetric 
electron acceleration [21]. We should also note the 
construction of sharply focused fields using the 
generalized Kirchhoff integral [18].

Thus, when considering laser fields with focusing 
not reaching the diffraction limit, the most 
suitable are the fields of the fundamental Gauss–
Laguerre mode — Gaussian beam. In this article 

0 = 26.7, = 10k kLρ . Therefore, the Gaussian beam 
approximation is adequate. In terms of model 
implementation complexity, the computation 
volume in this work exceeds that of [14] by an order 
of magnitude. Increasing the pulse duration would 
lead to an inefficient increase in computation volume 
at distances far from the focus.

The vector potential of a Gaussian beam laser 
field propagating along the axis in the vicinity of the 
focus can be represented as 

	  = σ − ρ σ ×  
2 2

0
1cos exp cos2

A A 	

	
 + α − α× ϕ + ϕ  

1 1cos sin ,
2 2x ph y phe e 	 (1)

 
where 0A  and   phϕ  — are amplitude and phase,

 	 ϕ = ω − + σ − ρ σ21 sin 2 ,
4ph t kz 	
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+
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1 ( / )Rz z

	 (2)

	 = ρ ρ = ρ2
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r  is the transverse coordinate, ,x ye e  are unit vectors. 
Linear polarization along x and  y corresponds to 
values = 1α  and = 1α − , circular   — = 0α , for 
other values in the interval (−1,1) the polarization 
is elliptical. The peak intensity (time-averaged 
Poynting vector magnitude) is identical and is 
defined through the relativistic intensity 

	 = = µ
π

2
0 0( ) ,

8 R
c

I A k I 	

	
π=

λ

2 5

2 2 ,
2R
m c

I
e

	

where m and  e   are the electron rest mass and 
charge. If µ, is given, then 0A  is determined. 
Fields in the general  case of  el l iptical 
polarization are determined by components 
( , , , , ,x y z x y zE E E H H Hδ δ ) ,  l o n g i t u d i n a l 
components 0, = 1 /z zE H kδ δ ε ρ≈ , (paper [22] 
considers expressions for fields with higher orders ε, 
but the advantage of such expansion is not discussed). 
As follows from expression (1), the amplitude of 
the main (transverse) field in the case of circular 
polarization ( = 0α ) is  2 times smaller than the 
amplitude of linear polarization ( = 1α ±  ), and the 
maximum amplitude of elliptical polarization has an 
intermediate value, so that for the numerical factors 
of these amplitudes, the inequalities 

	
α≤ + ≤1 1 | | 1.

2 22
	

hold. When transitioning from a Gaussian beam to 
a pulse also with a Gaussian time distribution, the 
field description should include a temporal envelope 
as a multiplier 

	
 − − −  τ   

2( ) /
exp ,

2
dt z z c

	

where τ is the pulse duration at half intensity, dz  is 
the initial distance from the temporal envelope 
maximum to the focal plane.

3. ELECTRON MOTION TRAJECTORIES 
IN GAUSSIAN FIELDS OF DIFFERENT 

POLARIZATION

Solutions of the Lorentz equation with initial 
conditions and the complete set of field components  
( , , , , ,x y z x y zE E E H H Hδ δ ),

	

 
 
  = − − × 

  −     

2
,

1

dr
d e drdtm eE H
dt c dtv

c

	 (3)

 

	 0 0(0) = , (0) = ,r r v v 	

allow determining the electron motion trajectory, as 
well as instantaneous values of velocity components 
v and acceleration 'v .

The standard problem (3) of three nonlinear 
second-order differential equations is numerically 
solved using Wolfram Mathematica package, but 
requires decomposition of relativistic nonlinearity 
(it is necessary to expand all derivatives component-
wise and reduce to normal form with isolation of 
higher derivatives, which explains the notation (3)). 
Testing is performed by constructing symmetric 
trajectories: the electron initially rests on the pulse 
axis before the focus and after interaction with the 
pulse stops at the same distance beyond the focus. 
Selection of initial conditions ensures compensation 
of the dynamic impact when the field is turned on. 
Calculation of the motion of an initially resting 
electron, displaced from the axis, in the field of a 
Gaussian pulse of the fundamental mode leads to 
symmetric ejection from the interaction region.

A short pulse / = 1.5cτ λ , corresponding to a 
duration of 3.5 fs is considered. Figure 1 shows 
symmetric trajectories of electron motion in fields 
with parameter s  0 = 26.7, / = 1.5, = 5cρ τ λ µ  
(waist size, temporal envelope length in oscillation 
periods, and peak intensity µ relative to relativistic) 
of different polarization = 0( ),1( ), 1( )a b cα − . Initial 
data for problem (3): 

	 0 0 0/ = 0, / = 0, / = 1.2,x y zλ λ λ − 	

	 18 10 18
0 0 0/ = 10 , / = 5 10 , / = 10 .x y zv c v c v c− − −⋅
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Trajectories = 1α  (Fig. 1b), = 1α −  (Fig. 1c) do not 
coincide when rotated around axis z by angle / 2π  , 
as the acting fields (1) are phase-shifted. For an 
electron moving towards the laser pulse, the initial 
velocity is related to the initial kinetic energy 

	 = − =
−

0
2 2

0

1 1 .
1 ( / )

k

z

W
p

mc v c
	

Since symmetric trajectories, besides the test 
value, describe the maximum radiation energy 
compared to all trajectories of an initially resting 
electron (not only on the axis) at fixed laser pulse 
parameters, we will further assume that motion 
along symmetric trajectories corresponds to the 
case = 0p . For > 0p  we assume that the electron 
passes near the focus at the moment of the temporal 
envelope maximum. This corresponds to a change in 
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Fig. 1. Symmetric electron trajectories at µ = 5, τc / λ = 1.5,  
α = 0 (a), 1 (b), −1 (c)

Fig. 2. Trajectories of electron motion with initial kinetic energy  
p = 20 towards the laser pulse with parameters kρ0 = 26.7,  
τc / λ = 1.5, µ = 5 of different polarization α = 0 (a), 1 (b), −1 (c)
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initial conditions 0 0 0 0= ( ) / , = ( )z d z zz v p z c v v p  — 
the magnitude of the counter velocity determined  
by  p. Fig. 2 shows electron motion trajectories in 
fields with parameters 0 = 26.7, / = 1.5, = 5k cρ τ λ µ  
of different polarization = 0,1, 1α −  and with 
initial kinetic energy = 20p  (electron moves in 
the direction of decreasing coordinate z). Since 
zd = 6λ, and  0 (20) / = 0.998866zv c ,  in itia l 
conditions 0 0/ = 6, / = 0.998866zz v cλ − , others 
as for symmetric trajectories.

4. ELECTRON RADIATION  
IN GAUSSIAN FIELDS

Electron motion occurs under the action 
of the Lorentz force, while the electron emits 
electromagnetic pulses. In the radiation model based 
on Lienard-Wiechert potentials, the electron emits 
field 

	
−  = − +  − ⋅

2 2

3
1 /

( / )rad
v c

e R
cR c
v

E R
R v

	

	
  + × − ×   − ⋅  2 3 [ ' ],

( / )
e

R
cc R c
v

R R v
R v

	 (4)

 	 +
( )

= .r
r

R t
t t

c 	  

For R = Rn, R ~ 104 λ we have 

Fig. 3. Level lines 
− Ω ϕ θ 

1
1lg / ( , )I dI d  of electron radiation 

with initial kinetic energy p = 10 towards the laser pulse with 
parameters kρ0 = 26.7, τc / λ = 1.5, µ = 5 of different polarization  
α = 0 (a), 1 (b) 

a

b

Fig. 4. Radiation pattern of the electron, built according to the 
distribution in Fig Figure 3a (p = 10, α = 0)
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−  = − +  − ⋅

2 2

2 3
1 /
(1 / )rad

v c
e

cR c
v

E n
n v

	
  + × − ×   − ⋅  2 3 [ ' ].

(1 / )
e

cc R c
v

n n v
n v

	 (5)

The distribution of radiation power over the solid 
angle Ω in the direction n (hereinafter briefly referred 
to as intensity), 

	 = θ ϕ θ ϕ ϕ(sin cos ,sin sin ,cos ),n 	

focus has coordinates (0,0,0), θ — azimuthal angle 
from the focus relative to the axis z, ϕ  — polar angle 
in the focal plane xy, is determined by the second 
(radiative) term in (4): 

  = × − ×  Ω π  − ⋅  

2

3 6 | ' | .
4 (1 / )

dI e
d ñc c

21 v
n n v

n v
	 (6)

 To construct the radiation directivity pattern 
in the Lienard–Wiechert model, it is necessary 
to calculate the distribution / ( , )dI dΩ ϕ θ  and 
construct the surface /ndI dΩ . Integration of 
expression (6) over the solid angle gives the power 
radiated by the electron at a given moment of time. 
Normalization of radiation patterns Ω/dI dn  in the 
Lienard–Wiechert model is performed by the value 

	 λ λ

2

1 = .
3 /

e
I

c
2 1

	

Determination of the maximum value of radiated 
power into the solid angle, /dI dΩ, consists in 
conducting optimization calculations. A methodology 
has been developed [23]; the task is non-standard; the 
program is implemented in Fortran. Fig. 3 shows the 
level lines of distributions − Ω ϕ θ 

1
1lg / ( , )I dI d  of 

maximum-in-time radiation of the counter electron  
( = 10p ) in the field of a laser pulse with parameters

0 = 26.7, / = 1.5, = 5k cρ τ λ µ  for circular ( = 0α  ) 
and linear ( = 1α ) polarizations. As follows from Fig. 
3, in the case of linearly polarized field, backscattering 
occurs into a narrow cone in the vicinity of =θ π 
and is well described by expression 

	 θ=π ≅
Ω1

|dI
I d
1

	
 

≅ πµ + + − 
+  

4
6

26 ( 1) 1 1 .
( 1)

p
p

1
	 (7)

In the case of circular polarization, the radiation 
solid angle is inclined due to electron motion in a 
circle in the focal plane and is concentrated in the 
vicinity of = 0.95θ π . The electron radiation 
directivity pattern for this case 8

110 / I−  ( Ω/dI dn ) 

is shown in Fig. 4. Maximum angular power is the 
maximum longitudinal size of the pattern; main 
radiation goes into a cone; the cone is inclined.

To estimate the maximum radiation intensity 
without optimization, the following approach is 
proposed. The denominators of expression (4) are 
maximum at ||n v, i.e., we can set = / vn v , then 
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To characterize the velocity of motion, we use kinetic 
energy 2/kW mc . The time course of kinetic energy 
and acceleration modulus over time is shown in  
Fig. 5.
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5. CALCULATION OF ELECTRON 
RADIATION CHARACTERISTICS  

IN GAUSSIAN FIELDS

The following characteristics are of interest. 
1. Maximum power per solid angle, max[dI/dΩ] 

normalized to I1.
2. Radiation power

	 = Ω
Ω∫

dI
I d

d 	

also normalized to I1.
3. Radiated energy from the trajectory of motion

	 = ∫E Idt 	

normalized to 

	 λ

2

1 = ,
3

e
E

2
	

where for λ = 800 nm 

	 −= ≈ ⋅
λ

2
9

1 2 2 2.35 10 .
3

e
E

mc mc
1 2 1

	

 Figure 6a shows the temporal progression of 
electron radiation power during motion along 
symmetric trajectories in Fig. 1 for α = 0, 1, −1. 
Radiation bursts with linear polarization sometimes 
exceed radiation power values with circular 
polarization, which is associated with higher 
acceleration values. The energy radiated from 
trajectories (integral of power over time) at p = 0, 
equals E/E1 = 1.83 · 103 (α = 0); 1.01 · 103 (α = 1); 
1.02 · 103 (α = −1).

In Fig. 6b shows the temporal progression of 
electron radiation power with initial kinetic energy 
p = 20 during motion along trajectories in Fig. 2 for 
(α = 0, 1, −1). The energy radiated from trajectories 
at p = 20 increases by orders of magnitude and 
equalizes across polarizations: E/E1 = 1.03 · 108 
(α = 0); 1.08 · 108 (α = 1); 1.10 · 108 (α = −1).

Summary information on the dependence of 
radiation characteristics on initial kinetic energy 
is presented in Fig. 7. Calculated values are shown 
as points in black (α = 0), blue (α = 1) and red 
(α = −1) colors. The upper curve 1 (a straight line in 
logarithmic scale) is the dependence (7); according 
to work [14], this curve contains the values of 
maximum angular radiation power in a linear 
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Fig. 5. Time course of kinetic energy Wk / mc2 (solid curve) and acceleration modulus |v′|λ/c2 (dashed curve) of the electron moving along 
trajectories: α = 0, p = 0 (a); α = 1, p = 0 (b); α = 0, p = 10 (c); α = 1, p = 10 (d)
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polarization field, α = ±1. Curve 2 is a dependence 
of type (7) with half the coefficient; this curve 
contains the values of maximum angular radiation 
power in a circular polarization field, α = 0. On the 
approximation curve 3 

	 ≅ πµ + 4max

1
64 ( 1)

I
p

I 	

lie the values of maximum radiation power in a linear 
polarization field, α = ±1. On the approximation 
curve 4

	 ≅ πµ + 4max

1
32 ( 1)

I
p

I 	

lie the values of maximum radiation power in a 
circular polarization field, α = 0.

The energy dependencies E/E1, radiated from 
trajectories both in linear and circular polarization,  
α = 0, ±1, in the considered logarithmic scale and 
with the used non- dimensionalization, coincide 
with high accuracy with the dependence Imax/I1 for 
α = 0 and lie on the approximating curve 4.

6. DISCUSSION OF RESULTS

According to estimation (8), the intensity 
maximum can be achieved at the maximum of velocity 
and acceleration moduli, while 

�
≈2( , ) 1sin v v'  . The 

time coincidence of maxima occurs for α = 0, p > 0  
(Fig. 4c), in this case, approximation (8) works well. 
In the case of α = ±1, p = 0 (Fig. 4b), there is a 
time separation of velocity and acceleration moduli 
maxima [14]. In the case of α = ±1, p > 0 (Fig. 4d), 
backscattering occurs in the direction opposite to the 
z (θ = π), axis, at the moment when the maximum of 
the modulus yv ′ and vz = v0z; is reached; under these 
assumptions, estimation (7) was obtained [14]. The 
agreement of calculations for circular polarization  
α = 0, p > 0 with the approximating curve (with 
a coefficient reduced by 2 due to field amplitude 
reduction by √2 times) extends the limits of analytical 
applicability. At the direction of maximum intensity 
radiation has an inclination due to electron motion 
in a circle in the focal plane (see Fig. 3a and Fig. 4). 
Also, the dependencies of radiation power maxima 
differ by a factor of two for linear and circular 
polarization (dependencies 3, 4 in Fig. 7).

Overall, the scattering process responds to 
instantaneous values of field intensity (Poynting 
vector modulus) without averaging over the wave 
period, therefore, the generalization of expression (7) 
for elliptically polarized field consists in adding the 
factor 1/2 + |α|/2. Thus, for an elliptically polarized 
field, an intermediate position should be expected 
between dependencies 1, 2 for maximum power into 
solid angle and 3, 4 for maximum radiation power 
with a change relative to characteristics at linear 
polarization by 1/2 + |α|/2 times.

In the f ield of linear polarization, α = ±1,  
p  = 0,  r ad iat ion w ith  shar p piecew i se-
l i near  sy m metr ic  trajector y (Fig.  1b,  c) 
transforms into a smoothed temporal prof ile 
of radiation power (Fig. 3a) and, conversely, 
radiation from a smoothed trajectory α = ±1,  
p > 0 at high values p (Fig, 2b, c) transforms 
into a sharp temporal profile of radiation power  
(Fig. 3b). On symmetric trajectories at α = 0,  
p  = 0 longitudinal and transverse velocity 
c o m p o n e n t s  a r e  c o m p a r a b l e ,  a n d  a t 
the  moment  of  reach i n g  the  m a x i mum 
velocity modulus lead to higher values of 
radiation power and energy emitted from 
the trajectory compared to the case α = 1,  
p = 0, where there is temporal separation of velocity 
and acceleration moduli maxima. At large values, 
the difference in f ield amplitudes for α = ±1,  
p > 0 and α = 0, p > 0 leads to a twofold 
difference in maximum power values. Due to 
quasi-linear change in radiation power for α = 
±1, p > 0 during the wave period, the radiation 
energy from trajectories coincides with the 
emitted energy in the circular polarization field, 
α = 0, p >  0, and normalization to E1 leads 
to the coincidence of dependencies 4 in Fig. 7. 
This coincidence is accidental, since only the 
energy emitted from the trajectory increases 
with the laser pulse duration. The energy 
emitted from the trajectory increases as a power 
law, as (p + 1)4, with increasing initial electron 
kinetic energy, reaching values of 0.132 MeV for 
λ = 800 nm in the considered range p and for the 
given pulse duration. Significantly higher values 
of emitted energy from the symmetric trajectory  
(p = 0) in the circular polarization field compared 
to radiation in the linear polarization field and the 
equalization of emitted energy by polarization at  
p = 20 can be explained by the decrease in electron 
orbit radius with increasing p. The question of 
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studying the dependence of electron orbit radius 
in the focal plane on gaussian pulse parameters 
of circular polarization and on electron energy is 
interesting for separate consideration.

7. CONCLUSIONS

A comparative analysis of electron radiation in 
Gaussian fields of linear and circular polarizations 
has been conducted. An estimate of the radiated 
power into the solid angle in the direction of motion 
velocity was obtained. Local (power into solid angle 
and power) and integral (energy radiated from 
trajectory) radiation characteristics were determined. 
During backscattering in a circularly polarized field, 
the direction of maximum intensity radiation is 
inclined due to electron motion in a circle in the 
focal plane, but due to the small radius, this does 
not lead to a difference in energy radiated from the 
trajectory compared to the case of linearly polarized 
field, as for symmetric trajectories. It is shown that 
the peak intensity growth law discovered in work [14] 

for linear polarization field extends to the case of 
circular polarization field. The numerical coefficient 
decreases by 2 times due to the decrease in field 
amplitude by √2 times. During backscattering in both 
considered cases of linear and circular polarizations, 
the radiation power and radiated energy grow as  
(p + 1)4 with respect to the initial electron energy 
and significantly exceed the values of radiation 
characteristics from symmetric trajectories.
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Abstract. The paper presents the results of an experimental and theoretical study of electromechanical self-
oscillations in systems consisting of a vacuum diode with a flexible field emission cathode, depending on 
its elastic properties and ability to deform. Self-oscillation regime experimentally demonstrated for field 
electron emitters based on carbon nanotubes and diamond microneedles. A mathematical model is developed 
to describe the electromechanical processes in the self-oscillating systems under consideration. Based on the 
analysis of the experimental data and simulation results, it is shown that the excitation of self-oscillations in a 
system with a flexible field emission cathode is determined by a combination of system parameters that result 
in a negative effective damping coefficient. The potential practical applications of self-oscillations of field 
emission cathodes in various micro- and nano-electromechanical systems are explored.
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1. INTRODUCTION

Over the past two decades, considerable 
experimental evidence has been obtained for a 
phenomenon involving the emergence of stable 
undamped mechanical oscillations in field emission 
cathodes possessing certain mechanical flexibility 
and elasticity during electron emission under 
constant applied voltage [1–9]. This phenomenon 
was initially observed while studying field electron 
emission from individual carbon nanotubes (CNTs) 
and their yarns in an electron microscope chamber 
(see, for example, [1, 2]). However, in these first 
studies, the mechanism of such oscillations was 
not established. Later, mechanical oscillations 
occurring during electron emission were thoroughly 
investigated for silicon carbide nanowires [3, 4], 
individual multi-walled CNTs [5], microscale yarns 
twisted from CNTs [6], and field emission cathodes 
of macroscopic dimensions made from thin CNT 
membranes [7, 8]. These works demonstrated that 
this phenomenon represents electromechanical 
self-oscillations arising due to the fact that electric 

field that causes field emission current also leads to 
mechanical deformation of the elastic emitter.

Recently, it has been demonstrated that under 
certain conditions, self-oscillations can be observed 
not only for sufficiently flexible CNT-based cathodes 
or nanowires but also for diamond microscale 
emitters possessing high elastic modulus and 
relatively high rigidity [9]. Evidence has also been 
obtained that the self-oscillation effect can be one 
of the causes of degradation in CNT-based field 
emission cathodes [10, 11]. It was shown that during 
field electron emission from an array of aligned 
CNTs grown on a flat substrate, self-oscillations of 
individual nanotubes can occur, with amplitudes 
that can become sufficiently high and lead to partial 
or complete destruction of the nanotube.

In this work, based on characteristic experimental 
dependencies, we analyze the general properties of 
such systems and patterns determining the process of 
self-oscillation excitation, and discuss the prospects 
for practical application of this effect.
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This paper examines the results of experiments 
conducted on emitters made from two types of 
materials with significantly different mechanical 
properties. One of the studied emitters was a needle-
like diamond crystallite (microneedle) with a single-
crystal structure, 100 μm in length, approximately 
1 μm thick near the base, and with a tip radius of 
about 10 nm (Fig. 2a). A detailed description of the 
manufacturing technique for diamond microneedles 
and their structural properties is presented in 
works [12,13]. The elastic modulus value of such 
microneedles corresponds to that characteristic 
of bulk single-crystal diamond, and the typical 
quality factor of oscillations for a microneedle 
fixed at its base is around 1000 [9]. The second type 
of emitters studied in this work was a strip 5 mm 
long and 0.5 mm wide, cut from a thin membrane, 
which	 consisted of intertwined single-walled 
CNTs (SWCNTs) and had a thickness of about  
0.1 mm (Fig. 3a). The manufacturing technique and 
structure of such SWCNT membranes are described 
in detail in works [7, 14]. The SWCNT strip emitters 
had a much lower elastic modulus compared to 
diamond microneedles, and the quality factor of the 
oscillatory system made from such strips, fixed at 
one end, typically did not exceed 10. 

2.2 Diamond-based emitters

The results of experiments with the diamond 
microneedle are presented in Fig. 2. In this case, 
the experiment was conducted according to the 
scheme shown in Fig. 1a, inside a scanning electron 
microscope chamber (SEM, model FEI Versa 3D) at 
a vacuum level of about Torr. A sharpened tungsten 
wire was used as the anode, with its tip positioned 
several micrometers away from the diamond 
microneedle apex.

When a constant voltage was applied to the diode, 
field electron emission was observed from the tip of 

2. EXPERIMENTAL CONDITIONS  
AND RESULTS

 2.1. Experimental Samples of Self-Oscillating 
Systems

A s  m ent ion e d  i n  t h e  I nt r o d u c t ion , 
electromechan ica l  sel f-osci l lat ion s  were 
experimentally observed for field electron emitters 
of various types. Moreover, the experimental 
geometry and measurement conditions could also 
differ significantly. Figure 1 shows diagrams of self- 
oscillating systems that were studied in works [3–9]. 
In the most general form, such systems represent a 
vacuum diode with a field electron emitter mounted 
on the cathode, possessing certain flexibility and 
elasticity. In the experiment, a constant voltage 
sufficient for observing field electron emission is 
applied between the cathode and anode of the diode.

Figure 1a shows the measurement setup used to 
study nanoscale emitters, for example, in the form of 
a single CNT [5], CNT yarn [2], or silicon carbide 
nanowire [3]. In this case, a metal tip anode was used, 
positioned in close proximity to the emitter apex, at 
a distance not exceeding several micrometers.

For macroscopic emitters, such as narrow strips 
made from thin membranes or yarns twisted from a 
large number of CNTs, self-oscillations were studied 
in a flat vacuum diode configuration, as shown in 
Fig. 1 b, c. Moreover, self-oscillations were observed 
with point attachment of such flexible emitters 
on a flat base both at one end [7] (Fig. 1b) and at  
both ends [6] (Fig. 1c). The self-oscillating mode 
was also implemented for an emitter in the form 
of a metal wire segment with a CNT membrane 
fragment attached to its end [8] (Fig. 1d). The 
oscillation parameters and excitation conditions 
were determined in this case by a combination 
of the wire's elastic properties and field emission 
characteristics of CNTs.

Fig. 1. Experimental setups in which electromechanical self-oscillations of various types of field electron emitters were observed.  
a - Individual nanoscale emitter. b - Emitter in the form of a CNT strip fixed at one end. c - Emitter in the form of a CNT yarn fixed at 
both ends. d - emitter based on metal elastic wire with CNT at the end
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the diamond microneedle, with the current value 
measured using a picoammeter (Keithley 6487 
model). When exceeding a certain threshold voltage 
value, stable undamped mechanical oscillations of 
the needle tip were observed with a frequency of 
about 1.4 MHz, close to the natural frequency of the 
microneedle. The oscillation amplitude increased 
with increasing voltage, which also led to an increase 
in field emission current, as shown in Fig. 2b–h. The 
threshold voltage for self-oscillations in the presented 
case was 150 V. At a voltage of 250 V, the maximum 
deviation of the needle tip from its axis was about 20°, 
which is close to the limit deformation at which there 
is a high probability of needle breaking at the point of 
maximum mechanical stress. It is important to note 
that the measured field emission current values did 
not change when the microscope electron beam was 
turned off. This means that the oscillations are not 
related to the electron beam action, as, for example, 
was observed in work [15]. Therefore, in the system 
under consideration, there are self-oscillations 
maintained by the applied constant voltage.

2.3. SWCNT-based emitters
The measurement results with an emitter in 

the form of a thin SWCNT strip are presented in  
Fig. 3. The experiments were conducted according 
to the scheme shown in Fig. 1b. The SWCNT strip 
was fixed on a flat metal base at one of its ends 
using conductive graphite tape. The base with the 
membrane strip was mounted on the cathode holder 
in the measuring vacuum cell parallel to the flat 
metal anode at a distance of 10 mm. The studies 
were conducted at a vacuum level in the cell of  
10−6 Torr.

When a constant voltage was applied between 
the cathode and anode, the free end of the strip 
deflected towards the anode under the influence 

of electrostatic forces (Fig. 3 d). As the voltage 
increased, the membrane bending increased, and 
at 3000 V, field electron emission occurred from 
the CNTs located at the end of the strip. At 3300 
V, the field emission current reached 25 μA, and 
the end of the strip began to oscillate, as shown in 
Fig. 3c. The time dependence of the field emission 
current, recorded using an oscilloscope, showed 
non-harmonic periodic oscillations (Fig. 3c, b). The 
oscillation frequency in this case was 140 Hz. The 
oscillation amplitude increased with increasing 
voltage; however, when exceeding a certain 
threshold voltage of about 3900 V, oscillations were 

Fig. 2. a — SEM image showing the arrangement of elements during the field emission experiment with a diamond microneedle.	 
b–h — SEM images of the diamond microneedle tip (cathode) and tungsten anode at various applied voltages and field emission currents

Fig. 3. a-d — Photographs of the emitter in the form of a CNT 
strip and corresponding dependencies of field emission current on 
time at various values of applied constant voltage. At  the bottom 
of the photographs, the reflection of the CNT strip from the mirror 
surface of the metal base is visible (a)
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not observed (Fig. 3a). Thus, in this case, self-
oscillations in the system occurred only within a 
specific voltage range. 

3. MODEL OF SELF-OSCILLATING 
SYSTEM

 An empirical model describing electromechanical 
processes in a system with a flexible field electron 
emitter was previously proposed in works [4, 7]. In 
the present work, this model is  used to analyze 
experimental data and determine the necessary 
general conditions for implementing the self-
oscillating regime.

To describe the general patterns in the studied 
self-oscillating systems, let us consider a one- 
dimensional case of a material point motion under 
the influence of an electric field (Fig.4a).  The 
equation of motion for a particle with effective mass 
and coordinate can be written in general form

	 = + +�� .electric elastic frictionmx F F F 	

Here 

	 2
0=elasticF m xω 	

is the elastic force determined by the natural 
frequency f0 = ω0 / 2π; 

	 = ω �
0( / )frictionF m Q x 	

is the velocity-proportional internal friction force 
determined by the quality factor Q; 

	 = /electricF dW dx	

is the electrostatic force (Coulomb force), which is 
related to the electrostatic energy W = C(x)V 2/2, 
determined by the voltage on the emitter V and 
its effective capacitance C(x), depending on the 

coordinate x. The voltage on the emitter V is related 
to the voltage VDC, which is applied to the capacitor 
plates, by Kirchhoff's equation

	 =emis C RI I I+ 	

for the equivalent electrical circuit of the system 
shown in Fig. 4b. Here Iemis is the field emission 
current 

	 ( ( ) )=C
d C x VI

dt
	

is the capacitive current, 

	 = DC
R

V V
I

R
−

	

is the current through the emitter body with 
resistance R. Analysis of the equation of motion 
when substituting small harmonic oscillations of the 
coordinate 

	 0 0( ) = cos( )x t X X tω+ 	

and voltage near the equilibrium position 

	 0 0 0( ) = cos( )V t V V tω φ+ + 	

shows that the effective damping coefficient in the 
system can be written as

	 −
ω ∂ ∂γ = γ − ∆γ = −

+ ω τ
0

0 2
0

/( ) .
1 ( )

I x
V const V

Q 	 (1)

The following notations are introduced in this 
formula 0γ   is the damping coefficient of natural 
mechanical oscillations, Δγ(V )  is the change in 
damping coefficient due to the presence of field 
emission current. The constant 

	 −= ω′ 2 1
0( ) ,const C m C 	

Fig. 4. a — Empirical representation of the system with a flexible field electron emitter. b — Equivalent electrical circuit of the system
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included in the expression for Δγ, includes parameters 
independent of voltage. The time constant 

	
−

Σ
∂ τ = = + ∂ 

11I
R C C

V R
	

is determined by both the emitter resistance R, and 
the differential resistance −∂ ∂ 1( / )I V , i.e., the slope 
of the current-voltage characteristic of field emission.
From formula (1), it can be seen that at certain 
values of system parameters, the friction coefficient 
can take negative values. In this case, self-excitation 
of the system occurs and the oscillations become 
increasing in amplitude. Due to the presence 
of nonlinear terms in the original equation of 
motion, amplitude stabilization can occur, and as a 
result, self-oscillations will be observed, i.e., stable 
oscillations in a system with dissipation, maintained 
by an external energy source (DC voltage source) 
[16].
The role of field emission current can be clearly 
demonstrated using a model system shown in Fig. 5, 
where during the motion of a material point under 
electrostatic and elastic forces, its direct contact 
with the anode is possible. Fig. 5 a-c shows diagrams 
corresponding to the material point's movement 
towards the anode. At the moment of contact, the 
electrostatic force becomes zero, as all the charge 
of the material point instantly "flows" to the anode. 
After contact, the material point will move in the 
opposite direction under the force arising from 
elastic deformation until its charge is restored, after 
which the process repeats again. The return motion 
time and, consequently, the oscillation period 
in such a system will be determined by the time 
constant RC, i.e., the characteristic charging time of 
the system's capacitance.

In a system with a field emission cathode, when 
instead of anode contact, field electron emission 
occurs at a certain voltage value, the emitter charge 

also begins to "flow" to the anode, but not instantly, 
rather according to the emission current value 
determined by the current-voltage characteristic 
I(V ). The charge drainage due to field emission 
current, by reducing the voltage on the emitter and, 
consequently, the electrostatic force magnitude, 
effectively “pushes” the material point away from 
the anode, thereby implementing positive feedback 
in the system. Thus, the field emission current plays 
the role of a nonlinear element, which is an integral 
part of any self-oscillating system [16]. Moreover, as 
will be shown in the next section, the determining 
factor for the emergence of self-oscillations is the 
relationship between the time constant τ = RΣC and 
the natural oscillation period of the flexible cathode 

1
02πω− .

 4. CONDITIONS FOR SELF-OSCILLATION 
EXCITATION

As discussed above, self-oscillations occur when 
the effective damping coefficient becomes negative. 
The obtained formula (1) allows formulating 
the physical causes of self-oscillations, i.e., the 
conditions under which the change in the damping 
coefficient Δγ, arising due to the presence of field 
emission current, exceeds the damping coefficient 
of mechanical oscillations of the emitter γ0 = ω0/Q. 
A typical form of the function Δγ (VDC) is shown in 
Fig. 6 for parameters corresponding to experiments 
with CNT strips.

At the quality factor value Q = 10, obtained in 
the experiment, the curve Δγ intersects the level γ0 
at points Vmin and Vmax, which are the boundaries 
of the range where self-oscillations occur. The 
quality factor characterizes internal friction in the 
system, and at lower values of Q (for example, at  
Q = 5 in Fig. 6a) the damping coefficient is positive 
everywhere and self-oscillations do not occur. At the 
same time, in the case of low friction (for example,  

Fig. 5. a-c — Diagram of particle motion under the influence of electrostatic and elastic forces.
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at Q = 50 in Fig. 6a) self-oscillations are observed 
in the entire voltage range exceeding the threshold 
voltage. The latter case corresponds to the 
experiment with a diamond microneedle, where the 
quality factor was significantly higher than for the 
SWCNT strip, and self-oscillations did not disappear 
with increasing voltage up to the limiting values of 
field emission current and oscillation amplitude.

Fig. 6b shows the dependence of ω0τ on the 
applied voltage. It can be seen that self-oscillations 
occur under the condition ω0τ ≈~ 1, i.e., when the 
characteristic charging time of the system capacity is 
of the same order as the natural oscillation period of 
the flexible field emission cathode. In the low voltage 
region, the value of τ is constant, since RΣ ≈ R, and 
takes the maximum value τ = RC. With increasing 
voltage, field emission current appears and decreases, 
as the system capacity recharging process accelerates 
due to the decrease in the differential resistance 
value (∂I / ∂V )−1. In the limit at high voltages 
RΣ = (∂I / ∂V )−1, so tends RΣ to zero. Therefore, the 
condition ω0τ ~ 1 is met when the emitter resistance 
R and differential resistance (∂I / ∂V )−1 are of the 
same order of magnitude.

The value Δγ in formula (1) is determined by 
the product of functions 1/[1 + (ω0τ)−2] and ∂I/∂x, 
typical graphs of which are shown in Fig. 6 c. It can 
be seen that that expression 1/[1 + (ω0τ)−2], like ω0τ, 
tends to zero with increasing voltage. The current 
derivative ∂I/∂x, on the contrary, increases with 
increasing voltage. Therefore, the product of these 
two functions reaches its maximum in a certain 
voltage range, where self-oscillations become 
possible.

It is important to note that the large value of the 
derivative ∂I/∂x, which characterizes the degree 
of field emission current change when the emitter 
deviates from the equilibrium position, can enable 
the observation of self-oscillations for samples 
with relatively high rigidity, as is the case with the 
diamond microneedle (Fig. 2). Indeed, due to the 
chosen geometry of the anode, made in the form 
of a tip, a relatively small deviation of the diamond 
microneedle from the equilibrium position leads to 
a significant change in the field emission current 
due to the change in distance between its end and 
the anode. Also, the large value of ∂I/∂x provides 
higher efficiency in converting the applied DC 
voltage into AC voltage, which may be important 

for practical applications of the considered self-
oscillating systems.

Thus, the analysis of formula (1) shows that to 
achieve a negative value of the effective damping 
coefficient, it is preferable to meet the condition 
(∂I/∂V )−1 ~ R and ω0τ ~ 1, while the parameters 
∂I/∂x, Q, C′ should have the maximum possible 
value, and the values of parameters ω0, m, C should 
be minimal. With a negative damping coefficient, 
the oscillation amplitude increases with time, so the 
oscillations cease to be small, and further system 
behavior can be determined by solving the original 
nonlinear equation of motion. Over time, due to 
the presence of nonlinear terms, the oscillation 
amplitude stabilizes. The characteristics of the 
established self-oscillations are determined by the 
specific form of the system parameters' dependencies 
(capacitance, field strength, etc.) on coordinate and 
voltage. In general, the frequency of self-oscillations 
turns out to be slightly higher than the natural 
frequency of the flexible field emission cathode due 
to additional mechanical stress created as a result of 
its deformation under electrostatic force. Both the 
amplitude and frequency of self-oscillations increase 
with increasing electrical voltage and are largely 

Fig. 6. a-c — Dependencies of various terms included in formula (1) 
on the applied voltage at model  parameter  values  corresponding  
to  the  experiment  with  CNT  strip.
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determined by the dependence of the field emission 
current on coordinate.

The presented model adequately describes the 
experimentally observed dependencies for both 
macroscopic emitters based on membranes and 
CNT yarns, as well as micro- and nanoscale emitters 
in the form of a single diamond needle, carbon 
nanotube, or semiconductor nanowire. Thus, the 
phenomenon of electromechanical self-oscillations 
in systems with flexible field emission cathodes is 
of a general nature and can be observed for field 
emission cathodes of any type and size, provided 
certain conditions and system parameters ensure a 
negative value of the effective damping coefficient.

5. PROSPECTS FOR PRACTICAL 
APPLICATION OF SELF-OSCILLATING 

SYSTEMS

The practical use of self-osci l lations of 
flexible field emitters in various micro- and 
nanoelectromechanical systems may be of 
significant interest. Such devices will not require 
an external AC source and can be used similarly 
to active microelectronic elements. First of all,  
this interest is related to the potential possibility 
of creating generator devices directly at the micro 
level. Furthermore, examples of electromechanical 
devices based on the considered effect can be DC 
to AC voltage converters, clock pulse generators, 
etc. Moreover, when using nanoscale emitters, the 
frequencies of electromechanical oscillations can 
reach values corresponding to the microwave range 
of electromagnetic radiation. Indeed, in experiments 
with diamond microneedles with characteristic 
transverse dimensions of about 1 μm, oscillation 
frequencies ranged from 100 kHz to several MHz. 
The oscillation frequency is inversely proportional 
to the characteristic size of the system in the first 
approximation, so for a single emitter with a 
diameter of 1 nm (for example, for a single carbon 
nanotube), the self-oscillation frequency will be 
in the range from 100 MHz to several GHz. This 
estimate coincides with the resonant frequencies 
values for individual nanotubes that are typically 
registered experimentally when excited by an 
external alternating electric field [17]. In the case  
of self-oscillations excitation during field electron 
emission from a single nanotube, the charge at its 
end will generate a high-frequency electromagnetic 
field in the surrounding space. The electron motion 

creating the electromagnetic wave in this case 
will be mainly due to the mechanical movement 
of the emitter tip, rather than electric current, as 
occurs in a standard transmitting antenna. Thus, 
when using self-oscillating electromechanical 
systems, it is potentially possible to create 
nanoscale electromagnetic wave sources and 
transmitting antennas based on them, which can 
be fully integrated into various microelectronic 
devices. Additionally, the availability of such 
sources also allows the integration of various 
nanoelectromechanical devices based on individual 
carbon nanotubes that use external macroscopic 
high-frequency oscillation generators in their 
operation. Such devices include, for example, 
ultra-sensitive mass or force sensors created based 
on individual oscillating carbon nanotubes or 
graphene films [18,19], devices for transmitting and 
receiving radio signals at the nanoscale [20,21], clock 
generators [22], electronic logic elements [23], and 
others. 

6. CONCLUSION

T he paper  i nves t i gates  the  effect  of 
electromechanical self-oscillations  occurring  in  
systems  with flexible field electron emitters. The 
main types of systems exhibiting this effect are 
considered, and experimental results are presented 
for two representative types of emitters based 
on CNTs and diamond microtips, which had 
significant differences in  mechanical properties. 
Using the developed mathematical model of the 
considered self-oscillating systems, requirements 
for mechanical (quality factor, natural frequency) 
and electronic (capacitance, resistance, current-
voltage characteristic) system parameters necessary 
for the emergence of negative effective damping 
coefficient, at which the self-oscillating regime 
is realized, are determined. In particular, it is 
shown that the  time  constant, which  determines  
the characteristic charging time of the system 
capacitance and is related to the electrical resistance     
of the emitter and the steepness of the current-
voltage characteristic, should be of the same order 
of magnitude as the period of natural oscillations of 
the elastic field emission cathode. From  a practical 
perspective, the self-oscillation effect may be of 
considerable interest due to the possibility of creating 
microelectromechanical generator devices based on 
it, such as DC-to-AC voltage converters, clock pulse 
generators, transmitting antennas, etc. 
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1. INTRODUCTION

One of the unexpected results of quantum 
mechanics is the Efimov effect — the presence of 
bound states in a system of three repulsive particles 
[1] (see also works [2–5]). In this article, which 
is a further development of work [6], a similar 
phenomenon is indicated: the possibility of the 
existence of a bound state (van der Waals molecule) 
of repulsive atoms adsorbed on a surface or filament, 
acting as a third body.

In work [6], a pair of such atoms with mass m, 
interacting with the surface through an oscillator 
potential

	 2 2( ) = / 2u z m zω 	

was considered (z-axis is directed perpendicular to 
the surface).

It is known [7] that the scattering length a is the 
only parameter that determines the interaction of 
two atoms at low energy. Based on this, to describe 
the motion of atoms, the authors applied in [6] the 
method of zero radius potentials [8], i.e., imposed a 

boundary condition on the wave function (WF) of 
the atom pair  

	
→

∂ϕ  = γ ϕ ∂ 0

1 .lim
r r 	 (1)

 Here 

	 = , = 1 / ,r aϕ ψ γ − 	

	 =| |, = = ( , ),r z ρ−1 2r r r r 	

1 2 1 2 1 2= , = ( , )z z z x x y yρ− − −  i s  a  t wo -
dimensional vector characterizing the relative 
motion of atoms along the surface. According to [6], 
the dissociation energy of the adsorbed molecule 
equals 

	 2= ,D κ 	

where κ is determined from the equation

	 ( ) = .f κ γ 	 (2)
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The graph of function ( )f κ  is shown in Fig. 1 
(here and further we use units ħ = m = ω = 1).

From formula (2) and Fig. 1, it is evident that 
the bound state exists for any sign of  γ , despite the 
fact that for > 0γ  (in paper [6] this case is called 
repulsion) such states do not exist for a pair of 
atoms in free space. Paper [9] considers attractive 
interaction between atoms in the form of a spherical 
well

	 0 0( ) = ( ),V r u r rθ− − 	

where  0 > 0u , θ   – is the Heaviside function. It is 
indicated that depending on the parameter values 0u  
and   0r , both cases  > 0γ , and   < 0γ . are possible. 
Hence, it is clear that the case  > 0γ  does not always 
correspond to repulsion. It is clear, however, that 

> 0γ  can also correspond to explicit repulsion of 
atoms. Let's demonstrate this using an example of a 
definitely repulsive interaction

	 0 0( ) = ( ).V r u r rθ+ − 	 (3)

2. HARD SPHERE APPROXIMATION  
FOR ADSORPTION ON A PLANE

 For a pair of free slow atoms, it is sufficient to 
consider s-wave. In their center of mass system 

	 0( ) = Ash( ), < ,r qr r rϕ 	

	 0 0( ) = sin[ ( ) ], > .r k r r r rϕ η− + 	

Here  2k  is the kinetic energy of relative motion of 
atoms, 2

0=q u k− . Wave function matching at the 
boundary gives

	 0= cth( ).q qr
k

η 	 (4)

At  0>r r  we get 

	 0= [ ( ) ].k k r rϕ η
ϕ
′

− + 	

Condition  0r →  in (1) should now be understood as 
r ≪ 1/k. From (1) and (4) we obtain 

	 0
0

= ( ).lim
r

k krϕ η
ϕ→

′
⋅ − + 	 (5)

Statements [6] are valid if 
	 ( ) = const.γ κ 	 (6)

 This is satisfied at

	 kr0 ≪ 1, k ≪ q0,	 (7)

where  0 0=q u . In this case 

	 0 0 0= cth( ).q q rγ 	 (8)

Thus, if (6) is satisfied, which is true under 
conditions (7), then according to the conclusions of 
paper [6], even in case (3) there exists a bound state 
of the adsorbed quasi-molecule.

The value k  corresponds to distances between  
atoms r ~ 1/k. For motion along the axis x 
r ~ 1, therefore from (7) we obtain the conditions for 
validity of this work's conclusions: 
	 r0 ≪ 1, q0 ≫ 1,	 (9)

 or, in conventional units,

	 r0 ≪ ,
mω

 u0 ≫ ћω	 (10)

From (8) and (9) we conclude

	 0> 1.qγ ?≫ 1.	 (11)

According to [6], in this limiting case 

	 k ~ 
 πκ −γ  

exp ,
2

n 	 (12) 

therefore, considering (11), we come to the 
conclusion that the quasi-molecule size, determining 
the characteristic distance for longitudinal motion, 
is large and equals 

Fig. 1. Graph of function ( )f κ  from (2)
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	 r ~
1
k ~ exp

2
 πγ  

≫1.	  

Thus, for longitudinal motion, the conditions for 
satisfying (7) are less stringent compared to (10):

	 r0 ≪ ,
mω

 exp ,
2
π⋅ γ  
ћ 	

	 u0 ≫ ћω exp ,
2
π⋅ γ  
ћ 	

The second condition (10) is typically satisfied 
under typical conditions, and the first one is the most 
stringent. Based on the known stability of bound 
states in two-dimensional and one-dimensional 
systems, it can be stated that such states can exist 
in case (3). 

3. ADSORPTION ON A FILAMENT

Now let's direct the axis z along the filament, and 
for the adsorption potential, we'll again adopt the 
oscillator approximation 

	 2 2 2 2( ) = / 2, = .u x yρ ρ ρ + 	

According to formula (8) from work [6], the WF 
of relative motion of atoms is given by the expression

	 ( ) ( ),Gψ ∝r r 	

where  ( )G r  is found from the equation

	  −∆ + ρ − + κ = δ δ  
2 21 1 ( ) ( ) ( ).

4r G r x y 	

Now we need to perform a Fourier transform over   
z, after which, similar to [6], we obtain, omitting 
constant factors

	
∞

− τ

 τψ = −κ τ − ρ τ − ττ −  ∫
2

2 2
2

0

1exp .
4 4(1 )

d z
cth

e

When substituting into (1) here we can set  = 0ρ , 
so that =| |r z , and also apply the identity

	 − τ − τ
 = + − τ τ − −2 2

1 1 1 1 .
2 21 1e e

	

The integral of the first term is solved analytically 
and equals

	 −π  ≈ π − κ  
1 .kre

r r 	

The second term is non-singular, and we can set 
= 0z . in it. This gives for the filament equation (2), 

in which

	
∞

− τ
− τ

τ  κ = −κ + − τ π τ −∫
2

2
0

1 1 1( ) .
21

kd
f e

e
	

The graph of this function is similar to that shown 
in Fig. 1, i.e., again the solution (2) exists for any sign 
of  γ . For large γ  instead of exponential smallness 
(12), characteristic for the two-dimensional case, 
we obtain power-law smallness of binding energy 

1 /κ γ≈ .

4. CONCLUSIONS

From the above, we conclude that restricting the 
motion of atoms in one or two directions can lead to 
the appearance of a bound state absent in a pair of 
free atoms or to an increase in the binding energy of 
the quasi-molecule they already form.

Let's apply our model to describe experiments  
[10–12] with a two-dimensional gas of spin- 
polarized hydrogen atoms adsorbed on the surface 
of liquid helium.

For the applicabil ity of the zero-radius 
potential approximation (1), it is required that the 
characteristic size of  0r  pair interaction ( )u r  between 
hydrogen atoms in the triplet state should be small 
compared to both the amplitude of adsz  atomic 
oscillations in the adsorption potential ( 0 / 1adsr z = ),  
and  the  characteristic de Broglie wave length  of 
hydrogen atoms under experimental conditions  
[10–12], that is kr0 ≪ 1, where k ~ 2 /k mT: h  ħ is 
the characteristic wave vector of hydrogen atoms 
with mass m. The experiments were conducted at 
temperature T ~ 0.15 K, therefore k ~ 6 · 106 cm−1. 
According to [13], at

	 0 0= 7.85 ,r a 	 (13)
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where 0a  is the Bohr radius, the potential energy ( )u r  
has a minimum u(r0) = −u0, where u0 = 6.2 K.  In 
this adsorption potential, hydrogen atoms have only 
one bound state with binding energy = 1.14KqE  
[14]. From this, we conclude that
	 zads ~ zin + zout ~ 20a0,	

where zin ~ 10a0 is the characteristic oscillation 
amplitude in the classically accessible region of 
hydrogen atoms motion in the adsorption state and   
zout ~ ħ / 0/ 2 10out az mE a: h :~ 10a0 is the characteristic depth of 
their penetration under the potential barrier in the 
classically inaccessible region of motion. Thus,

	 0 / 0.3.adsr z :~ 0.3	 (14)

Taking (13) as the characteristic size of pair 
interaction between hydrogen atoms in the triplet 
state, we obtain

	 0 0.2.kr :~ 0.2	 (15) 

We should add that condition (15) also allows us 
to neglect the correction terms ~ kr0 to formula (1) 
(see [15], as well as formulas 133.9, 133.10, and 133.14 
from work [16]).

Within our adopted oscillator approximation 
for the adsorption potential, the distance from the 
adsorption level to the bottom of the well should be 
equal to ħω/2. According to the data provided above, 
it amounts to u0 − Ea ≈ 5 K, which corresponds to 
ω ≈ 1.3 · 1012 s−1. From this, we find the unit of 
length used in calculations: 

	 0= 4 .L a
mω
≈

h 	  

The scattering length of hydrogen atoms in the 
state with total spin = 1S  equals 01.2a a≈  [17]. In 
our units, this equals 0.3a ≈ , which corresponds 
to 

	 γ = − ≈ −1 3.3.
a 	

From Fig. 1, we conclude that k ≈ 2.5, therefore 
the binding energy of the adsorbed quasi- molecule 
equals 

D = ħω ∙ k2 ≈ 60K

As noted in work [6], this conclusion may indicate 
the instability of Bogoliubov two-dimensional 
Bose-condensates obtained in experiments [10–12], 
formed by hydrogen atoms adsorbed on the surface 
of liquid helium 
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Abstract. In this paper, using the example of the Lamy metric, the polarization properties of black 
holes and wormholes are investigated. Maps of linear polarization and the position of the angle of the 
electric vector are constructed for the toroidal and radial distribution of the magnetic field in thin disks. 
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1. INTRODUCTION

The Event Horizon Telescope (EHT) obtained 
an image of hot magnetized plasma emitting 
synchrotron radiation around supermassive black 
holes in the elliptical galaxy M87 [1] and in our 
Milky Way galaxy [2]. The images form a ring-like 
morphology and were obtained in the millimeter 
range at 230 GHz. However, intensity maps carry 
significantly less information than polarization 
maps. Because of this, it is not possible to constrain 
numerical models and determine plasma and black 
hole parameters from observations [3]. In 2021, 
based on EHT data, a linear polarization map of 
the supermassive black hole in M87* was published, 
revealing a spiral structure of the electric vector 
position angle in hot magnetized plasma [4]. The 
polarization map of M87* strongly constrained 
numerical models; in particular, it was found that 
the accretion flow structure is better described by the 
magnetically arrested disk (MAD) regime than by 
the standard and normal evolution (SANE) disk [5]. 
Therefore, polarimetric observations are a critically 
important step towards understanding physical 
processes in strong gravitational fields.

Another question that arises here is whether the 
image obtained in the EHT observations is actually 
an image of a black hole or an image of another 
object, such as a wormhole? To answer this question, 
a criterion for distinguishing between a black 
hole and a wormhole is needed. In this work, it is 
assumed that a black hole can be distinguished from 
a wormhole by linear polarization of radiation.

To construct polarization maps, it is necessary 
to calculate the polarization change along the 
photon trajectory. As known, radiation polarization 
can change for two reasons. The first is due to the 
rotation of the electric vector along the geodesic 
in strongly curved spacetime. The second is due to 
photon propagation in magnetized plasma. Here we 
will investigate the first reason. The strongly curved 
spacetime will be created either by a black hole or a 
wormhole.

In this article, using the Lamy metric as an 
example, the change in the linear polarization vector 
during photon motion in a strong gravitational field 
is calculated for both a black hole and a wormhole. 
For this purpose, a metric is chosen that describes 
both black holes and wormholes and in the limiting 
case coincides with the Kerr rotating black hole 
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metric. Maps of linear polarization and electric 
vector angle position depending on the magnetic field 
direction in a thin disk are constructed. Toroidal 
and radial magnetic field distributions in thin disks 
are considered. The decomposition coefficient β2 of 
linear polarization depending on metric parameters 
is calculated and a criterion for distinguishing a 
black hole from a wormhole is given.

The paper uses a system of units in which the 
speed of light and gravitational constant are equal to 
unity, c = G = 1. The dimension of length is Gm / c2, 
the dimension of time is Gm / c3, where m is the mass 
parameter.

2. PHOTON EQUATIONS OF MOTION 

In this section, we briefly describe the basic 
equations for light ray propagation in curved 
spacetime using the Lamy metric as an example.

The Lamy metric in Boyer-Lindquist coordinates 
(t, r, θ, φ) has the form [6]

Σ = − − + + Σ ∆ 
2 2 22 ( )1 rM r

ds dt dr

	
( )θ+Σ θ + + − ∆ θ φ −

Σ

2
2 2 2 2 2 22sin ( ) sind r a a d

		
θ− φ

Σ

24 ( )sin ,raM r
dtd  (1)

where standard notations are introduced

Σ = + θ2 2 2 ,cosr a

∆ = − +2 22 ( ) ,r rM r a

a — rotation parameter, spin. This metric differs 
from the Kerr rotating black hole metric in that the 
mass parameter M is not a constant value but is a 
function of the radial coordinate of the form [6]

	 =
+

3

3 2
| |( ) .

| | 2
r

M r m
r mb

 	 (2)

In this case, the parameter m is a constant 
value and we will call it the mass parameter, and 
the parameter b, as shown in work [7], is the 
magnetic charge. In the case when the magnetic 
charge is zero, b = 0, this metric coincides with 
the Kerr rotating black hole metric. Without 

loss of generality, we will assume that the mass 
parameter equals one, one, m  = 1. Also in this 
work, we will consider the case when the magnetic 
charge takes values from zero to two, 0 ≤ b ≤ 2. 
As shown in work [6], this manifold is geodesically 
complete and non-singular in all spacetime  
−∞ < r < ∞. This means that two asymptotically 
flat spacetimes are connected at the point  
r = 0. From expression (2), one can see that the value 
M (r) ≥ 0 is always greater than or equal to zero for 
any radius, −∞ < r < ∞.

The Lamy metric has coordinate singularities 
that correspond to event horizons in the case of the 
Kerr metric. These conditions are determined by the 
expression of the form

 ∆ = − + =2 22 ( ) 0.r rM r a

In the case when both parameters a and b are not 
equal to zero, equation Δ = 0 is solved numerically. 
Figure 4 of article [6] shows cases when this equation 
either has no roots, or has one (extreme case) or 
two roots. These roots of equation Δ = 0 will be 
called event horizons by analogy with the roots of 
the equation in the Kerr metric. If the Lamy metric 
has two or one event horizon, then this metric 
corresponds to a black hole metric, otherwise it 
corresponds to a wormhole.

Photons propagate in the Lamy metric, moving 
along geodesics described by equations of the form 

	

α
α

α
α β γ
βγ

=
τ

= −Γ
τ

,

,

dx
p

d
dp

x x
d

	 (3)

 where α
βγΓ  are Christoffel symbols, pα is the photon 

momentum, τ is the affine parameter. Paper [8] 
presents metric coefficients and Christoffel symbols 
for the Lamy metric (1) with function form (2). Below 
we will show images of black holes and wormholes 
obtained through numerical solution of eight 
equations (3). Qualitatively, photon propagation in 
the Lamy metric, by analogy with the Kerr metric, 
can be described using radial and angular potentials 
of the form [3]

	 ( )= + − − ∆ + −2 2 2 2( ) ( ) ( ) ,R r r a aL Q L a 	 (4)
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 

Θ θ = + θ − θ 

2
22

2( ) ,cos
sin

L
Q a 	 (5)

where L   is the angular momentum of the photon, 
Q  is Carter's constant. In the Kerr metric (b = 0) dial 
potential is a fourth-order polynomial with respect 
to the radial coordinate. In the Lamy metric, this 
potential is a seventh-order polynomial [6] and, as 
shown in work [6], some photon trajectories can have 
more than one radial turning point.

To determine the position of the image on the 
observer's screen, Cartesian coordinates (α, β) 
are introduced, first presented in work [9]. These 
coordinates connect the conserved photon parameters  
(L, Q) with the position on the observer's screen:

 	 α = − β = ± Θ θ
θ

, ( ),
sin o

o

L
	 (6)

where θ0 is the observer's inclination angle to the 
rotation axis of the black hole or wormhole. Thus, 
knowing the photon's position on the observer's 
screen, one can determine the photon parameters 
(L, Q), and consequently, the position of the photon 
source in the disk.

To construct polarization maps, we will primarily 
be interested in photon polarization. To calculate 
the polarization change of a photon moving in a 
strong gravitational field, we will use the Walker-
Penrose constants [10]. For this, we need to show 
that the Lami metric belongs to type D according 
to Petrov classification [10]. To demonstrate this, 
we will use the Newman-Penrose formalism. 
This formalism is a tetrad formalism in an 
isotropic basis consisting of four isotropic vectors  
(l, n, m, m*) [10]. The Appendix defines a quartet of 
isotropic vectors satisfying orthogonality conditions, 
isotropy, and normalization condition. The Ricci 
rotation coefficients in the Lami metric, which in 
this formalism are called spin coefficients [10], are 
also written out. Since the spin coefficients in the 
Lami metric

	 κ = σ = λ = ν = ε = 0 	 (7)

are equal to zero (see Appendix), from the 
corollary of the Goldberg-Sachs theorem, it follows 
that the Lami metric belongs to type D according to 
Petrov classification [10]. The Appendix also lists the 

non-zero Weyl scalar 2Ψ . All these quantities will be 
needed to calculate the Walker-Penrose constants. 

We proceed to calculate the change in the photon 
polarization vector when moving in curved spacetime 
[10]. Let f µ  – 4-vector be the photon polarization, 
which is orthogonal to the photon 4-momentum  
pµ, i.e.,

= 0,f pµ
µ

 
and is parallel transported along the photon 
trajectory, i.e.,

µ ν
µ∇ = 0.p f

Then the quantity

	 −= − − − + Ψ* * 1/3
2( )i j

s i j j i i j i jK p f l n l n m m m m 	(8)

remains constant along the geodesic [10]. The 
quantity 

2 1=sK K iK+

is a constant complex value called the Walker-
Penrose constant. The existence of this constant 
allows us to calculate the change in the 4-vector 
of polarization along the photon trajectory and 
compare polarization values for black hole and 
wormhole metric cases. For this, we need to relate 
the quantities f and p near the observer and the 
source. We introduce the notations

	 φ φ= − + θ −2 ( ),sint r r t r rA p f p f a p f p f 	 (9)

 φ θ θ φ= θ − + −2 2sin [( )( )B p f p f r a 	

θ θ− −( )].t ta p f p f (10)

Then expression (8) can be rewritten as 

	 −+ = − − Ψ 1/3
2 1 2( ) .K iK A iB 	 (11)

 
The values of 4-momentum at any point in spacetime 
are given in the Appendix by formulas (38). By 
setting the initial magnetic field at the emission point 
and calculating the constants 1K  and 2K , one can 
determine the values of the polarization 4-vector at 
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the observation point, and consequently, the Stokes 
parameters (see (53) and (54)).
Another important quantity is the linear polarization 
decomposition coefficient βm, introduced in [11]:

ρ π

ρ

β = ρ φ φ ρ ρ φ =∫ ∫
2max

*

0min

1 ( , ) ( )m m
ann

P P d d
I

	
ρ π

− φ

ρ

= ρ φ ρ ρ φ∫ ∫
2max

0min

1 ( , ) ,im

ann
P e d d

I 	 (12)

  
where 

	
ρ π

ρ

= ρ φ ρ ρ φ∫ ∫
2max

0min

( , ) ,annI I d d 	 (13)

	 ρ φ = ρ φ + ρ φ( , ) ( , ) ( , ).P Q iU 	 (14)

Here Q and U are the Stokes parameters of linear 
polarization, ( , )ρ φ    are polar coordinates on the 
observer's screen, the asterisk "*" denotes complex 
conjugation, is the radiation intensity. Without loss 
of generality, we set the value annI    equal to one, 

= 1annI . Let us denote the total linear polarization 
as 

	 2 2= ,LP Q U+ 	

and the electric vector angle positions as 

	 = 1 .
2

U
EVPA arctg

Q 	 (15)

In the next section, we will present maps of total 
linear polarization and electric vector angle positions 
for radial and toroidal magnetic fields in a thin disk 
located in the equatorial plane of a black hole or 
wormhole, and compare the obtained results. 

3. RESULTS

In this section, we will discuss the difference in 
maps of linear polarization and electric vector angle 
positions for a black hole and wormhole using the 
Lamy metric as an example.

We will assume that the source of photon radiation 
is a thin disk located in the equatorial plane of the 
black hole (wormhole), which radiates isotropically 
in all directions. The thin disk is penetrated by a 
radial or toroidal magnetic field. The inner radius of 
the disk was set to = 8inr .. The rotation parameter in 
the Lamy metric was set to = 0.9a , and the magnetic 
charge to = 0,0.3,0.5,0.7,0.9,2.0b . The case when 

0.245b �  corresponds to a black hole, and the case 
when 0.245b �  to a wormhole (see Fig. 4 from [6]). 
The value 0.245 is determined numerically from 
the equation = 0∆  for spin = 0.9a . The observer is 
located at a distance from the black hole (wormhole) 

= 50or  at an angle = 17 ,45 ,80i o o o to the rotation 
axis of the black hole (wormhole). To construct 
polarization maps, the ray-tracing method was used. 
The geodesic equations (3) were solved numerically 
using the fourth-order Runge-Kutta method. All 
polarization maps are shown on a scale from −10 
to 10 in units of 2/Gm c  and with a resolution of 
2500×2500 pixels. The intensity images for the same 
metric parameters are shown in Fig. 3 of paper [8].

Figure 1 and 2 show linear polarization maps 
for the initial distribution of radial and toroidal 
magnetic fields, respectively. The color indicates the 
magnitude of linear polarization, LP value. Green 
arrows show the direction of the electric vector of 
linear polarization. The arrow length is proportional 
to the magnitude of linear polarization. The top 
three figures correspond to a black hole, the rest 
to a wormhole. The figures from left to right are 
for different inclination angles of the observer 
relative to the rotation axis of the black hole 
(wormhole), i = 17◦, 45◦, 80◦. The figures from top 
to bottom are for different magnetic charge values, 

= 0,0.3,0.5,0.7,0.9,2.0b .
Comparing linear polarization for black holes and 

wormholes, the following conclusions can be drawn. 
Linear polarization in photon rings for wormholes 
has higher values than in the disk. This is because 
for some photons, circular orbits are located closer 
to the center and, consequently, the gravitational 
field will much more strongly curve the trajectory 
of motion, and hence the magnitude of linear 
polarization. This statement is true for both radial 
and toroidal distributions of the magnetic field in the 
disk. The directions of linear polarization (shown by 
green arrows in the figures) in photon rings will be 
approximately perpendicular to each other for radial 
and toroidal magnetic fields when the observer is 
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Fig. 1. Map of total linear polarization (shown in color) LP for the initial radial distribution of magnetic field around a black hole and 
wormhole. From left to right, inclination angles are i = 17 ,̊ 45 ,̊ 80 .̊ From top to bottom, magnetic charge is b = 0, 0.3, 0.5, 0.7, 0.9, 2.0. 
Map scale to −10Gm/c3 to 10Gm/c3
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Fig. 2. Map of total linear polarization (shown in color) LP for the initial toroidal distribution of magnetic field around a black hole and 
wormhole. From left to right, inclination angles are i = 17 ,̊ 45 ,̊ 80 .̊ From top to bottom, magnetic charge is b = 0, 0.3, 0.5, 0.7, 0.9, 2.0. 
Map scale to −10Gm/c3 to 10Gm/c3
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Fig. 3. Map of electric vector position angle (shown in color) for the initial radial distribution of magnetic field around a black hole or 
wormhole. From left to right, inclination angles are i = 17 ,̊ 45 ,̊ 80 .̊ From top to bottom, magnetic charge is b = 0, 0.3, 0.5, 0.7, 0.9, 2.0. 
Map scale to −10Gm/c3 to 10Gm/c3
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Fig. 4. Map of electric vector position angle (shown in color) for the initial toroidal distribution of magnetic field around a black hole or 
wormhole. From left to right, inclination angles are i = 17 ,̊ 45 ,̊ 80 .̊ From top to bottom, magnetic charge is b = 0, 0.3, 0.5, 0.7, 0.9, 2.0. 
Map scale to −10Gm/c3 to 10Gm/c3
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positioned at an angle i = 17˚ to the rotation axis of 
the black hole or wormhole. When the observer is 
positioned at an angle i = 45˚ or i = 80 ,̊ the angle 
between the directions of linear polarization for 
the initial radial and toroidal magnetic fields will 
increase.

Figures 3 and 4 show maps of the electric vector 
position angle for the initial distribution of radial 
and toroidal magnetic fields, respectively. The color 
indicates the magnitude of the electric vector position 
angle. The angle varies from −90° to 90°. Comparing 
the maps of the electric vector position angle, the 
following conclusions can be drawn. The magnitude 
of the electric vector position angle for the radial 
magnetic field in the disk differs by approximately 
90° from the corresponding magnitude for the 
toroidal magnetic field in the disk. Thus, using 
the maps of electric vector position angle, one can 
determine the directions of magnetic field in the 
disk, i.e., reconstruct the magnetic field topology.

Figures 5 and 6 show the dependencies of the 
absolute value of parameter on the magnetic charge 
value at different observer inclination angles to the 
rotation axis of the black hole or wormhole for cases 
of radial (Fig. 5) and toroidal (Fig. 6) magnetic fields 
in the disk. The black solid curve corresponds to the 
case when the observer is positioned at an angle  
i = 17° to the rotation axis of the black hole or 
wormhole, the blue dash-dotted curve corresponds 
to the case when i = 45°, and the green dashed 
curve corresponds to the case when i = 80°. The red 
vertical line defines the boundary between the black 
hole (left) and wormhole (right). Figures 5 and 6 
show that β2 remains constant for black holes and 
changes abruptly at the boundary between the black 
hole and wormhole. For the radial magnetic field 
in the disk, the absolute value of | β2 | for the black 
hole will be less than for the wormhole. For the 
toroidal distribution of the magnetic field in the disk, 
the situation depends on the observer's inclination 
to the rotation axis of the black hole (wormhole). 
For inclinations i = 17° and i = 45°, the absolute 
value of | β2 | for the black hole will be less than 
for the wormhole, while for inclination i = 80° – 
the situation is reversed. Knowing the observer's 
inclination angle to the source's rotation axis (black 
hole or wormhole), the magnetic field distribution 
in the disk, and measuring the absolute value of | β2 | 
linear polarization, one can conclude whether the 
source is a black hole or a wormhole.

4. CONCLUSION

This work numerical ly investigated the 
polarization properties of black holes and wormholes 
using the Lamy metric as an example. This metric 
accurately reproduces the Kerr rotating black hole 
metric for small magnetic charges and a rotating 
wormhole otherwise. Using the ray-tracing method, 
maps of linear polarization and electric vector 
position angle were constructed for both black hole 
and wormhole cases.

Fig. 6. Dependencies of the absolute value of parameter | β2 | on 
magnetic charge for toroidal magnetic field in the disk. The solid 
black curve corresponds to the case when the observer is located at 
an angle i = 17° to the rotation axis of the black hole or wormhole, 
the blue dash- dotted curve corresponds to the case i = 45°, and the 
green dashed curve corresponds to the case i = 80°. The red vertical 
dotted line corresponds to the boundary between the black hole 
(left) and wormhole (right)

Fig. 5. Dependencies of the absolute value of parameter | β2 | on 
magnetic charge for radial magnetic field in the disk. The solid 
black curve corresponds to the case when the observer is located at 
an angle i = 17° to the rotation axis of the black hole or wormhole, 
the blue dash-dotted curve corresponds to the case i = 45°, and the 
green dashed curve corresponds to the case i = 80°. The red vertical 
dotted line corresponds to the boundary between the black hole 
(left) and wormhole (right)
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The photon emission source was set as a thin disk 
with toroidal or radial magnetic field. Maps of linear 
polarization and electric vector position angle were 
constructed. The dependence of the decomposition 
coefficient | β2 | of linear polarization on the magnetic 
charge magnitude was constructed for different values 
of observer inclination angles to the rotation axis of 
the black hole (wormhole ) and initial magnetic field 
distribution. A criterion for distinguishing between a 
black hole and a wormhole using linear polarization 
was proposed. By measuring linear polarization, 
one can reconstruct the magnetic field topology, 
calculate the decomposition coefficient | β2 | and, 
knowing the inclination, determine whether the 
source is a black hole or a wormhole.

The study of alternative space-time geometries 
different from Kerr rotating black hole proves to be 
particularly timely in connection with the recent 
results of the Event Horizon Telescope group. The 
obtained images of galactic centers in M87* and 
SGR A* have opened new tests of general relativity in 
strong gravitational fields. The similarity of images 
of black holes, boson stars, wormholes, and other 
objects encourages researchers to study alternative 
geometries in more detail.

APPENDIX

In the Newman-Penrose formalism, four null 
vectors are introduced l, n, m, m*, which satisfy the 
following conditions [10]: orthogonality condition 

	 ⋅ = ⋅ = ⋅ = ⋅ =* * 0,l m l m n m n m 	 (16)

isotropy condition 

	 ⋅ = ⋅ = ⋅ = ⋅ =* * 0l l n n m m m m 	 (17)

and normalization condition 

	 ⋅ = ⋅ = −*1, 1,l n m m 	 (18)

where the asterisk denotes complex conjugation. By 
analogy with the Kerr black hole, it can be shown 
that in the Lamy metric, the following tetrad of 
vectors satisfies the above relations: 

	 α = + ∆
∆

2 21 ( , ,0, ),l r a a 	 (19)

	 α = + −∆
Σ

2 21 ( , ,0, ),
2

n r a a 	 (20)

 

	 α  = θ θ ρ
1 sin ,0,1, ,

sin2
i

m ia 	 (21)

 

	 α − = − θ θ ρ
*

*
1 sin ,0,1, .

sin2
i

m ia 	 (22)

 For the chosen tetrad of null vectors, the non-
zero λ-symbols (see definition of λ-symbols in [10]) 
are determined by the following relations: 

	
 − − ∆λ = − − Σ Σ 

'

(1)(2)(2) 2 ,r M rM r
	 (23)

 

	
θλ = λ =

ρΣ ρ(1)(3)(2) (1)(3)(4) *
2 sin 1, ,ira

	 (24)

 

	
θλ = − λ =

ρρ Σ(1)(4)(2) (1)(4)(3)*
2 sin 1, ,ira

	 (25)

 

	
θ θλ = −

ρΣ

2

(2)(1)(3)
2 sin cos ,a

	 (26)

 

	
θ θλ = −

ρ Σ

2

(2)(1)(4) *
2 sin cos ,a

	 (27)

 

	
∆ ∆λ = − λ = −

ΣρΣρ(2)(3)(4) (2)(4)(3)* , ,
22

	 (28)

 

	
θλ = −

Σ(3)(1)(4)
2 cos ,ia

	 (29)

 

	
∆ θ θ +λ = − λ =
Σ θρ(3)(2)(4) (3)(3)(4)2 2
cos cos, ,

2 sin
ia r ia

(30)
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− θλ =

θρ(3)(4)(4) *2
cos .

2 sin
ia r

	 (31)

 The spin coefficients (see definition of spin 
coefficients in [10]) in the Lamy metric are equal to 

	 κ = σ = ν = λ = ε = 0, 	 (32)

 

	
∆ θµ = − π =
Σρ ρ* *2

sin, ,
2 2

ia
	 (33)

 

	
θτ = − ρ = −

Σ ρ*
sin 1, ,
2

ia
	 (34)

 

	
θβ = α = π − β

θρ
*cos , ,

2 2 sin
	 (35)

 

	
− −γ = µ +

Σ

'
.

2
r M rM

	 (36)

It can be noted that only the spin coefficient ϒ in 
the Lamy metric differs from the spin coefficient ϒ 
in the Kerr metric. 

The Weyl scalar ψ2 in the Lamy metric is non-zero 
and equals

	
+ θΨ = − +

− θ Σ
'

2 3 2
cos .

( cos )
M r ia

rM
r ia

	 (37)

In the case when b = 0, this expression transitions 
into the Weyl scalar Ψ2 in the Kerr metric.

The equations of photon motion in the spacetime 
of Lamy metric in Boyer-Lindquist coordinates have 
the same form as in the Kerr metric:

	
θ

φ

+Σ = + − − θ +
∆

Σ = + − − ∆ + −

θΣ = + θ −
θ

Σ = + − + −
∆ θ

2 2
2 2 2 2

2 2 2 2

2
2 22

2

2 2
2

( ) ,sin

( ) ( ( ) ),

cos ,cos
sin

( ) .
sin

t

r

r a
p r a aL a aL

p r a aL Q a L

p Q a L

a L
p r a aL a

	

Let us recall that the quantity Δ includes 
parameter (2).

Physical quantities are defined by introducing 
an or thonormal tetrad. Let us specify an 
orthonormal tetrad of the form (see [10]) 
 

	

α ν ν

µα

µα
θ

α ψ

= ω

=

=

=

- -
( )

- 2
( )

- 3
( )

-
( )

( , ,0,0),

(0, ,0,0),

(0,0, ,0),

(0,0,0, ),

t

r

f

e e e

e e

e e

e e

	 (39)

where the metric coefficients 32, , , ,e e e e
µµν ψ ω  are 

given in the Appendix of paper [8]. The index in 
parentheses denotes the tetrad index.

We relate quantities in the tetrad basis with 
quantities in Boyer-Lindquist coordinates through 
the relations

	 α α α
α= =( ) ( ) ( )

( ) , .a a a
af e f p e p 	

In expanded form we have 

	 −ν ν= =( ) ( ), ,t t t tf e f p e p 	 (40)

 

	
−µ µ= =( ) ( )2 2, ,r r r rf e f p e p 	 (41)

 

	
−µ µθ θ θ θ= =( ) ( )3 3, ,f e f p e p 	 (42)

 	
φ −ψ φ −ν φ ψ φ ψ= + ω = − ω( ) ( ) ( ), .t tf e f e f p e p e p 	

(43)
4-vector of polarization is expressed through the 
magnetic field in tetrad basis by the formulas 

	 =( ) 0,tf 	 (44)

	 φ θ θ φ∝ −( ) ( ) ( ) ( ) ( ),rf p B p B 	 (45) 

	 θ φ φ∝ −( ) ( ) ( ) ( ) ( ),r rf p B p B 	 (46)

	 φ θ θ∝ −( ) ( ) ( ) ( ) ( ).r rf p B p B 	 (47)

Radial field corresponds to the case 

(38)
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	 θ φ= = =( ) ( ) ( )1, 0,rB B B

toroidal field corresponds to the case 

	 φ θ= = =( ) ( ) ( )1, 0.rB B B

Without loss of generality, we assumed that f(t) = 0. 
By specifying the magnetic field, we can determine 
the 4-vector of polarization in the radiation source 
f(a) and using Walker—Penrose constants find the 
polarization at the observation point. At infinity 
r → ∞ the values of photon 4-momentum are equal to 

	 φ λ→ → →
θ2 2

1, 1, ,
sin

t rp p p
r

	 (48)

 
	 θ

θη + θ − λ
θ→

2
2 22

2

2

coscos
sin ,

a
p

r
	 (49)

and 4-vectors of polarization are expressed through 
Walker—Penrose constants as follows:

	 φ +
θ = −

η + − λ
1 1 2 2

0 2
1sin ,

( )
K D K D

f
r a

	 (50)

 

	 θ −
=

η + − λ
1 2 2 1

2
1 ,

( )
K D K D

f
r a

	 (51)

where
 

	

θ
= η + θ − λ

θ
λ= − θ
θ

2
2 2 02

1 0 2
0

2 0
0

cos ,cos
sin

sin .
sin

D a

D a

	 (52)

Electric field is expressed through polarization 
4-vectors as follows: 

	 θ θ= θ =0- sin , - .f fE r f E rf 	 (53)

Stokes parameters of linear polarization are defined 
as 

	 φ θ φ θ= − = −2 2, 2 .Q E E U E E 	 (54)

To calculate the decomposition coefficient βm, in the 
integral 

	
ρ π

− φβ = ρ φ ρ ρ φ∫ ∫
2max

0 0

( , ) im
m P e d d 	 (55)

we make a change of variables from polar coordinates 
to Cartesian: 

	 = ρ φ = ρ φcos , sin ,x y 	

	 ρ = + φ =2 2 2, .y
x y

x 	

The Jacobian of transformation equals 

	 =
+2 2

1 .J
x y

	

As a result, we obtain 

	
−

− −

β = =∫ ∫
10 10

10 10

( , )
yim
x

m P x y e dxdy

	
− −

= φ + φ +∫ ∫
10 10

10 10

[ cos sinQ m U m

	 + φ − φ( cos sin )] ,i U m Q m dxdy 	 (56)

where integration limits are determined by the sizes 
of polarization maps (see Fig. 1−4). Coefficient β2	
equals

	
− −

β = φ + φ +∫ ∫
10 10

2
10 10

[ cos 2 sin 2Q U

	 + φ − φ( cos 2 sin 2 )] ,i U Q dxdy 	 (57)

 from which we easily obtain 

	
− φ −φ = =
+ φ +

2 2 2

2 2 2
1cos 2 ,
1

x y
x y

	 (58)

 

	
φφ = =

+ φ +2 2 2
2 2sin 2 .

1
xy

x y
	 (59)
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1. INTRODUCTION

In this paper, we generalize the notion of 
Einstein–Rosen bridge by defining it as a space-like 
connection between two universes with regions of 
asymptotically minkowskian space-time infinities. 
The corresponding symmetry and asymmetry 
properties of the generalized Einstein–Rosen bridge 
are considered at the cases of Reissner–Nordström 
and Kerr metrics. We elucidate the versatility of 
intriguing symmetry and asymmetry phenomena 
outside and inside black holes. For description of the 
test particle (planet and photon) motion it is used the 
Kerr–Newman metric of the rotating and electrically 
charged black hole. It is demonstrated the symmetry and 
asymmetry of the one-way Einstein–Rosen bridge inside 
black hole toward and through the plethora of endless 
and infinite universes.It seems that the original idea of 
an infinite series of bridges between universes in the Kerr 
metric belongs to Boyer and Lindquist [1]. The Reissner–
Nordström and Kerr one-way bridge is discussed in 
Chapter 6.5 of Carroll’s textbook [2] and also in Chapters 
3.5 and 4.4 of Ullmann’s textbook [3]. The last book also 
points to the physical obstacles to the existence of such 
a bridge between universes, which can be associated 
with various types of instabilities (including quantum 
ones), which are discussed for example in [4,5] and more 
modern attempts [6]. However, the problem still remains 

open. Recently symmetrical geodesic motion, bound and 
unbound orbits and the possibility of passing through the 
Reissner –Nordström and Kerr bridge are also analyzed 
in [7] and [8] respectively.

2. BASICS OF THE KERR–NEWMAN 
METRIC

The famous Kerr–Newman metric or geometry 
(see e. g., [9–13]), which is the exact solution of 
Einstein’s equations [14–20] for a rotating and 
electrically black hole, is

∆  = − − + Σ
22 2ds dt asin dθ ϕ

	 ( )θ Σ + + α + + Σ θ Σ ∆

2 22 2 2 2sin r ,d dt dr dϕ − α 	(1)

where (r, q, φ) are spherical coordinates and t is the 
time of static distant observer at the asymptotically 
radial infinity. In this metric

	 Δ = r2 − 2Mr + a2 + q2, 	 (2)

	 Σ = r2 + a2 cos2 θ, 	 (3)

811–816
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M — black hole mass, q — black hole electric charge, 
a = J/M — specific black hole angular momentum 
(spin). The two roots of equation Δ = 0 are

	 + = + − −2 2 2 ,r M M a q  	 (4)

the event horizon of the black hole and

	 − = + − −2 2 2 ,r M M a q  	 (5)

the internal Cauchy horizon of the black hole. In 
this paper we consider Kerr metric with the black 
hole event horizon, corresponding to

For simplification of equation and presentation of 
Figures we will often use units G = 1, c = 1, M = 1, 
and corresponding dimensionless parameters: radius 
r ⇒  r/M, time t ⇒  t/M, black hole spin a  ⇒  a/M 
and black hole charge q ⇒  q/M.

In the Kerr – Newman metric there the following 
in-tegrals of motion for test particles [10]: μ — 
particle mass, E — particle total energy, L — particle 
azimuthal angular moment and Q — the so-called 
Carter constant, related with the non-equatorial 
particle motion.

The corresponding equations of test particle 
motion in the Kerr–Newman metric in the 
differential form are [10–13]

	 Σ = ,dr
R

dτ  	 (6)

	 Σ = Θ ,d
d
θ
τ  	 (7)

	
 Σ = − − +  ∆ 2 ,

sin
d L a

aE P
d
ϕ
τ θ

 	 (8)

	 Σ = − − + +
∆

2 2 2( sin ) ( ) ,dt P
a aE L r a

d
θτ  	 (9)

Here

	 = + − +2 2( ) ,P E r a aL qrε  	 (10)

τ — the proper time of a test massive particle or an 
affine parameter along the trajectory of a massless 
particle (μ = 0) like photon, ε — the electric charge 
of test particle. Respectively, the effective radial 
potential R(r) is

	 R(r) = P2 − Δ [︀μ 2r2 + (L − aE)2 + Q]︀, 	 (11)

and the effective polar potential Θ(θ) is

	 Θ(θ) = Q − cos2 θ [a2(μ2 − E2) + L2 sin−2 θ]︀. (12)

Trajectories of massive particles (μ ≠ 0) depend on 
three parameters: ϒ = E/μ, λ = L/μ and Q/μ2. 

Meantime, trajectories of massless particles like 
photons (the null geodesics) depend only on two 
parameters: λ and Q.

The nontrivial specific feature of the rotating 
Kerr black hole (a ≠ 0) is the existence of so-
called ergosphere [12, 13, 17, 19, 20] with the outer 
boundary

	 = + − −2 2 2
ES( ) 1 1 cos ,r q aθ θ  	 (13)

Inside the ergosphere any test object is dragged 
into insuperable rotation around black hole with 
infinite azimuthal winding by approaching the black 
hole event horizon. Note that the winding effect was 
discussed also in [8, 21]. 

In the following Sections we will describe the 
symmetry and asymmetry of test object motion 
in the gravitational field of the Kerr–Newman 
black hole. We use equations of motion in the 
Kerr–Newman metric (6)–(9) in our analytic and 
numerical calculations of test particle geodesic 
trajectories [22–32].

3. ONE-WAY EINSTEIN–ROSEN BRIDGE 
INSIDE BLACK HOLE

We start to elucidate the versatility of intriguing 
symmetry and asymmetry phenomena outside and 
inside black holes by using the Carter–Penrose 
diagrams (for details see, i. e., [12, 13, 17, 18]), 
describing in particular the global space-time 
structure of black holes. The evident manifestation 
of symmetry of this global structure is infinite space 
volumes as outside and inside the black hole event 
horizon. See in Fig. 1 the corresponding Carter–
Penrose diagram for the Reissner–Nordström black 
hole, which is a special spherically symmetric case 
of Kerr–Newman black hole without rotation, i. e., 
a = 0 but q ≠ 0. From the pure geometric point of 
view this diagram is both left-right and up-down 
symmetric. On the contrary, from the physical or 
space-time point view this diagram is absolutely 
asymmetric due to the inexorable upward flow of 
time not only at this diagram but throughout the 
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whole universe. More precisely it means that in the 
General Relativity all objects are allowed to move 
only inside the upward directed light cones (at ±45° 
with respect to the upward direction. The upward 
directed light cone is the inexorable asymmetry of 
the world.

2D presentation of the voyage through the interiors 
of Reissner–Nordström black hole with interiors 
by using the Einstein–Rosen bridge is shown  
in Fig. 2. The electric charge of the black hole is  
e = 0.99. A test planet (or spaceship) with the 
electric charge ε = −1.5 is periodically orbiting 
around black holes with orbital parameters 
ϒ = 0.5, λ = 0.5, corresponding to the maximal 
radius (apogee) rmax = 1.65 and minimal radius 
(perigee) rmin = 0.29, respectively, in dimensional 
units.

The periodic planet geodesic trajectories (magenta 
curves, both at Fig. 2 and Fig. 4), were calculated 

Fig. 1. Carter–Penrose diagram for the spherically symmetric 
Reissner–Nordström black hole with electric charge q = 0.99. 
The spaceship starts from the point A at R+-region toward its 
multi-planetary future inside the black hole. The astronauts are 
planning to use the Einstein–Rosen bridge (magenta curve) and 
intersect both the black hole event horizon r+ and Cauchy horizon 
r− − at finite their proper time. After appearing near the black 
hole singularity at r = 0, the spaceship uses its powerful engines 
to change the direction of motion and escape the tidal destruction 
at small radii. In result, the voyage is happily finishing at point 
B (may be at the Earth-like planet) in another infinite universe. 
The symmetry is in possibility to repeat the complete route of this 
voyage staring from the point B but only in the forward direction 
in time to-ward another multi-planetary future. It is impossible to 
return the native Earth due to impossibility of any motion beyond 
the light cone. This is the motion asymmetry on the one-way 
Einstein – Rosen bridge inside black hole

Fig. 2. 2D presentation of the voyage through the Reissner–
Nordström black hole interiors by using the Einstein–Rosen 
bridge. This picture is geometrically absolutely symmetric or, in 
other words, it is nicely symmetric. At the same time, this picture 
is misleading and physically controversial: Indeed. the voyage 
is starting at apogee ra from the position at pointA, then reach 
the perigee rp and return the apogee ra at the point B for a finite 
proper time, demonstrating the absolute geometric symmetry. 
Meanwhile, there is a crucial hitch: this apogee ra at the point B is 
not in the native universe, but in the other quite distant universe, 
as it is clearly viewed at the Carter – Penrose diagram in Fig. 1. 
The apogee ra and perigee rp radii are shown by dashed circles. 
Respectively, the event radii of event horizon r+ and Cauchy 
horizon r− are shown by solid circles. The magenta curve here and 
in the Fig. 4 is numerically calculated geodesic trajectory with 
using equations of motion (6)–(9) for massive test particles
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Fig. 3. Embedding diagram for the voyage through black hole 
interiors by using the Einstein–Rosen bridge. This bridge connects 
two asymptotically flat universes like wormhole tunnel, but with 
the only one-way motion from the initial point A to the final 
point B. The geometrical symmetry of this embedding diagram 
is deceptive. In fact, this embedding diagram demonstrate the 
asymmetric space-time origin of the one-way Einstein–Rosen 
bridge (remember about loss-cone)

Fig. 4. Both the geometrical and physical completely symmetric 
picture of the periodic orbital motion of the test planet or spaceship 
around the central singularity of the Reissner–Nordström black 
hole inside the Cauchy horizon r−. The asymmetric Reissner–
Nordström bridge is only needed for penetration into this very 
exotic region at 0 < r < r−, where exist the nearly stable periodic 
orbits for test particles, which are very similar to the periodic orbits 
outside the black hole event horizon r+. The apogee ra and perigee 
rp radii are shown by dashed circles. Respectively, the event radii of 
event horizon r+ and Cauchy horizon r− are shown by solid circles

Fig. 5. Trajectory of the test planet (μ ≠ 0) with orbital parameters ϒ 
= 0.85, λ = 1.7 and Q = 1 plunging into the fast-rotating Kerr black 
hole with spin a = 0.9982. This test planet starts from the upper 
hemisphere very far from the black hole. Inside the ergosphere (13) 
this planet is winding up on the black hole event horizon higher 
the black hole equatorial plane. Blue curve here is the numerically 
calculated geodesic trajectory with using equations of motion (6)–
(9) for test particles

Fig. 6. Trajectory of the test planet (μ ≠ 0) with orbital parameters ϒ 
= 0.85, λ = 1.7 and Q = 1 plunging into the fast-rotating Kerr black 
hole with spin a = 0.9982. This test planet starts from the lower 
hemisphere very far from the black hole. Inside the ergosphere 
this planet is winding up on the black hole event horizon higher 
the black hole equatorial plane. Blue curve here is the numerically 
calculated geodesic trajectory with using equations of motion (6)–
(9) for test particles
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numerically by using equations of motion (6)–(9) 
for massive test particles (μ ≠ 0). Note, that the 
periodical motion of the test planet is limited in 
time due to energy losses in inevitable emission of 
the gravitational waves.

The picture in Fig. 2 is geometrically absolutely 
symmetric or, in other words, it is completely or 

nicely symmetric. The geodesic trajectories of test 
planet (μ ≠ 0) in this Fig. 2 and in Fig. 3 (the red 
curves), are numerically calculated [22–32], by using 
the corresponding equations of motion in the Kerr – 
Newman metric (6)–(9).

At the same time, this picture is misleading and 
physically controversial: Indeed, the voyage is 
starting at apogee ra from the position at point A, 
then reach the perigee rp and return the apogee ra at 
the point B for a finite proper time, demonstrating 
the absolute geometric symmetry. Meanwhile, 
there is a crucial hitch: this apogee ra at the point 
B is not in the na tive universe, but in the other 
quite distant universe, as it is clearly viewed at the  
Carter–Penrose diagram in Fig. 1. This hitch again 
destroys the Einstein–Rosen bridge symmetry.

Figure 3 shows the embedding diagram for the 
voy-age through black hole interiors by using the 
Einstein–Rosen bridge. The embedding diagram is 
very useful for the training of intuitive understanding 
of the peculiarities of the enigmatic black holes. In 
this embedding diagram the Einstein–Rosen bridge 
connects two asymptotically f lat universes like 
wormhole tunnel [33, 34], but with the only one-way 
motion from the initial point A to the final point 
B. The geometrical symmetry of this embedding 
diagram is deceptive. In fact, this embedding 
diagram demonstrate the asymmetric space-time 
origin of the one-way Einstein–Rosen bridge 
(remember about loss-cone).

Fig. 7. Photon trajectory with orbital parameters λ = 2 and Q = 
1. This photon is plunging into the fast-rotating Kerr black hole 
with a = 0.9982 and is winding up on the black hole event horizon 
below the equatorial plane. Multi-colored curve is the numerically 
calculated geodesic trajectory with using equations of motion (6)–
(9) for massless test particles like photons (μ = 0) 

Fig. 9. A trivial but though very expressive trajectory of a test planet 
(μ ≠ 0) with parameters ϒ = 1, λ = 1 and Q = 0.5, which is plunging 
into the spherically symmetric and nonrotating Schwarzschild 
black hole (with both the spin a = 0 and electric charge q = 0). The 
starting point for this numerically calculated crazy voyage is at the 
radial distance r = 6

Fig. 8. Numerically calculated photon (μ = 0) trajectory with 
orbital parameters λ = −1.493 and Q = 12.99, which is plunging 
into the fast-rotating Kerr black hole with spin a = 0.9982. It must 
be stressed that at large distances from black hole the test particle 
with negative azimuthal angular momentum (λ = −2.811) rotates 
in opposite direction with respect to the black hole. Meanwhile, by 
approaching the black hole (inside the ergosphere) test particle is 
forced to rotate in the same direction as black hole
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The completely symmetric picture of the periodic 
orbital motion of the test planet or spaceship around 
the central singularity of the Reissner–Nordström 
black hole inside the Cauchy horizon r− is shown 
in Fig. 4. The electric charge of the black hole is  
e = 0.99 and test planet (or spaceship) with the 
electric charge ε = −1.5 is periodically orbiting 
around black holes with orbital parameters ϒ = 1.7, 
λ = 0.1, corresponding to the maximal radius (apogee)  
rmax = 0.75 and minimal radius (perigee) rmin = 0.09, 
respectively. The asymmetric Reissner–Nordström 
bridge is only needed for penetration into this very 
exotic region at 0 < r < r−, where exist the nearly 
stable periodic orbits for test particles [35–41], 
which are very similar to the periodic orbits outside 
the black hole event horizon r+.

4. SYMMETRY AND ASYMMETRY OF 
TEST PARTICLE TRAJECTORIES NEAR 

ROTATING BLACK HOLE

Figures 5–7 demonstrate both symmetry and 
asymmetry features of massive and massless particle 
trajectories plunging into rotating Kerr black hole 
with spin a = 0.9982. Magenta arrows shows the 
direction of the black hole rotation in accordance 
with the gimlet rule. The multi-colored curves at 
Figs. 7 and 8 are the geodesic trajectories for massless 
test particles like photons (μ = 0) numerically 
calculated with using equations of motion (6)–(9). 
By approaching the black hole, the trajectories of 
all particles, both massive and massless ones, are 
infinitely winding up on the black hole event horizon 
in the direction of the black hole rotation and at the 
fixed latitudes. This winding up is a manifestation of 
symmetry of behavior of all trajectories, plunging into 
rotating black hole. At the same the direction of the 
black hole rotation is a corresponding manifestation 
of asymmetry of the gravitational field of the Kerr 
metric.

At last, for completeness of black hole symmetric 
and asymmetric properties, at Fig. 9 is shown the 
trajectory of the test planet (μ ≠ 0) with parameters 
ϒ = 1, λ = 1 and Q = 0.5. This test planet is plunging 
into the spherically symmetric and nonrotating 
Schwarzschild black hole (with both the spin a = 0 
and electric charge q = 0), starting from the radial 
distance r = 6. It must be especially checked that 
the traversable (though only one-way in time and 
direction) Einstein–Rosen bridge is absent at all 

5. CONCLUSION AND DISCUSSION

It is demonstrated the symmetry and asymmetry 
of the voyage on one-way Einstein–Rosen bridge 
inside black hole toward the endless multiplanetary 
future. The apparent symmetry of both the Carter– 
Penrose and embedding diagrams is mainly related 
with a pure geometrical vision of this phenomenon. 
Quite the contrary, the physical (space-time) vision 
elucidates the absolute asymmetry of the Einstein 

– Rosen bridge due to existence of the light-cone 
limitation for possible motions.

Note, that the traversable (though only one-
way in time and direction) Einstein–Rosen bridge 
exist only in the case of both rotating Kerr a ≠ 0 
and electrically charged Reissner–Nordström 
q ≠ 0 black holes. It is absent at all inside the 
Schwarzschild black hole (see for details, e. g., [12, 
14]) inside the Schwarzschild black hole (see for 
details, e. g., [12, 14]).The infinite winding up of 
trajectories of all particles on the black hole event 
horizon is a manifestation of symmetry behavior of 
all trajectories, plunging into rotating black hole. At 
the same time, the fixed direction in space of the 
black hole rotation axis is a strict manifestation of 
the Kerr metric both symmetry and asymmetry.
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Abstract. Within the transition state theory and the projector augmented-wave method, the mechanisms 
of iron diffusion in α-Ti were studied. The formation energies of interstitial and substitution defects, 
as well as the barriers of iron migration in α-Ti along possible paths through both interstitial and 
vacancy mechanisms were calculated. It was confirmed that the most preferred position for an iron 
interstitial atom is a crowdion, which formation energy is only 0.17 eV higher than that of iron defect 
on titanium site. Analytical expressions for the temperature-dependent diffusion coefficients of iron in 
two crystallographic directions for the interstitial mechanism were obtained by the Landman method. 
In general, the coefficients of iron diffusion in α-Ti and its anisotropy are consistent with experimental 
data, while the corresponding diffusion coefficients for the vacancy mechanism are several orders of 
magnitude lower. The obtained results allow us to conclude that the anomalously fast diffusion of iron 
in α-Ti is due to the interstitial mechanism. 
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1. INTRODUCTION

Titanium and its alloys possess a complex of 
unique mechanical properties, making them 
promising materials for application in aerospace, 
automotive, shipbuilding, and other industries. 
The development of materials based on them 
with improved functional characteristics and 
mechanical properties remains a relevant task for 
many decades [1]. It is known that technically pure 
titanium has high corrosion resistance, including in 
aggressive environments containing chlorine and its 
derivatives, organic compounds with oxygen, and 
others. However, the addition of alloying impurities 
can significantly change its corrosion behavior. 
Furthermore, one of titanium's advantages is the 
possibility of its strengthening by oxygen, nitrogen, 
and small additions of other elements (for example, 
iron and palladium) to obtain different grades 
of metal suitable for numerous technological 

applications. The main difference between titanium 
grades lies in the content of oxygen and iron. Iron, 
along with elements such as chromium, manganese, 
cobalt, nickel, and others, belongs to β-eutectoid 
elements that stabilize the β-phase, lowering the 
β–α phase transformation temperature, equal to 
1556 K. [2] Unlike β-isomorphous elements (Mo, V, 
and Ta), the solubility of iron in α-Ti is small, about 
0.05 at.% [3]. Impurity diffusion can lead to local 
changes in their concentration and negatively affect 
titanium properties.

Many processes in materials and their mechanical 
properties are related to atomic mobility. Knowledge 
of diffusion coefficients and anisotropy is very 
important for understanding deformation processes in 
alloys, thermal stability of protective coatings, creep 
resistance, and other characteristics. Information 
about migration barriers and diffusion mechanisms 
is necessary for a deeper understanding of oxidation 
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and hydrogenation processes in materials, as well as 
the influence of impurities on these processes [6,7]. 
In this regard, the study of microscopic mechanisms 
of diffusion of various elements in titanium and its 
alloys appears important from both theoretical and 
practical perspectives. Establishing factors affecting 
the diffusion of impurities that negatively impact 
material properties allows expanding their application 
scope.

Despite intensive experimental studies of 
atomic diffusion in metals and alloys, theoretical 
calculations of diffusion properties remain rare. In 
most works, authors calculate migration barriers 
of impurities between individual interstitial 
positions, often considering only a limited set of 
these positions. Conclusions about the preferential 
diffusion of impurities in certain crystallographic 
directions are typically made based on the analysis of 
obtained migration barrier values. At the same time, 
the fact that atomic diffusion can occur not only 
along selected directions but also along paths where 
an atom shifts in both directions simultaneously 
is not taken into account. Density Functional 
Theory (DFT) [8] together with transition state 
theory [9] allows understanding the mechanisms 
of diffusion and self-diffusion in materials with 
various crystal structures. With the emergence of 
algorithms enabling the calculation of barriers along 
minimum energy paths within several modern 
software codes, the number of publications on this 
topic has increased significantly. Most works are 
devoted to studying the diffusion of light interstitial 
impurities such as hydrogen or oxygen (see [10–17] 
and references therein). However, estimating 
the temperature-dependent diffusion coefficient, 
even using simplified models, also requires the 
development of appropriate programs, so such 
calculations remain rare.

In work [18], self-diffusion of metals with HCP 
structure (Mg, Zn, Ti, Zr and Hf) was studied. 
An analysis was carried out on the influence of 
several factors on migration barrier values: plane 
wave cutoff energy, k-point grid, supercell size, and 
structural optimization scheme. It was shown that 
the supercell size strongly affects migration barriers 
in d-metals (Ti, Zr and Hf), but they remain 
practically unchanged in the case of Mg. It was 
established that the difference in migration barriers 
in the basal plane and between them decreases 
with increasing supercell size. The optimization of 

supercell shape and volume also affects migration 
barriers more significantly when they are calculated 
in a small-sized supercell. Overall, the calculated 
self-diffusion coefficients [18] show good agreement 
with experiment.

It should be noted that substitutional impurity 
diffusion has been studied much less by ab initio 
methods than interstitial one. For example, in 
a recent work [19], diffusion coefficients were 
calculated for impurities of ten elements (Si, Ti, 
V, Ta, Ru, Cr, Te, Tc, Ir and Y) in Nb. Migration 
barriers were obtained for these elements along 
possible diffusion paths. The results of this work are 
in good agreement with available experimental and 
earlier theoretical data for individual impurities. The 
difference in activation energy from experimental 
values for several impurities is 0.3–0.6 eV, and a 
slightly smaller deviation from earlier theoretical 
results was obtained for Ti and Ru impurities [20].

The dependence of the coefficient on the atomic 
diffusion mechanism (vacancy or interstitial) 
was also studied in α-Ti. It is believed that rapid 
diffusion of Fe, Co, Cr and Ni atoms in α-Ti may 
be related to the interstitial mechanism [21] and 
relatively weak atomic bonding between impurity 
and matrix atoms. The diffusion coefficient of Fe 
and Co is 7–8 orders of magnitude higher than 
the self-diffusion coefficient of titanium [22]. In 
the case of Al, Ga, Ge, Nb, Ta, Si, Sn and other 
elements, the vacancy mechanism was proposed 
as dominant [23, 24], with calculated coefficients 
showing good agreement with experiment. Works 
[25, 26] showed that for Fe and Co in α-Zr, the 
formation of an interstitial defect is more favorable 
than a substitutional defect, while in α-Ti the 
situation is reversed [25, 26]. Impurity diffusion 
in α-Ti was studied most thoroughly in [27]. The 
authors considered lattice thermal expansion and 
showed that the difference between the formation 
energy of substitutional and interstitial impurities 
decreases with temperature. They also estimated 
the exponential part of the diffusion coefficient 
for a number of impurities in both interstitial 
and vacancy mechanisms, with the difference 
reaching 9–10 orders of magnitude for Fe and Co. 
However, direct calculation of the temperature-
dependent diffusion coefficient for Fe and other 
impurities and its comparison with available 
experimental data [28–30] was not performed. 
Furthermore, the authors [27] confirmed that the 
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mechanism involving impurity-vacancy complex 
formation is not responsible for fast diffusion of 
several impurities in α-Ti. Thus, currently many 
phenomena related to impurity diffusion are far 
from being fully understood even in titanium and 
its alloys.

The purpose of this work is a theoretical study 
of iron diffusion in α-Ti within the interstitial and 
vacancy mechanisms, as well as direct evaluation 
of the temperature-dependent diffusion coefficient 
using modern methods.

2. COMPUTATIONAL DETAILS

Calculations of atomic and electronic structure 
α-Ti were performed using the projector augmented 
wave (PAW) method [31,32] in a plane-wave basis 
with the generalized gradient approximation (GGA) 
[33] for the exchange-correlation functional. A 
supercell 4 × 4 × 3 containing 96 atoms was used. For 
atomic structure relaxation, a complete optimization 
scheme was applied, which allowed changes in 
both atomic positions and supercell volume. The 
maximum energy of plane waves from the basis set 
was 400 eV. Integration over the Brillouin zone was 
performed using a k-point grid 3×3×3. Convergence 
was considered achieved if the difference in total 
energies between two consecutive iterations did 
not exceed 10−6 eV. Relaxation of atomic positions 
was carried out until the forces on atoms reached  
10−4 eV/Å. The calculated lattice parameters were 
a = 2.921 eV and c = 4.634 Å and differed from 
experimental values (a = 2.951 Å and c = 4.684 Å 
[34]) by no more than 1%.

The defect formation energy in titanium was 
calculated using the following formula:

	 Ef = E(Fe + Ti) − NE(Ti) − E(Fe),	  (1)

where E(Fe + Ti) is the total energy of the titanium 
supercell with an Fe atom, E(Ti) and E(Fe) are 
the total energies of titanium and iron in their 
ground states, i.e., Ti in HCP structure and Fe in 
ferromagnetic BCC structure, parameter N equals 
96 in the case of an interstitial defect and 95 when 
forming a substitutional defect.

Migration barriers were calculated using the 
climbing image nudged elastic band method CI- 
NEB [35]. Five images were used to estimate the 
barriers. The initial position of these images along 

the minimum energy path was found using linear 
interpolation between the initial and final positions 
of the diffusing atom. During the relaxation of all 
five images, each atom was considered elastically 
bound to the same atom in neighboring images. This 
approach allows determining the path with the lowest 
energy, as well as the saddle point. Migration energy 
barriers of the iron impurity atom were determined 
as the difference between the total energies of the 
system at the saddle and initial points. 

To estimate the temperature-dependent diffusion 
coefficient of diffusion within the interstitial 
mechanism, the Landman method [36, 37] was used, 
which allows obtaining analytical expressions for this 
characteristic. Based on the Fourier transform of the 
displacement matrix  and the Laplace transform 
of the waiting time density matrix , this method 
assumes to construct a propagator matrix R(k, u), 
through which the diffusion coefficient is expressed. 
A detailed description of this approach is given in our 
earlier works [38, 39].

To estimate the diffusion coefficient within the 
vacancy mechanism, as in works [23, 24, 40], the 
eight-frequency model [41] was used. Within this 
model, the influence of the impurity is considered 
only for six jumps, whose initial position is located 
in the first coordination sphere of the impurity atom, 
and two more jumps are associated with the exchange 
of vacancy and impurity positions (Fig. 1). Since 
two initial configurations of the impurity-vacancy 
complex are possible, four migration energies need 
to be calculated for each.

B

b

c

a

A a'

b'
c'

Fig. 1. Schematic representation of atomic jumps within the eight-
frequency model. The impurity atom is shown in red, possible 
initial positions of the vacancy are marked with crosses.
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Both methods mentioned above for numerical 
estimation of the diffusion coefficient require 
knowledge of jump rates or frequencies, which were 
calculated using the formula given in [4]: 

	
 +Γ = − 
 2 exp ,

2

m m f

B

E E E
k Tml

	 (2)

where Em is the migration energy of the defect 
atom, m is the mass of the diffusing atom, l is the 
jump length, kB is the Boltzmann constant, T is 
temperature.

3. RESULTS AND DISCUSSION

3.1. Defect Formation Energies
Titanium in the low-temperature α-phase has a 
hexagonal close-packed structure with space group  
No. 194 (P63/mmc). Titanium atoms occupy 
2c-positions according to Wyckoff classification. 
The following standard interstitial positions were 
considered as insertion positions (Fig. 2а): octahedral  
(O, in Wyckoff notation positions 2a), tetrahedral  
(T, 4f), two hexahedral positions (HO, 2b and HT, 2d) 
and two crowdions and (C, 6g and CB, 6h). Note 
that a crowdion is understood as a position, located 
on the bond between the nearest matrix atoms. In 
the case of HCP crystal, there are two crowdion 
positions: when the impurity atom is located between 
titanium atoms in the (0001) plane, such position 
will be denoted as CB; and when this atom is located 
between two nearest titanium atoms which are in 

adjacent basal planes (C-position). Additionally, the 
substitution position of titanium atom with iron 
was considered (S, 2c). The coordinates of these 
positions, as well as a number of their structural 
and energetic characteristics are given in Table 1. 
During structure optimization with the inserted 
Fe atom, it turned out that the basal crowdion 
position (CB) is not stable, as Fe shifts from it to the 
O-position. Phonon frequency calculations showed 
that Fe in tetrahedral and both hexahedral positions 
is characterized by imaginary frequencies, with the 
latter can be considered as first-order transition 
states, as Fe has only one imaginary frequency. 
Thus, in α-Ti for the Fe atom, only positions O and 
C will be considered as interstitial positions hereafter, 
and Fe diffusion can occur through network shown 
in Fig. 2b.
According to definition (1), a positive value 
Ef indicates the endothermic nature of defect 
formation, therefore the lower formation energy 
corresponds to the more preferable defect. From 
Table 1, it follows that the crowdion (C) is the most 
preferable interstitial position, and the difference in 
Ef with O-position is 0.26 eV, which satisfactorily 
agrees with the value of 0.16 eV obtained in work 
[27], and a slightly lower value of 0.14 eV was 
obtained in work [26]. To explain the preference 
of crowdion compared to the octahedral position, 
mechanical (MC) and chemical (CC) contributions 
to the defect formation energy were calculated using 
the standard procedure, which has been repeatedly 
applied in earlier works [42,43]for various energy 
characteristics. 

Fig 2. Elementary cell of α-Ti with absorption positions (a), network of possible diffusion paths of Fe atom (b). Large spheres represent 
titanium atoms, medium red, blue and green spheres represent positions O, C and T, small pink, light blue and light green spheres 
represent HO, CB and HT

Ti
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It is known that these contributions have 
opposite signs and their competition determines the 
preferential positions of incorporation. Although the 
mechanical contribution in the case of C-position 
exceeds that for O-position by 0.16 eV, the chemical 
contribution in the first case is significantly higher 
in absolute value by 0.42 eV (0.49 eV [27]). Thus, 
stronger interatomic interaction Fe–Ti in C-position 
determines its preference compared to O-position. 
When incorporating into the crowdion position, Fe 
atom causes displacement of nearest Ti atoms by 
away from it, while the bond length 0.65 Å is 2.08 Å 
(Table 1). At the same time, Fe incorporation into 
O-position causes significantly smaller displacement 
of titanium atoms (0.26 Å) and the equilibrium 
interatomic bond length is considerably larger  

(2.31 Å) than in the previous case. As shown in 
Table 1, the supercell volume change for both 
positions is practically identical (0.74–0.75%). Note 
that the shorter Fe–Ti bond length also correlates 
with the higher orbital overlap population value 
(Table 1), calculated using DDEC6 method 
[44, 45]. As shown by the calculation of crystal orbital 
Hamilton population curves (COHP) [46, 47], at the 
Fe–Ti interaction in the considered incorporation 
positions, no antibonding states are induced 
(Fig. 3а), which can form in case of impurities with 
more than half-filled d-shell. Note that in O-position, 
the Fe valence band is substantially narrower than in 
C-position, which may also indicate relatively weak 
Fe–Ti interaction in (Fig. 3b). 

Position Coordinates Ef, eV MC, eV CC, eV ΔV, % d(Fe–Ti),  
Å

 θ(Fe–Ti), 
el.

O, 2a (0, 0, 0), (0, 0, 
1/2)

1.02, 1.17 
[27]

1.47,
1.42 [27]

−0.45, −0.25 
[27] 0.75 2.31 0.59

C, 6g

(1/2, 0, 0),  
(0, 1/2, 0), 

(1/2, 1/2, 0), 
(1/2, 0, 1/2), 
(0, 1/2, 1/2), 

(1/2, 1/2, 1/2),

0.76, 1.01 
[27]

1.63, 1.74 
[27]

−0.87, −0.74 
[27] 0.74 2.08 0.80

HO, 2b (0, 0, 1/4), 
(0, 0, 3/4)

1.19, 1.38 
[27]

1.60, 1.70 
[27]

−0.41, −0.33 
[27] 0.80 2.10 0.80

HT, 2d (1/3, 2/3, 3/4), 
(2/3, 1/3, 1/4) 2.08 1.82 0.26 0.94 2.22 0.67

T, 4f

(1/3, 2/3, 0.581), 
(2/3, 1/3, 0.081), 
(2/3, 1/3, 0.419), 
(1/3, 2/3, 0.919)

1.35 2.18 −0.83 0.75 1.98, 2.33 0.92, 0.57

S, 2c (1/3, 2/3, 1/4), 
(2/3, 1/3, 3/4)

0.59, 0.41 
[27] 0.26 0.33 −0.53 in 2.73,  

out 2.90
in 0.23,  
out 0.31

Table 1. Formation energy (Ef ) of Fe defects in α-Ti(4×4×3), mechanical (MC) and chemical (CC) contributions, relative change in 
supercell volume (ΔV ), bond length d(Fe -Ti), orbital overlap population (θ)
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The formation of titanium substitution defect by 
iron requires only about 0.59 eV, which is 0.17 eV 
less than the insertion into the crowdion position, 
while titanium substitution leads to a decrease in the 
supercell volume (Table 1), as the atomic radius of 
Fe is smaller than that of the matrix atom. It should 
be noted that the difference in values Ef of these two 
defects is significantly lower than the value of 0.60 eV 
obtained in work [27]. This difference may be related 
to both different optimization schemes for structures 
with defects and pseudopotentials. For example, in 
work [26], where this difference reaches 0.71 eV, the 
authors used a fixed volume scheme. Information 
about the used lattice parameters is absent in 
both works [26,27]. In work [27], the electronic 
configuration for Fe and Ti included p-electrons, 
while 3d- and 4s-states were considered in present 
calculations, as in work [26].

Despite the fact that when titanium is substituted 
by iron, there is a decrease in the length of Fe–
Tiin bonds, oriented in the basal plane (0001), by 

0.19 Å compared to ideal titanium and, conversely, 
an increase in the length of bonds between atoms 
in adjacent planes Fe–Tiout by 0.04 Å, the orbital 
overlap population of in-bonds remains less than 
out-bonds. The latter agrees with the lower height 
of the COHP curve in the case of Tiin, than for 
Tiout (Fig. 3 c,d).Note that the electronic structure 
of atoms Tiin and Tiou differs insignificantly. The 
energy difference ΔEf between defects in O- and Ho-
positions has a value of 0.17 eV, while values of 0.12 
and 0.21 eV were obtained in works [26]. 

3.2. Interstitial diffusion mechanism

The calculated migration barriers of Fe atom 
between interstitial positions are shown in Table 2. 
It can be seen that direct transition between 
C-positions along the c-axis (Fig. 2b) requires 
0.13 eV more energy than in the perpendicular 
direction. The migration energy of Fe from 
O-position is small and insignificantly depends on 
its direction (Table 2). At the same time, the energy 

a       b

c      d

E, eV E, eV

E, eVE, eV

N, el./eVN, el./eV

N, el./eV N, el./eV

C-position O-position

S-position S-position

−COHP
Fe
Ti

−6 −4 −2 0 2

−COHP
Fe
Ti

−6 −4 −2 0 2

−COHP
Fe
Tiin

−6 −4 −2 0 2

−COHP
Fe
Tiout

−6 −4 −2 0 2

Fig. 3. Local densities of electronic states for Fe atoms (red line) in C- (a), O-(b) and S-position (c, d) and nearest Ti atoms (blue line), 
as well as COHP curves for Fe–Ti-bonds, shown by filling.
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of indirect jump of Fe between crowdions through 
the saddle HT-position (C → HT → C) along the 
c-axis is 1.31 eV, which is significantly higher than 
for direct jump (C → C) along both axes (Table 2). 
The latter allows excluding this indirect transition 
from further consideration. Comparison of the 
calculated energy barriers with available data [27] 
shows satisfactory agreement.

Since within the Landman method [36, 37] as 
interstitial positions were used C(6g) and O(2a) and 
positions, all matrices had the size of 8 × 8. The 
obtained expressions for Fe diffusion coefficients 
along two nonequivalent directions have the 
following form:

 

	
( )

( )( )
Γ Γ + Γ Γ + Γ

=
Γ + Γ Γ + Γ

2 2 2
, , , , ,

, , , ,

8 6

3 3
OC a CC a CC a CO a CO a

a
CO a OC a CO a CC a

a
D 	(3)

and 

	
( )

( )
Γ Γ + Γ Γ

=
Γ + Γ

2
, , , ,

, ,

3
,

4 3
CC ñ OC a CO a OO c

c
CO a OC a

c
D 	 (4)

where a, c are lattice parameters, Γij,k is jump rate  
i  → j along axis k, which coincides with 
crystallographic axes.

In Fig. 4, it can be seen that Γ rates differ 
from each other by several orders of magnitude, 
particularly ΓCO,a/ΓOC,a ≈ 0.06 in the temperature 
range 500–1150 К, therefore expressions (3) and (4) 
can be simplified:

	 ( )= Γ + Γ
2

, ,3
3a CO a CC a

a
D 	 (5)

and 

Table 2. Migration energies (Em in eV) of Fe in α-Ti along two 
crystallographic directions

Direction Path Em, eV

a C → C 0.42
C → O 0.41, 0.33 [27]
O → C 0.16, 0.17 [27]

c O → (HO) → O 0.17, 0.21 [27]
C → (HT ) → C 1.31

C → C 0.55

	 = Γ + Γ
2

2
, ,0.005 .

4c CC c OO c
c

D c 	 (6)

Expressions (5), (6) allow estimating contributions 
of specific jumps to diffusion coefficients. 
Approximating the temperature dependence of Da 
and Dc according to the Arrhenius equation by least 
squares method by points with a step of 50 K, we 
obtain final expressions for diffusion coefficients 
within the interstitial mechanism:

	

−

−

 = ⋅ −  
 = ⋅ −  

7 2

8 2

1.204.6 10 exp / ,

1.019.0 10 exp / .

a
B

c
B

D m s
k T

D m s
k T

	 (7)

In Fig. 5 it is evident that the theoretical values 
of temperature-dependent diffusion coefficient 
slightly exceed the experimental values from work 
[28], where diffusion coefficients were equal to the 
following expressions:

	

−

−

 = ⋅ −  
 = ⋅ −  

6 2

7 2

1.496.4 10 exp / ,

1.164.7 10 exp / .

a
B

c
B

D m s
k T

D m s
k T

	 (8)

Comparing expressions (7) and (8), it is clear 
that the calculation underestimates the activation 
energy by approximately 0.15–0.30 eV, and the 
pre-exponential factor by (0.38–5.94) · 10−6  m2/ s. 
In Fig. 5, it is seen, that the anisotropy of Fe 
diffusion in α-Ti has the correct character  
(Dc > Da), however, the ratio Dc/Da is underestimated, 
although it has the same order. As shown in work 
[48], calculation of migration barriers using the 
generalized gradient approximation in PBE form 
leads to their underestimation by approximately 
0.1 eV on average. Additionally, Fe impurity 
contributes to the weakening of the nearest the  
Ti–Ti bonds. It can be seen from change in electron 
localization function (ELF) [49] when titanium is 
substituted with iron, shown in Fig. 6. The electron 
localization in the three-center interaction attractor 
region decreases from 0.8 to 0.6 near the Fe atom, 
indicating a decrease in covalent and increase in 
metallic contribution to chemical bonding. The 
weakening of bonds in α-Ti can also be indirectly 
seen from the phase diagram of the system Ti–
Fe, presented in work [50]. Adding Fe to α-Ti 
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reduces the melting temperature, which from the 
interatomic interaction point of view corresponds 
to an increase in metallic contribution. When 
calculating migration barriers, this can lead to 
overestimated displacements of Ti atoms nearest 
to Fe, which, in turn, lowers the energy migration 
barriers. Overall, the order of the ratio of diffusion 
coefficient to pre-exponential factor at T = 1000 К 
is 10−7–10−6, while the experimental value equals 
10−8–10−6 [28]. Note that the difference between 
theoretical and experimental diffusion coefficient 
values by one to two orders of magnitude is 
considered satisfactory, as the experimental results 
themselves have similar scatter. The approximate 
estimation of this ratio (10−4) in work [27] is 
significantly overestimated compared to the 
experiment.

3.3. Vacancy Mechanism of Diffusion
Let's briefly discuss the results obtained for the 

vacancy mechanism of iron diffusion in titanium. 
Since the substitution of titanium with iron is the 
dominant defect, and in [27] only the exponential 
part of the diffusion coefficient was calculated at 

Γ, s-1

T, K

ΓOO c,
ΓCC c,
ΓCC a,
ΓCO a,
ΓOC a,

Da
Dc
Da [28]
Dc [28]

D, m /s2

1/ ,k TB eV−1

60
0

80
0

10
00

T, K

Fig. 5. Temperature-dependent diffusion coefficient of Fe in α-Ti 
compared with experimental data from [28]. The values obtained 
in this work are shown by lines, experimental data by symbols. 
The vertical dashed line corresponds to the phase transition 
temperature α ↔ βFig. 4. Temperature dependence of jump rates Г

Table 3. Migration energies calculated within the eight-frequency model

 Jump A  a′ b′ c′ B  a  b  c 

Present 
results 0.89  0.27  0.10  1.15  0.60  0.07  0.29  0.61 

Theory [27] 0.71  – 0.13  – 0.68  0.09  0.30  0.56 

a temperature of 1000 K, its estimation within 
the vacancy mechanism framework is necessary 
to establish the most preferred mechanism. The 
obtained migration energy values are shown in 
Table 3. The vacancy formation energy in pure 
titanium equals 2.00 eV, which agrees well with the 
theoretical values of 2.05 eV [27] and 2.08 eV [51], 
but significantly exceeds the experimental values 
1.27–1.55 eV [52,53]. Note that overestimation of 
vacancy formation energies in metals and alloys is 
a known issue. Taking into account the temperature 
contribution to vacancy formation energy allows 
reducing theoretical values by several tenths of an 
electron-volt.

Interaction with an iron atom, as mentioned above, 
weakens Ti-Ti bonding, which leads to a decrease in 
the formation energy of titanium vacancies. Thus, 
the formation energy of Ti vacancy in the same 
atomic layer with orientation (0001), where the 
iron impurity is located, is 1.62 eV, while vacancy 
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Fig. 6. Electron localization function in pure α-Ti (a) and in the presence of Fe atom (b). The distribution in the (0001) plane is shown. 
Isolines are drawn in the range from 0 to 0.80 with a step of 0.07

formation in the adjacent atomic layer near the 
impurity requires

1.43 eV. Different values suggest that expressions 
for and should be multiplied by different vacancy 
concentrations. From an energy point of view, the 
decrease in vacancy formation energy near the iron 
impurity is due to the vacancy-impurity interaction 
energy, which is 0.38 eV and 0.57 eV when both 
defects are located in the same layer or in adjacent 
layers, which agrees with the value of 0.50 eV [54] 
obtained by the Faulkner method.

Within the eight-frequency model, the following 
expressions were obtained for iron diffusion 
coefficients along the axes a and c:

	

−

−

 = ⋅ −  
 = ⋅ −  

7 2

7 2

2.241.4 10 exp / ,

2.324.9 10 exp / .

a
B

c
B

D m s
k T

D m s
k T

	 (9) 

From formulas (9), it follows that the theoretical 
activation energies in this case significantly exceed 
the experimental values of 1.16–1.49 eV [28]. The 
latter indicates that within the vacancy mechanism, 
high energies are required for elementary jumps 
between substitution positions. The ratio of the 
diffusion coefficient to the pre- exponential factor 
at 1000 K is 10−12 (the value 10−13 was obtained in 
work [27]), while within the interstitial mechanism, 
the value 10−7 (in the basal plane) and 10−6 (along 
c-axis) was obtained. Thus, despite the fact that 
the formation of substitution impurity in the 
case of Fe is more preferable than an interstitial 
defect, the dominant mechanism is its diffusion 
through interstitial sites in α-Ti. It should be noted 

that the temperature effect assessment in [27] on 
the difference between the formation energies 
of interstitial and substitution defects showed 
that it decreases by almost 0.3 eV at 1000 K. 
In the present work, the difference between these 
defects at 0 K is only 0.17 eV, and with increasing 
temperature, the interstitial defect may become 
dominant. In conclusion, we should also note that 
in the calculations, the iron concentration was about  
1 at.%, while in the experiment it cannot exceed 
approximately 0.06 at.%. Increasing the number of 
atoms in the cell leads to significant computational 
costs and does not affect the obtained migration 
energy values. Moreover, even in the present model, 
diffusing atoms do not interact with each other. 
Therefore, the concentration effect will not affect 
the values of activation energy and pre-exponential 
factor.

4. CONCLUSION
The diffusion of iron in α-Ti has been studied 

using the projector augmented wave method within 
the interstitial and vacancy mechanisms, and the 
temperature-dependent diffusion coefficient has been 
evaluated. The energies of Fe atom incorporation 
into various interstitial sites were calculated, and it 
was established that two positions are dynamically 
stable: octahedral and crowdion. The latter is located 
between titanium atoms in adjacent basal planes. The 
formation of a crowdion is energetically preferable 
(0.76 eV), while the formation of a substitutional 
defect of titanium with iron requires 0.17 eV less 
energy, which is consistent with earlier theoretical 
results. The calculation of iron atom migration 
energy showed that the lowest barriers correspond 
to jumps between crowdions in the basal plane  
(0.41–0.42 eV) and between octahedral positions 

a b
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along the c-axis (0.55 eV). Analytical expressions 
for the temperature-dependent diffusion coefficient 
of iron in α-Ti were obtained within the interstitial 
mechanism. Numerical evaluation of diffusion 
coefficients showed that diffusion along the c-axis 
proceeds faster (activation energy equals 1.01 eV) 
than in the perpendicular direction (1.20 eV). The 
theoretical values of the anisotropy parameter  
Dc/Da and the diffusion coefficients along two 
crystallographic directions are in satisfactory 
agreement with experiment [28], according to 
which the activation energies are 1.16 and 1.49 eV for 
diffusion along the c-axis and in the perpendicular 
direction, respectively. At the same time, iron 
diffusion via the vacancy mechanism requires higher 
activation energy (2.24–2.32 eV) and proceeds 
several orders of magnitude slower than interstitial 
diffusion. Thus, the present research allows us 
to conclude that for iron in α-Ti, the interstitial 
diffusion mechanism is preferred.
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Abstract. The paper considers the features of polarized luminescence induced by a magnetic field in 
an ensemble of localized excitons. It was found that: 1) in an inhomogeneous ensemble, the splitting 
of photoluminescence bands in a magnetic field in the right and left circular polarizations may exceed 
the value of the Zeeman splitting of individual excitons in the ensemble by orders of magnitude; 2) the 
lower photoluminescence band in terms of energy may have a lower intensity than the upper one, at 
first glance contradicting the Boltzmann energy distribution; 3) the sign of the circular polarization 
of photoluminescence may vary along the contour of the radiation band. It is shown that in an 
inhomogeneous ensemble, all these features are explained by the pendence of the exciton g-factor on its 
localization energy.
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1. INTRODUCTION

Magnetic circular polarization of luminescence 
(MCPL) is an effective method for studying the spin 
orientation of excitons and carriers in crystals, which 
is related to the thermal redistribution of carriers and 
excitons between Zeeman sublevels in a magnetic 
field. This method was successfully used by Thomas 
and Hopfield to study bound excitons [1]. Using this 
method, the fine structure of acceptor impurities was 
investigated and the acceptor concentration profile 
was measured [2] in quantum wells. This method 
also proved to be very effective for studying spin 
dynamics of charge carriers and excitons [3–5] in 
nanostructures. 

As is known, in a magnetic field, all states split 
according to the projection of the magnetic moment 
on the magnetic field direction. Under non-resonant 
unpolarized optical excitation, these states are 
populated according to the Boltzmann distribution. 
The population ratio of these states is determined by the 
Zeeman splitting value and the temperature factor.

As a result, photoluminescence (PL) becomes 
circularly polarized. The degree of polarization of 
this radiation is determined by the population of 
Zeeman sublevels and a coefficient that accounts for 
the absence of complete thermodynamic equilibrium.

In strong magnetic fields, the degree of 
polarization ceases to depend on the magnetic 
field and is completely determined by the ratio of 
lifetime to spin relaxation time. In weak magnetic 
fields, the degree of polarization is proportional to 
the magnetic field magnitude. This dependence is 
often used to determine the g-factor and the ratio 
of lifetime to spin relaxation time. This model 
describes experimental results well in many cases 
[5]. However, in some cases, experimental results do 
not fit into such a simple scheme (see, for example, 
works [6–8]).

As a rule, emission spectra show not individual 
objects, but entire ensembles of such objects. This 
situation occurs during exciton localization on 
deep levels in bulk crystals [9] or on composition 
fluctuations in solid solutions [10], on quantum 
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well thickness fluctuations or quantum wire cross-
sectional area, on superlattice interfaces [13], as 
well as during dimensional quantization of excitons 
in quantum dots [14–16] or colloidal nanocrystals 
[17–19], taking into account the variation in their 
sizes and shapes. Their emission lines under real 
conditions almost always experience inhomogeneous 
broadening associated with fluctuations in resonant 
energies, center concentration, spatial position, or 
variation in other parameters that determine the 
energy and width of individual emission lines.

In ensembles of localized states, the MCPL 
signal can take various forms. Sometimes "inverse 
population" [20] of Zeeman sublevels is observed, 
sometimes — non-monotonic dependence of 
polarization degree [21] on magnetic field, and 
sometimes — dependence of the exciton g-factor on 
magnetic field, even with sign reversal. In some cases, 
giant splitting of emission bands in two polarizations 
is observed [21,22], while in other cases, conversely, 
there is no Zeeman splitting despite significant 
circular polarization of emission [23].

To explain such diversity of MCPL manifestations, 
various models were proposed, mainly based on the 
dependence of exciton and carrier capture rate on 
the distribution of localizing centers [5, 19, 21, 24]. 
However, some MCPL manifestations cannot be 
explained within these models, for example, the 
giant splitting of PL band maxima in two circular 
polarizations [22].

In quantum dots, unlike, for example, localized 
excitons on quantum well width fluctuations, there 
is no exciton migration between dots. This greatly 
simplifies the analysis of MCPL spectra, as it does 
not require introducing a poorly known additional 
parameter related to exciton migration.

The magnitude of level splitting in magnetic field 
is determined by g-factor. Quantization of excitons 
and carriers in nanostructures can lead to changes 
in their g-factors. For electrons, this change is due to 
spin-orbital interaction, as was first shown in [25] and 
confirmed by numerous experiments [26]. The hole 
g-factor is also sensitive to the shape of the quantization 
potential, as shown in [27, 28]. For excitons [29, 30], an 
additional contribution to the g-factor appears, caused 
by the motion of the exciton center of mass.

This paper discusses a model describing 
some unusual features of MCPL spectra caused 
by inhomogeneous emission line widths. The 

considered model takes into account the dispersion 
of g-factors of holes, electrons, and excitons in an 
ensemble of quantum dots of different sizes.

This model does not negate the possible 
dependence of lifetime, capture probability, and 
spin relaxation time on exciton localization energy. 
However, it explains some observed features of 
emission spectra under conditions of inhomogeneous 
line broadening. Obviously, the model can be useful 
not only for describing MCPL in quantum dot 
ensembles but also for describing polarized PL of 
impurity centers and excitons under conditions of 
inhomogeneous broadening of their emission bands.

2. RESULTS

As is known, in a magnetic field, all states split 
according to the projection of the magnetic moment 
on the direction of the magnetic field. Under non-
resonant, unpolarized optical excitation, these 
states are populated according to the Boltzmann 
distribution. The population ratio of these levels is 
determined by the magnitude of Zeeman splitting 
ΔE and the temperature factor kT. or a two-level 
system under equilibrium conditions, this ratio of 
sublevel populations is described by the relation

	
∆ = −  2 1 exp ,E

n n
kT 	 (1)

where n1 and n2 are exciton concentrations at the 
sublevels, ΔE(B) = µgB is the magnitude of Zeeman 
splitting between sublevels, k  is the Boltzmann 
constant, g is the g-factor, B  is the magnetic field, µ 
is the Bohr magneton.

Radiation from these states has right σ+ or left σ− 
circular polarization depending on the sign of the 
angular momentum projection on the field direction. 
The emission line intensities are proportional to the 
level populations. The degree of polarization equals 

	
+ −σ σ

+ −σ σ

−
=

+
,circ

I I
P

I I 	 (2) 

whereIσ+ and I σ−  are radiation intensities in right 
and left circular polarizations.

The splitting of emission lines equals the 
magnitude of Zeeman splitting of levels ΔE, and 
the intensity ratio is determined by the Boltzmann 
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factor. In cases where the emission line width is 
greater than the magnitude of Zeeman splitting and 
exchange interaction in the exciton, the degree of 
polarization at PL line maxima equals 

	 = τ τ + τ ∆0 0 2 ,circ sP E kT 	 (3)

where τ0 is the lifetime, τs is the spin relaxation time, 
0 0/ ( )sτ τ τ+  is a factor accounting for the fact that 

complete equilibrium is not reached at finite lifetime.

2.1 Polarized luminescence  
of an inhomogeneous ensemble

In polar ized luminescence exper iments, 
inhomogeneous ensembles of states usually 
participate. This especially applies to excitons in an 
ensemble of quantum dots, where there is a large 
spread of excitonic resonance energies. In this case, 
polarized luminescence acquires certain features.

For example, let's consider an ensemble of 
quantum dots. We assume that the excitonic 
luminescence lines from each single dot have 
δ-shaped form 

	 ∝ δ −′ ′( , ) ( ) ( ),L E E n E E E 	 (4)

where E  is the energy of excitonic resonance in a 
single quantum dot, n(E) is the population of this 
dot, L(E) is the PL line shape in a single dot. 

In an ensemble of quantum dots, there can be dots 
of different sizes. The size dispersion of E dots leads 
to a spread in energies of exciton resonances. We 
assume that the distribution of resonant energies in 
the ensemble has a Gaussian form:

	
− ∝ −  

2
0( ) exp ,

E E
G E

w 	 (5)

where E0 the most probable exciton energy in the 
ensemble, and is the width of this distribution.
Then the luminescence band shape of the quantum 
dot ensemble represents a convolution of δ-shaped 
luminescence lines from each quantum dot and the 
Gaussian distribution: 

	
∞

−∞

=′ ′∫( ) ( ) ( , ) .I E G E L E E dE 	 (6)

As a result, we obtain 

	
−′ ∝ −′ ′  

2
0( ) exp ( ).

E E
I E n E

w 	 (7)

In a magnetic field, states split in energy according 
to the projection of the magnetic moment on the 
magnetic field direction. The energies of these states 
in a magnetic field have the form 

	 → ± µ′ ′ ′12 ( ).effE E Bg E 	 (8)

Here we assume that the effective g-factor effg  
depends only on the exciton energy in the quantum 
dot and does not depend on the dot shape. The 
dependence of the g-factor on the dot shape will be 
discussed in section 3.

Split levels will be populated according to the 
Boltzmann distribution. As a result, for the emission 
line of the quantum dot ensemble in a magnetic field, 
we obtain

	 ±
 −′ ∆ ′  ∝ − ±′      

2
0 ( )( ) exp .

2
E E E E

I E
w kT 	 (9)

In a magnetic field, the PL band splits into two, 
+ ′( )I E  and  − ′( )I E , manifesting in two circular 

polarizations, σ+ and σ−, at a given magnetic field 
direction.

For simplification of formulas, let's assume 0 = 0E . 
The position of emission band maxima is determined 
from the solution of the equation

	  ± µ ×′ ′ ( )effE Bg E 	

	  × ± µ ′ ′ 1 ( )effBdg E dE n 	

	 µ =′ ′2 2 ( ) 0.effnw kT Bdg E dE 	 (10)

This equation may have several roots. 
Consequently, the band shape will differ from 
Gaussian and may have several maxima.

The bands intersect when =I I+ −, i.e., when the 
Zeeman splitting value ∆ ′( )E E  in the exponential 
power of equation (9) becomes zero. At these points, 
the polarization ′( )circP E  changes sign.

Let's consider three possible cases of  the exciton 
g-factor dependence on the exciton quantization 
energy.
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2.2 The value of g-factor in the ensemble  
does not depend on energy

Let effg  not depend on energy E ': 

	 = 0.effg g 	

Then
1. The maxima of emission bands in two 

circular polarizations are located at energies 
0= / 2maxE g Bµ± ± .

2. The ratio of these band amplitudes equals
 µB geffkTe

.

3. The more intense emission band is lower in 
energy than the less intense one. This is consistent 
with the Boltzmann distribution of excitons across 
sublevels.

4. The half-width of both bands is equal to 2 ln 2w .
5. The bands intersect at point =′ 2 / 2E w kT . 

Since w ≫ kT, the intersection point is far from the 
band maxima.

6. The degree of polarization does not change sign 
along the emission band contour. 

The spectral dependence of emission intensity 
in two circular polarizations is shown in Fig. 1. In 
this case, the choice of values 0E  does not play a 
role, only the ratios of values /gB wµ  and  /kT w 
are important. The calculation parameters are as 
follows: 

	 = µ = =0, 10 , 5w E gB kT B T .

Since the choice of	 does not affect anything, in 
Fig. 1 let's assume 0 = 1.0E .

2.3 The value of the g-factor depends linearly  
on energy

Let's assume that effg  depends linearly on energy, 
i.e., 
	 0( ) .e�g E g gE= +′ ′ 	

Let's estimate the value 

	 ( ) .e�Bdg E dEµ ′ ′ 	

In the region of 10 T 

	 ( ) 0.053 10 .e�Bdg E dE gµ ≈ ⋅′ ′ 	

We assume µ  ≪ w. For non-magnetic materials, 
it is reasonable to assume that effg  can vary no more 
than from -10 to 10 across the emission band width. 
Then 

	 µ ′ ′( ) 1effBdg E dE n 	

and in expression (10) this term can be neglected 
compared to unity. From this we obtain the 
following.

Fig. 1. a – Emission spectrum of quantum dot ensemble in two 
circular polarizations, σ+ and σ−, in a fixed magnetic field as a 
function of exciton quantization energy in the dot (in units of w 
in equation (5)) assuming that the g-factor does not depend on 
exciton quantization  energy (solid lines). Calculation parameters: 
w = E0, µgB = kT, B = 5 Т. Degree of circular polarization induced 
by magnetic field as a function of exciton quantization energy 
(dashed line). b – Spectrum-integrated dependence of polarization 
degree on magnetic field
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1. The emission band maxima in two circular 
polarizations are at energies

	
2

0 0

max 2

2
.

(1 )

wB Bg g g g
kT

E
Bg

±

 
µ µ ± ±  

=
± µ

	 (11)

Note  that  the  ratio �2 /w g kT  can reach 
values ~ 102–103. Consequently, approximately 

± ≈ ±µ �2

max 2
w

E B g
kT

. In this case, the splitting of 
emission bands of the quantum dot ensemble can 
be very large compared to the Zeeman splitting of 
exciton emission lines in a single quantum dot.

Fig. 2. Emission spectra of quantum dot ensemble in two circular polarizations at fixed magnetic field as a function of exciton quantization 
energy (in units of w in equation (5)) assuming that g-factor depends linearly on exciton quantization energy (solid lines). Degree of 
circular polarization induced by magnetic field as a function of exciton quantization energy (dashed lines). Calculation parameters: 
µg0B = 2kT = 0.02w, g = −54g02w (а), g = −g02w (c), g = −56g02w (e). b, d, f – Corresponding spectrum-integrated dependencies of 
polarization degree on magnetic field
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2. The ratio of emission line amplitudes is about 
µ � 2( / )Bgw kT .

3. The amplitudes of these lines are 

( )
±

±
±

 µ
  ≈ − 
 
  

22 max
max

max 2

( )
2exp .

effBw g E
E n

kTI
w

	 (12)

It can be seen that the ratio of band amplitudes 
depends on the sign of g-factor at the band maximum 
energy.

2.4. Realistic dependence of g-factor on energy
Let's assume that effg  determined by the formula

	 = + +′ ′ ′0( ) ( ) ( ).effg E g aE b E R E 	 (13)

Here E' is the exciton quantization energy in 
the localizing potential, 0, ,g a b and  R  are certain 
parameters depending on E'.

Similar dependence for g-factor was obtained for 
excitons localized in quantum dots and for excitons 
in quantum wells [29, 33].

Depending on the values of g0,a,b,(E' ) and 
R(E') all three cases described above are possible: 
g-factor changes sign at energy below emission 
band maximum, at maximum energy,  and above 
maximum energy. This leads to emission spectra 
similar to those shown in Fig. 3.

Here, three cases are possible.

1. g-factor changes sign at energies below emission 
band maximum in zero magnetic field. In this case, 
the low-energy emission band has lower intensity 
than the high-energy one (Fig.2a, b).

2. g-factor changes sign at the energy of PL band 
maximum in zero magnetic field. Emission bands in 
both polarizations have equal amplitude (Fig. 2c, d).

3. g-factor changes sign at energies above the 
emission band maximum in zero magnetic field. The 
low-energy emission band is more intense than the 
high-energy one (Fig. 2  e, f).

Thus, we obtain the following.
1. The widths ∆± of these two emission bands are 

equal 

	 ∆ 2 ln 2.w± ≈ 	 (14)

 The less intense band is slightly wider than the 
more intense one. The difference in band widths is 
less than 10%.

2. The intersection of bands and, consequently, 
the nullification of emission polarization degree 
occurs at the energy when = + =′ ′�

0( ) 0effg E g gE .
3. The polarization degree along the emission 

band contour changes sign at the energy value when  
( )effg E ′  changes sign.

The spectral dependence of emission intensity in 
two circular polarizations is shown in Fig. 2.

Obviously, qualitatively similar dependencies 
are obtained for any monotonic dependence of the 
g-factor on exciton energy.

Fig. 3. Emission spectra in two circular polarizations σ+ and σ− (dashed curves). Calculated dependencies of g-factor on exciton 
quantization energy in localizing potential (13) (solid curves) for different cases: b(E′) is independent of quantization energy, pendent of 
quantization energy, b(E′) = 0.5E0, R(E′) = 0.25E′ (a); R(E′) is independent of quantization energy, b(E′) = 0.5E′, R(E′) = 0.25E0 (b); 
b(E′) and R(E′) is independent of quantization energy, b(E′) = 0.45E0, R(E′) = 0.45E0 (c)
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3. DISCUSSION

If g-factor does not change sign, the polarization 
degree remains of the same sign for all energies. 
If g-factor changes sign at some energy, the PL 
polarization degree also changes sign along the PL 
band contour. The energy at which polarization 
changes sign corresponds to the energy at which 
g-factor becomes zero.

In this case, the splitting of emission band 
maxima is described by formula (10) and can be 
comparable to the width of the bands themselves, 
as if the effective exciton g-factor had a giant value 
geff ~ 100. This appears very unusual for non-
magnetic materials. This result is determined by 
the dispersion of g-factors and the magnitude of 
inhomogeneous broadening (formula (10)). In this 
case, the ratio of band intensities according to 
formula (12) depends on the sign of the g-factor.

The dependence of polarization degree ( )circP B  on 
magnetic field also appears unusual. In the classical 
case (3), this dependence is linear with magnetic 
field in small magnetic fields: 

	 µ( ) / 2 .circP B gB kT∝ 	

 However, in an inhomogeneous ensemble, we 
obtain a quadratic dependence of the integral 
polarization degree in small fields: 

	 ∝ µ ω 2( ) ( / 2 ) .circP B g B kT~ 	

The presented analysis was conducted for 
equilibrium PL, when thermodynamic equilibrium 
is established at Zeeman sublevels. Deviation from 
equilibrium distribution is accounted for in formula 
(3) using the depolarizing factor

	
τ

τ τ
0

0
.

s+
	 (15)

Thus, we effectively assume that the spin 
relaxation time sτ  is much shorter than the lifetime 

0τ . In a real situation, complete equilibrium may 
not be achieved. The population ratio of Zeeman 
sublevels in the non-equilibrium case is

	

τ∆ ∆   − +   τ   
=

τ∆ ∆   +   τ   

01

2

0

exp ch2 2
.

exp ch2 2

s

s

E E
kT kTn

n E E
kT kT

	 (16)

Obviously, equation (16) transforms into equation (1) 
τs ≤ τ0. However, accounting for non- equilibrium 
does not qualitatively change the spectral 
dependencies (Fig. 2). In the limiting case of absent 
spin relaxation, τs ≥ τ0, the difference between 
emission spectra in two polarizations disappears.

Thus, the main factor affecting the unusual 
behavior of  magnetic-induced polar i zed 
luminescence of quantum dot ensemble is the 
dependence of exciton g-factor on the size dispersion 
of quantum dots.

The dependence of hole g-factor on quantum well 
thickness was experimentally observed in quantum 
wells based on GaAs [34, 35] and InAs [33].

For electrons, the g-factor also depends on 
quantization energy [36,37]. These dependencies will 
either enhance or weaken each other. But typically, 
the electron g-factor is smaller than the hole g-factor, 
thus its contribution is small.

In practice, the g-factor value is experimentally 
determined from the splitting of emission band 
maxima in magnetic field, and the level population is 
determined from the ratio of band intensities in two 
circular polarizations. As seen from the presented 
work, this can give highly incorrect results.

4. CONCLUSION

In this work, using the example of a quantum 
dot ensemble, magnetic field-induced polarized 
luminescence of localized excitons was studied. The 
following was discovered.

1. The splitting of the luminescence band maxima 
of the ensemble exceeds the Zeeman splitting of each 
individual exciton by several orders of magnitude.

2. The low-energy luminescence band has a lower 
intensity than the high-energy one. This seemingly 
contradicts the Boltzmann distribution of excitons 
across Zeeman sublevels.

3. The effects described in points 1 and 2 only 
occur when the exciton  factor depends on  the 
localization energy and changes sign at a certain 
energy.

4. If the sign change of the g-factor occurs at 
energies above the emission band maximum, i.e., 
for small-sized points, then the intensity ratio of 
the bands becomes consistent with the Boltzmann 
distribution.
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The results of this work are not limited to just 
inhomogeneous quantum dot ensembles. Emission 
lines of excitons and impurity centers in crystals 
are always inhomogeneously broadened. The only 
question is the ratio between homogeneous and 
inhomogeneous emission line widths.

The sign change of the g-factor in quantum dot 
ensembles can significantly affect mode-locking 
effects, spin echo, and spin coherence in quantum 
dot ensembles [38].
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1. INTRODUCTION

S e c ond- gener a t ion  h i g h  t em p er a t u r e 
superconductor wire (2G HTS) is a film of HTS 
with a thickness typically of a few micrometers [1]. 
The superconductor ReBa2Cu3O7−δ (where Re is a 
rare earth element) is deposited on a flexible metal 
substrate coated with buffer layers. The formation of 
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buffer layer texture, necessary for oriented growth 
of the HTS film, is achieved either through the use 
of a RABiTS (Rolling Assisted Biaxially Textured 
Substrate) textured substrate or through IBAD (Ion 
Beam Assisted Deposition) technology. The HTS 
layer is covered with protective and shunting layers 
on top. The vast majority of modern applications of 
HTS wire involve their operation in strong external 

838–843
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magnetic fields, which significantly reduce the 
superconducting capabilities of the tapes [2]. The 
deterioration of HTS superconducting properties 
in the presence of magnetic fields is caused by the 
drift of Abrikosov magnetic vortices, which requires 
the creation of artificial pinning centers to prevent 
such vortices [3]. For this purpose, defects that 
locally suppress superconductivity are deliberately 
introduced into the superconductor [4]. When the 
non-superconducting core of a vortex encounters 
such a defect, the vortex becomes pinned. Various 
approaches to creating artificial pinning centers are 
known, involving the use of different types of defects 
[5–8]. One of the most studied methods is the 
introduction of non-superconducting phase nano-
inclusions with perovskite structure in the form 
of so-called nanocolumns BaZrO3 [9] or BаSnO3. 
This work examines the features and prospects of 
radiation pinning application with emphasis on 
flux optimization for various external conditions of 
temperature and magnetic field. The samples used 
were 4 mm wide sections of industrial 2G HTS 
wire manufactured by S-Innovations [11] with a 
silver protective layer. The irradiation technique 
is described in detail in works [12, 13], which also 
address the determination of optimal irradiation 
energy for tapes manufactured by Superpower.

2. SAMPLES AND EXPERIMENTAL 
METHODOLOGY

Square-shaped samples 3 mm × 3 mm were cut 
from industrial 2G HTS wire with a width of 4 mm. 
The tape manufactured by S-Innovations consisted 
of a flexible substrate (Hastelloy), buffer layers, a 
superconducting layer YBa2Cu3O7 with a thickness 
of about 2 μm and an upper protective Ag layer with 
a thickness of about 0.5 μm. The manufacturing 
technology is detailed in [1, 11].

The samples were irradiated with ions 132Xe with 
energy of 167 MeV. The fluence value varied from  
3 · 1010 to 1 · 1012 cm−2. Irradiation with Xe ion flux 
of about 2 · 108 cm−2 · s−1 was carried out at room 
temperature using the IC-100 cyclotron at the 
Laboratory of Nuclear Reactions, JINR.

X-ray structural analysis was performed using 
a Rigaku SmartLab diffractometer with a rotating 
copper anode. All measurements were carried 
out in parallel beam geometry with Ge(220)×2 
monochromator (wavelength λCuKα1 = 1.541 Å). 

Phase analysis and out-of-plane film orientation 
analysis were performed using 2Theta/Omega 
scanning. Omega scanning (so-called "rocking 
curves") was measured for (005) reflections of 
phase YBa2Cu3O7 in the rolling direction (RD) and 
transverse direction (TD). Analysis of rocking curve 
widths allowed evaluation of the HTS film texture 
sharpness out of the substrate plane. Determination 
of the superconducting film texture sharpness in the 
substrate plane was performed using Phi- scanning 
for the (103) reflection of phase YBa2Cu3O7 
(2Theta = 32.5◦, sample tilt angle Chi=45.3◦). For 
each sample, preliminary spatial alignment was 
performed (maximizing reflection position for 
YBCO (005) reflection). The measurements and 
subsequent processing of results (determining 
FWHM parameter for rocking curves and Phi-
scans) were carried out using standard software 
packages SmartLab Guidance and Integral Intensity 
Calculation.

Microstructural studies were carried out using 
a Tecnai Osiris transmission/scanning electron 
microscope at an accelerating voltage of 200 kV. 
Cross-sectional and planar sections for the studies 
were prepared using focused ion beam Ga+ on 
focused ion beam scanning electron microscope 
Helios Nanolab 600.

Fig. 1. Dependence of the normalized critical temperature 
of the superconducting transition of 2G HTS samples versus 
the normalized fluence value of Xe ions with energy of 
167 MeV. Points – experimental data, dashed curve – dependence 
Tc ≈ TcO(1 − k(φt)), k ≈ 0.14 · 1012, where, TcO – critical temperature 
of non-irradiated sample
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 3. RESULTS AND DISCUSSION

The dependence of the normalized value of 
the critical temperature of the superconducting 
transition, shown in Fig. 1, demonstrates a 
monotonic decrease Tc with increasing fluence. 
The dependence of the critical temperature on 
the irradiation dose is noted Tc ≈ TcO(1 − k(φt)), 
k ≈ 0.14 · 1012, where TcO – critical temperature of 
non-irradiated sample. The decrease in Tc begins 
at fluence 8 · 1010 cm−2 and at fluence 1 · 1012 cm−2 
decreases by 4 percent to 84.5 K (see table). Such 
behavior is associated with the formation of ion 
tracks, which cause deterioration in the sharpness of 
sample texture. At the same time, the created ion 
tracks are effective pinning centers for the vortex 
structure, which leads to an increase in the current-
carrying capacity of the samples.

Fig. 2a shows the experimental dependencies 
of normalized (to non-irradiated sample under 
conditions of 77 К, 0T) critical current values on the 
normalized Xe ion fluence at temperatures of 77, 65, 
and 20 K in a field of 1 T. The nature of dependencies 
for the presented temperatures is similar, with curve 
maxima corresponding to the optimal fluence for the 
given field of about 2 · 1011 cm−2.

At T = 20 К (see Fig. 2 b) in a field of 1 T, the 
critical current peak is in the fluence region , and 
with increasing field noticeably shifts and at 8 T 
corresponds to the fluence region 3 · 1011 cm−2, and 
with increasing field noticeably shifts and at 8 T 
corresponds to the fluence 5 · 1011 cm−2. The observed 
behavior of the critical current is associated with an 
increase in the concentration of ion tracks acting as 
effective pinning centers. Thus, irradiation leads to 
the formation of a higher density of ion tracks with 
length of the order of HTS film depth (the Bragg 
range of such ions is several μm). With increasing 
fluence, the number of formed ion tracks increases, 
and the distance between them becomes comparable 
to 2λ (λ – penetration depth). It is at this distance 
that the maximum increase in collective pinning 
force occurs, i.e., the peak effect in critical current. 
According to work [15], for non-irradiated samples 
YBa2Cu3O7 penetration depth at T = 0 К is 150 nm. 
According to our data for the sample irradiated with 
Xe ions with fluence 3 · 1011 cm−2, the penetration 
depth is 30 nm. The estimation was made from 
the relation for the second Fig. 4. critical field 
(Hc2 = ΦO/(πλ2)), which value was obtained from 

experimental data by plotting the superconducting 
transition temperature versus external magnetic 
field. The sample exhibits elastic inter-vortex 
interaction state, which contributes to maximum 
increase in current- carrying capacity. For clarity, 
the table shows maximum critical current values Ic , 
obtained for three characteristic external conditions:  
at B = 0, T = 77 К fluence 1·1011 cm−2 gives Ic = 274 А,  
at B = 2T, T = 50 K, optimum shifts to fluence  
2 · 1011 cm−2 (735 А), and at B = 8 T, T = 20 К, – up 
to 5 · 1011 cm−2 (critical current 921 A). The table 
shows that at high fluences, the critical current Ic 
at 77 K in self-field and critical temperature begin 
to decrease significantly due to superconductor 
structure degradation.

Figure 3 shows microstructure images of the 
sample irradiated with Xe ions with fluence cm  
3 · 1011 cm−2, at different magnifications. The full-
size cross-section image (Fig. 3a) clearly shows high 
film uniformity without any defects. In the magnified 

Fig. 2. Dependencies of the normalized critical current of 2G HTS 
wire samples on the normalized value of Xe ion fluence with energy 
of 167 MeV: a – in a field of 1 T and at temperatures of 77, 65 K and 
20 K; b - in fields of 1, 3 and 8 T and temperature of 20 K
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 Fluence,
 cm−2

Ic, А 
(4 mm, 
B = 0,
77 K), 

Ic, А 
(4 mm, 

B = 2 T, 
 50 K) 

Ic, А 
(4 mm, 

B = 8 T, 
 20 K) 

 Tc, 
K 

 XRD RD 
 FWHM, 

 deg. 

 XRD TD
 FWHM, 

 deg. 

 XRD Phi 
 FWHM, 

deg. 

0 195 207 291 88  1.129 1.350 2.86 

3 × 1010 195 257 336 88  1.144  1.887 3.39 

8 × 1010 233 368 400 87.8  1.163 2.33  3.81

1 × 1011 274 455 496 87.7  1.175 2.413 4.53

2 × 1011 270 735 734 87.4  1.227 5.346 5.03

3 × 1011 198.5 635 725 87  1.179 3.079 4.39

5 × 1011 171 644 921 86.5  1.192 4.359 5.29

1 × 1012 63 397 906 84.5  1.268 5.294 5.89

Fig. 3. Bright-field scanning transmission electron microscope (STEM) images of HTS wire full-size cross-section (a); inset shows 
magnified image of substrate/buffer layers/HTS interface. Transmission electron microscope (TEM) images of cross-sectional (b) and 
planar (c) sections of HTS layer. White arrows in the images indicate defects forming in the HTS matrix after Xe ion irradiation

Table 1: Parameters of non-irradiated and Xe ion-irradiated samples with different fluences. XRD RD and XRD TD are the rocking 
curve half-widths (005) YBCO along and across the tape, respectively. The XRD Phi column corresponds to the YBCO (103) reflection 
during Phi scanning. Maximum values are highlighted in bold with underline for various external condition

500 nm500 nm

100 nm100 nm

YBCOYBCO

YY22OO33 MgOMgO
LaMnOLaMnO33

AlAl22OO33

HastelloyHastelloy

YBCOYBCO

001001

100100
YBYBCCOO20 nm20 nm

010010

100100
YBYBCCOO20 nm20 nm
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TEM image of the cross-section of HTS film, ion 
tracks can be noticed, appearing as amorphous 
vertical nanocolumns with diameter of about 6 nm 
(Fig. 3b). For better track visualization, TEM images 
of the planar section of HTS layer were obtained, 
which clearly show rounded amorphous regions  
(Fig. 3c). It should be noted that there is a small 
variation in track diameters and their partial overlap.

Figure 4 shows diffraction patterns taken 
in symmetric mode on a Rigaku Smart Lab 
diffractometer. In Fig. 4a it is evident that the peak 
positions of the initial and irradiated samples (as 
an example, the diffraction pattern is shown for 
a sample irradiated with Xe ions with a fluence 
of 3 · 1011 cm−2) are practically indistinguishable, 
meaning that the crystal lattice parameter c does 
not change under irradiation. However, the peak 
widths increase significantly, indicating a decrease 
in texture sharpness, see the approximated area in 
Fig. 4b. Comparison of diffraction peak widths and 
their amplitudes is correct considering the same 
sample thickness and performed normalization by 
the substrate (Hastelloy) reflection amplitude. The 
deterioration of texture sharpness with increasing 
fluence is also confirmed by the Phi-scan (103)
YBCO (see Fig. 4c). Notable is the different 

character of peak width increase in rocking curves 
(005)YBCO in parallel (RD) and perpendicular 
(TD) directions to the tape depending on the fluence 
value: in the non-irradiated sample, the rocking 
curves in two perpendicular directions (RD and 
TD) have approximately the same width, while in 
irradiated samples, there is a definite broadening in 
the TD direction. Such behavior confirms that an 
amorphous structure of regular tracks with a slight 
inclination relative to the crystallographic plane ab 
is realized in the sample.

4   CONCLUSION

Thus, systematic studies of electrophysical 
parameters and microstructure of samples before 
and after irradiation with Xe ions with previously 
determined [12] energy of 167 MeV and fluences up 
to 1 · 1012 cm−2 have been conducted. The optimal 
fluence values at which peak of critical current 
values are observed for various external conditions 
have been established. It has been found that 
with increasing fluence, the critical current peak 
shifts towards stronger magnetic fields. Based on 
microstructural studies, it was revealed that ion 
tracks with a diameter of about 6 nm are formed as a 
result of irradiation. The formed tracks are effective 

Fig. 4. a – X-ray diffraction patterns taken in symmetric Theta/2Theta mode for initial (non- irradiated) and Xe ion-irradiated samples 
with fluence of 3 · 1011cm−2 . "Norm. peak" is the substrate reflection used for intensity normalization. b - Magnified area of figure a, 
which shows in detail the significant change in intensity of YBCO (005) and (006) reflections before and after irradiation. c - Average 
FWHM values of YBCO (103) reflection during Phi-scanning depending on fluence value. d - FWHM of rocking curve (005)YBCO in 
parallel (RD) and perpendicular (TD) directions to the tape depending on fluence value
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pinning centers, which is confirmed by the analysis 
of hysteresis magnetization curves of irradiated 
samples and the results of their morphology studies. 
A decrease in texture sharpness is observed with 
increasing fluence. The obtained results are planned 
to be used for calculating the necessary tape winding 
speeds directly through the ion beam, which will 
allow creating 2G HTS wires with increased current-
carrying capacity due to the conducted radiation 
pinning.
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1. INTRODUCTION

Two-dimensional hexagonal structures such as 
graphene and silicene have attracted a great deal of 
attention due to their unique electronic properties as 
well as their many applications in the manufacture 
of nanoelectronic devices [1–13]. Silicene, which 
is a monolayer, honeycomb structure of silicon 
atoms, has been successfully synthesized and many 
studies have been done on its electronic properties 
in recent years [14, 15]. Unlike graphene, silicene 
has no plate structure and has a buckled structure 
[16]. This feature of silicene is useful for adjusting the 
band gap, because of an external electric field effect 
transistors [17, 18]. Also, the spin-orbit interaction 
in silicene, unlike graphene, is large, which can 
be used to make spintronic devices [19].Another 
useful feature of Silicene is its good compatibility 
with today’s silicon-based electronics technology. 
Silicene nanoribbons, like graphene nanoribbons, 
can be divided into zigzag edges and armchair 
edges depending on the type of edge. The results 
show that the armchair silicene nanoribbons are the 
same as armchair graphene nanoribbons with width  
NW = 3 m + 2 (m is an integer) are conductive and 
the rest are semiconductors [20]. Recent investi 
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gations have shown that hybrid nanostructures such 
as graphene-silicene heterostructures reveal greater 
physical properties than similar single graphene or 
silicene nanoribbons [21–26].

In this paper, electron transport through the 
arm-chair graphene-silicene nanoribbons junction 
(GNR-SiNR junction) has been studied numerically 
by using non-equilibrium Green’s function and 
tight-binding approximation in Landauer-Büttiker 
formalism. The design model of this junction is 
shown in Fig. 1. In particular, the effect of the power 
of the intrinsic spin-orbit interaction, the strength of 
GNR-SiNR coupling, the length and width of the 
junction on the transmission probability function, 
and the electric current have been investigated.

2. METHODOLOGY

In this article, we characterize our method based 
on the GNR-SiNR junction consisting of armchair 
graphene/silicene nanoribbon as a central region 
(CR) contacted to two semi-infinite armchair GNR 
and SiNR electrodes, as shown in Fig. 1. To study 
the quantum transport properties of the GNR-SiNR 
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junction, we de-compose the total Hamiltonian of 
the system as

	 H = HCR + HR + HL + HC, 	 (1) 

where HCR = HGNR + HSiNR + HGS describes the 
Hamiltonian of the central region, HR(HL) is the 
Hamiltonian of the right SiNR (left GNR) elecrode, 
and HC is the Hamiltonian for the coupling between 
CR and electrodes. Using the tight-binding model 
with nearest-neighbor hopping approximation, the 
Hamiltonians HGNR, HSiNR, and HC can be 
expressed as follows:

σ σ σ σ
σ σ

= ε = − +∑ ∑† †
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σ
†
,ic , and σ,ic  ( σ

†
,id , and σ,id ) are the creation and 

annihilation operators of a π-electron at the ith site 

of the GNR-SiNR (electrodes), respectively. i and j 
stand for the nearest-neighbor pairs in the GNR and 
SiNR lattices. ε is the on-site energy. The hopping 
integral between the nearest-neighbor GNR(SiNR) 
lattice is tG = 2.7 eV (tS = 1.6 eV [27]). ❬ij❭ and ❬❬ij❭❭ 
stand for the nearest-neighbor and next nearest-
neighbor pairs in the SiNR lattice, respectively. 
The effective intrinsic spin-orbit interaction (SOI) 
parameter and the intrinsic Rashba SOI parameter 
are λSO and λR, respectively.  is the Pauli 
matrix with ηij = −1 (ηij = +1) if the next-nearest 
neighbor hopping is clockwise (anticlockwise) with 
respect to the positive z-axis, and ξij = +1 (ξij = −1) 
for A(B) site. d 0

ĳ = d ĳ

| d ĳ |
 is the unit vector parallel to 

the vector dĳ connecting the two sites i and j in the 
same sublattice. HGR is the Hamiltonian for the 
coupling between GNR-SiNR in the central region 
and tGS is the coupling strength between the GNR 
and SiNR. Also, tc = tG (tc = tS) is the coupling 
strength between left GNR (right SiNR) electrode 
and GNR (SiNR) in the central region. The Green’s 
function of the system is expressed as 

	 G(E) = [(E + iη)I − HGS − ΣL,σ − ΣR,σ]−1, 	 (6) 

where I represents the identity matrix and η → 0+, 
E is the energy of the injecting electron. ΣL and ΣR 
are the self-energy matrices due to the connection 
of right and left electrodes to the central region, 
respectively, that can be calculated numerically by 
the recursive method described by Sancho and co-
workers [28]. The surface Green’s function of the 
right and left electrodes are calculated as

Fig. 1. Graphene nanoribbons (GNR), silicene- nanoribbons junction design. The left semi-infinite electrode is a graphene nanorib-
bons and the right semi-infinite electrode is a silicene nanoribbons that are connected to the central region
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where H0,0(HN+1,N+1) and H−1,0(HN+1,N+2) are the 
Hamiltonian of a unit-cell and the coupling matrix 
between two unit cells in the left (right) electrode, 
respectively. Here T and T̃  are the transfer matrices, 
which can be computed from the Hamiltonian 
matrix elements via an iterative procedure as [28]

	 T = t0 + t̃0 t1 + t̃0 t̃1 t2 + ... + t̃0 t̃1 t̃2 ...tm , 	 (9)

	 T̃ = t̃0 + t0 t̃1 + t0 t1 t̃2 + ... + t0 t1 t2 ...t̃m , 	 (10) 

where t i  and t̃ i  with 1 ≤ i ≤ m are defined by 
recursion formulas

	 t i = (I − t i − 1 t̃ i − 1 − t̃ i − 1 t i − 1 )− 1 t2
i − 1 , 	 (11) 

	 t̃ i = (I − t i − 1 t̃ i − 1 − t̃ i − 1 t i − 1 )− 1t̃ 2
i − 1 .  	 (12)

The following conditions are applied to calculate t̃ i  
and t i  in Eq. (8) for the left electrode

	 t̃0 = (E + i0+ )I − H0,0]− 1H †
− 1,0 , 	 (13) 

	 t0 = (E + i0+ )I − H0,0]− 1H− 1,0,  	 (14)

and for the right electrode in Eq. (9)

t̃0 = (E + i0+ )I − HN +1 ,N +1] − 1H †
N +1 ,N +2 ,	  (15) 

t0 = (E + i0+)I − HN +1 ,N +1 ]− 1HN +1 ,N +2 . 	  (16)

The iteration is repeated until t̃m, tm ≤ δ  with δ 
arbitrarily small. Finally, we can calculate the self-
energies of the two left and right electrodes by

	 ΣL = H †
0,1gL

0,0H0,1 , 	 (17)

	 ΣR = HN,N +1 gR
N +1 ,N +1 H †

N,N +1 . 	 (18)

The energy-dependent transmission function in 
terms of the Green’s function of the central region 

and the coupling of it with two left and right 
electrodes can be written as

	 T(E ) = T r(ΓL (E ) Gr (E )ΓR (E )Ga (E )). 	 (19)

Where Gr (Ga) is the retarded (advanced) Green’s 
function, and ΓL (R ) = i(ΣL (R ) − ΣL (R ) )  is the 
coupling matrix. The electric current can be 
calculated by the Landauer-Büttiker formula [29]:

	 I (V ) =
e
h

+ ∞

−∞

T(E ) fL − fR dE  .	 (20)

where f L(R ) = f (E − µL(R ) )  is the Fermi–Dirac 
distribution functions in the left (right) electrode 
with chemical potential µL(R ) = EF ± eV

2 and 
Fermi energy EF.

3. RESULTS AND DISCUSSION

In this section, we represent the results of the 
numerical calculations of the quantum transport 
of the GNR-SiNR system. The Fermi energy and 
tempera-ture are chosen EF = 0, T = 4K respectively. 
Also, the intrinsic Rashba SOI parameter is λR = 0.7 
meV [27]. The intrinsic and intrinsic Rashba spin-
orbit interactions in graphene is omitted since it is 
negligible compared to the one in silicene [30, 31].

3.1. The effects of spin-orbit interaction 
Figures 2a, b illustrate the diagram of electron 

transmission probability in terms of energy and 
electric current in terms of bias voltage, respectively, 
for different values of λSO with NW = 11, NS = 5, NG = 5. 
As it is shown in Fig. 2a, the transmission probability 
diagram has oscillating behavior; whereas for a 
junction that all its parts are composed of graphene 
or silicene nanoribbons, the transmission function 
has a step form. This is due to the effect of quantum 
interference, which occurs due to the scattering 
of electron waves at the junction of graphene 
and silicene nanoribbons due to the mismatch 
of transmission modes in these locations. In the 
transmission probability diagram, the resonant peaks 
are symmetrically located around the Dirac point  
(E = 0). In the absence of intrinsic spin-orbit interaction  
(λSO = 0), the probability of transmission at the 
Dirac point has a non-zero value, which indicates 
that the system is conductive. By increasing the 
value of λSO, it is observed that the probability of 
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transmission at the Dirac point decreases and  
λSO = 0.3ts reaches zero and the gap in transmission 
function (the zero range of the transmission function 
around the Dirac point) appears. Thus, by increasing 
the λSO value, we see the transition from conductive 
to semiconductor for the system. Also, for λSO ≠ 0 
the probability of transmission in the energy range 
±0.5 eV < E < ±0.5 eV has a valley, which is called 
the anti-resonance state and is due to the destructive 
interference between the propagated states along 
the nanoribbons for the presence of spin-orbit 
interaction. As λSO increases, the amplitude of these 
anti-resonance modes increases. The important 
point is that for a system in which all parts (electrodes 
and central region) are composed of graphene 
nanoribbons, the transmission probability diagram 
has no gaps and the system is conductive. It also 
remains conductive for a system in which all parts are 
made of silicene nanoribbons, even in the presence 
of an intrinsic spin-orbit interaction. Therefore, by 
connecting graphene and silicene nanoribbons, a 
junction can be designed that has the property of 
switching from conductive to the semiconductor. We 
now interpret the current-voltage characteristic in 

Fig. 2b. For λSO, there is no threshold voltage to turn 
on the current because of the lack of a gap in the 
transmission probability diagram. As λSO increases, 
the size of the current decreases due to a decrease in 
the probability of transmission near the Dirac point 
(−0.3 eV < E < 0.3 eV). As the λSO increases due to 
the appearance of the emission function gap, the 
magnitude of the threshold voltage to turn on the 
current also increases. 

3.2. The study of geometric factors

Figure 3 investigates the effect of nanoribbon 
lengthon the electron transport properties for 
NW = 11, λSO = 0.2ts values. In this case, we 
consider the length of the graphene nanoribbons to 
be constant(NG = 5) and the length of the silicene 
nanoribbons(NS) to be variable. As it is shown in 
Fig. 3a, the nearest resonance peaks to the Dirac point 
move towards the Dirac point with the increase of NS 
and the width of these peaks also decreases. However, 
the magni tude of the probability of transmission 
near the Dirac point (−0.27 eV < E < 0.27 eV) 
decreases with increasing length. As a result of the 
gap, the probability of transmission increases with 

Fig. 2. a — Transmission function as a function of energy. b — 
The current-voltage characteristic for different values of λSO with  
NW = 11, NS = 5, NG = 5

Fig. 3. a — Transmission function as a function energy. b — The 
current-voltage characteristic for different NS values with NW = 11, 
NG = 5, λSO = 0.2ts
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the increase of NS. The effect of this gap increase is 
reflected in the diagram in a way that the threshold 
voltage increases with increasing NS (see Fig. 3a). In 
Fig. 4, we investigated the effect of nanoribbon’s width 
(NW ) size on the system’s electronic transport for  
NW = 11, NS = 5, λSO = 0.2ts values. Figure 4a 
represents the diagram of the energy transmission 
probability in terms of energy for different widths 
of the junction. As it is observed, as the width 
of the junction increases, the magnitude of the 
transmission probability decreases around the 
Dirac point (−0.35 eV < E < 0.35 eV), and the 
magnitude of the transmission probability gap 
increases (internal figure of Fig. 4a). Also, the 
transmission function valleys approach the Dirac 
point by increasing the width of the nanoribbons. In  
Fig. 4b, the effect of nanoribbon’s width size on 
current-voltage characteristics is plotted. It is 
observed that with increasing the width of the 
nanoribbons, the threshold voltage increases, also 
the current size decreases. Therefore, by changing 
the geometry (length and width) of the nanoribbons, 
the electron transport characteristics of the system 
can be controlled.

3.3. The effect of the strength of GNR-SiNR 

coupling
Figure 5 investigates the effect of the strength 

of GNR-SiNR coupling (tGS) on the electron 
transport properties of the system for NW = 0,  
NG = 5, NS = 5, λSO = 0.2ts. With the increase of 
tGS, the antiresonance dips become wider and 
smaller and approach zero energy (see Fig. 5a). Also 
the antiresonance dip at the zero energy becomes 
smaller. As a result, the current decreases with the 
increase of tGS as seen in Fig. 5b. This result shows 
how we can control the quantum transport of the 
system by changing the strength of GNR-SiNR 
coupling.

4. CONCLUSION

In this paper, the electron transport through 
the graphene-silicene nanoribbons junction is 
investigated using the non-equilibrium Green’s 
function method and tight-binding approximation 
in the Landauer-Büttiker formalism. The results 
show that the electron transport characteristics of 
the junction are very sensitive to the power of the 
intrinsic spin-orbit interaction quantity as well as 
the geometry (length and width) of the junction. In 
the presence of an intrinsic spin-orbit interaction 

Fig. 4. a — Transmission function as a function energy. b — The 
current-voltage characteristic for different NW values with  
NG = 5, NS = 5, λSO = 0.2ts

Fig. 5. a — Transmission function as a function energy. b — The 
current-voltage characteristic for different tGS values with NW = 0, 
NG = 5, NS = 5, λSO = 0.2ts
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quantity, the transmission function gap is created 
and the conductor to the semiconductor transition 
occurs. As the transmission function gap increases, 
the threshold voltage magnitude in the current-
voltage characteristic increases. As the length of 
the junction increases, the width of the nearest 
resonant peaks to the Dirac point decreases and they 
move towards the Dirac point. The transmission 
probability gap also increases with increasing 
length, resulting in an increase in the threshold 
voltage magnitude. As the width of the nanoribbons 
increases, the magnitude of the transmission 
probability around the Dirac point decreases, the 
gap size of the transmission probability increases, 
and the valleys of the transmission function approach 
the Dirac point. Consequently, the magnitude of the 
electric current decreases, and the magnitude of the 
threshold voltage increases. These results can be 
used to control electron transport in nanoelectronic 
devices.
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1. INTRODUCTION

For several decades, HgCdTe has remained one 
of the primary materials for infrared radiation 
detection [1]. The range of available wavelengths 
for commercial interband photodetectors based 
on HgCdTe extends from the near-IR range to 
approximately 25 μm, which is due to the wide 
possibilities for varying the bandgap of the solid 
solution. Since HgTe has virtually zero bandgap, 
working wavelengths beyond 25 μm are theoretically 
achievable in detectors based on HgCdTe solutions 
with high Hg content. However, several obstacles 
arise on the path to the far-IR range. Besides 
technological challenges, such as composition 
fluctuations or p-type doping problems for 
photodiodes, there are fundamental limitations on 
the material's detection capability related to carrier 
lifetime. As the bandgap decreases, the acceleration 
of non-radiative recombination processes leads to 
a reduction in carrier lifetime and corresponding 

decrease in sensitivity. Although this topic has 
been intensively studied for several decades, some 
quantitative uncertainties still remain, particularly 
regarding Auger recombination [2]. Another type 
of non-radiative processes – Shockley–Read–Hall 
(SRH) recombination is associated with defect/
impurity centers that are always present in HgCdTe 
at least due to mercury vacancies. In HgCdTe, 
vacancy formation is essentially inevitable due to 
weak bonding Hg–Te, while their energy spectrum 
is still subject to debate [3–5]. Increasing mercury 
vacancy concentration through post-growth 
annealing is often used to convert HgCdTe films 
conductivity type from n-type to p-type. Carrier 
lifetimes during conversion typically decrease 
significantly [6], presumably because the emerging 
mercury vacancies serve as additional recombination 
centers. On the other hand, short carrier lifetimes 
enable the creation of high-speed IR detectors, 
including heterodyne type. Heterodyne receivers 
and mixers in the long-wavelength part of the 
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mid-IR range may be of interest for spectroscopy 
in astrophysics. In particular, studying emission 
spectra of cosmic objects, such as nebulae, at 
hydrogen characteristic lines (28.221 μm, 17.035 μm, 
12.279 μm, 9.665 μm, 8.026 μm) allows visualization 
of heating and cooling of such objects, shock waves 
and collisions, and other effects [7].

Mercury vacancy is a double or two-charge 
acceptor. Such an acceptor can exist in three charge 
states: neutral 0

2A -center with two holes bound to 
it, singly ionized −1

2A -center with one hole bound 
to it, and finally, fully ionized −2

2A -center. Due to 
numerous studies, the spread of ionization energies 
known from literature for 0

2A  -center and 1
2A− -center 

is quite large. However, the existence of states located 
at 15–20 meV from the valence band edge has been 
reliably established [8–11]. Note that the difficulty 
in unambiguous determination of ionization energy 
in this case is also related to the fact that it overlaps 
with the energy of optical phonons, which in the solid 
solution are represented by HgTe-like and CdTe-like 
modes with energies from 15 to 17.5 meV and from 
16 to 20 meV respectively. Thus, if the band gap in 
the material is from 30 to 40 meV (with Cd fraction 
in solid solution 18.8 %), one can expect that the 
discrete defect level appears near the middle of the 
band gap. During SRH recombination through 
mercury vacancies, the following recombination 
channels are possible:

• Through neutral vacancies ( 0
2A -center). An 

electron is captured at the neutral center, forming 
−1
2A -center. Then a hole is captured at this center 

(process 1: −+ =0 1
2 2A e A , − + =1 0

2 2A h A ). 
• Through −1

2A -center. Either a hole is captured 
at the  −

2 1A -center forming a neutral vacancy, 
and then an electron is captured at it (process 2: 

− + =1 0
2 2A h A  , −+ =0 1

2 2A e A ). Or an electron is 
captured at the  −1

2A -center forming −2
2A -center, 

and then a hole is captured at this center (process 3: 
− −+ =1 2
2 2A e A , − −+ =2 1

2 2A h A ). 
• Through −2

2A -center. A hole is captured at the 
fully ionized vacancy forming −1

2A -center, then 
an electron is captured at this center (process 4: 

− −+ =2 1
2 2A h A , − −+ =1 2

2 2A e A ). 
Non-radiative capture of both holes and electrons 

occurs with the emission of optical and acoustic 
phonons. In all such processes, the law of energy 
conservation must be satisfied: the difference 
between the energy of the continuum state and the 

energy of the impurity-defect center state must be 
equal to the phonon energy. In this work, we focus 
on examining SRH recombination processes in a 
material with a bandgap from 35 to 40 meV. The 
wavelength range corresponding to these energies 
(from 30 to 35 µm) appears to be the next natural 

“frontier” for advancing HgCdTe-based detectors 
into the long-wavelength region. As a recombination 
center, we will consider the −1

2A -center with an 
ionization energy of 20 meV, previously discovered in 
a series of studies on HgCdTe epitaxial layers grown 
by MBE method [12,13]. Thus, in the considered 
case, the capture of both holes and electrons into 
the state can occur with the emission of a single 
optical phonon. Comparison of calculation results 
with characteristic times for other recombination 
processes (Auger recombination and radiative 
recombination) shows that the considered type of 
SRH recombination can be the dominant channel for 
relaxation of non-equilibrium carrier concentration 
both at liquid helium temperature and at liquid 
nitrogen temperature.

2. CALCULATION METHOD

 Below, we will calculate the capture times of 
holes to the states of the −2

2A -center and electron 
capture times to the  −1

2A -center with emission of 
single optical phonons (processes 3,4). In the first 
case, the carrier must lose energy equal to the 
ionization energy of the −1

2A -center ( 2E ), in the 
second case, the energy transferred to the phonon 
by the electron equals gE – 2E , where gE  is the band 
gap width. As previously noted, the binding energy 
of the −1

2A -center in narrow-band (up to 50 meV) 
HgCdTe layers is about 20 meV, and the band gap 
width changes rapidly depending on the composition 
of the solid solution. In the case of optical phonon 
emission, we will use Fermi's golden rule to calculate 
the intensity of carrier transitions from the valence 
band and conduction band to the ground state of the 

−1
2A -center of the mercury vacancy. Due to lattice 

vibrations, a correction to the crystal potential ( Vδ ), 
is introduced, which can be decomposed into two 
components: electrostatic macrofield ( Vδ ) and 
deformation field ( Vδ~): 

�
δ δ δ

�
=V V V+Vδ~+  Vδ  [14].The 

macrofield appears only in polar semiconductors, 
as polarization occurs due to the displacement of 
lattice atoms. In polar semiconductors, carriers 
interact with the macrofield much stronger than with 
the deformation potential [14], therefore in further 
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calculations only scattering on the macrofield (PO- 
mechanism) will be considered.

 As known from [14], the probability of transverse 
optical phonon emission in this case equals zero. 
When considering the probability of longitudinal 
phonon emission per unit time in the case of a hole 
transition from the valence band or an electron 
from the conduction band to the ground state of the 
acceptor −1

2A -center, it takes the form [14] 

	
 π γ= 〈Ψ Ψ 〉 × µω ∫

3 3 2 2
2

02
16 | | | |

( )
iqr

if cont
LO

a e
W e

q q

	 Φ× + δ ε − ω − ε 3
0( ( ) 1) ( ( ) ) ,cont LON q n q d q 	 (1)

where i and f are the initial and final states 
respectively, Φ( )N q   are the occupation numbers 
of phonon states, = / ( )Hg Te Hg Tem m m mµ +   — 
reduced mass of atoms in the elementary cell 
(tellurium and mercury atoms), q is the phonon wave 
vector, LOω ), is the frequency of the longitudinal 
optical phonon (HgTe-like or CdTe-like), is the 
lattice constant of the solid solution Hg1 x− CdxTe, 

,0contΨ , ,0contε  are the wave functions and energies 
of continuous spectrum states and the ground 
localized acceptor leve ( 2

2A− -center of mercury 
vacancy). According to [14], the coefficient value for 
longitudinal optical phonons is presented as 

	
∞

µ γ = − ω π κ κ  3
0

1 1 1 (0),
4 LOa

	 (2)

where ,0κ∞  — high-frequency and static dielectric 
permittivities of the HgCdTe solid solution 
respectively, (0)LOω    is the frequency of the 
longitudinal optical phonon at = 0q . Values for HgTe 
and CdTe from [15] were used to obtain dielectric 
permittivity values for the solid solution by linear 
interpolation. According to [16], 12(0) = 4.85 10LOω ⋅  
Hz and  124.24 10⋅  Hz for CdTe-like and HgTe-like 
phonons respectively. The energies and envelope 
wave functions of holes were obtained by solving 
the Schrödinger equation, which included the Kane 
Hamiltonian, acceptor ion potential, and central cell 
potential describing the chemical shift. This method 
is described in detail in [13]. The wave functions of 
continuous spectrum hole states were calculated 
beyond the Born approximation taking into account 
the impurity center potential [13], and the electron 
wave functions in the conduction band were chosen 
as plane waves.

Integrating expression (1) over the states of the 
continuous spectrum in the valence band/conduction 
band, taking into account the distribution function 
of holes/electrons, one can obtain the capture 
frequency of a particle (inverse capture time) from 
the continuous spectrum: 

	 →=
τ ∑ ,
1 .cont f p n

cont
W f 	 (3)

Paper [17] shows that the lifetime of piezo-
acoustic electron scattering in the conduction 
band in HgCdTe layers is a fraction of picoseconds. 
Therefore, the distribution functions ,p nf  can be 
considered quasi-equilibrium: 

	 =
ε − 

+   

,
,

1 ,
1 exp

p n
cont p n

f
F

T

	 (4)

where ,p nF   is the quasi-Fermi level for holes and 
electrons respectively contε  is the particle energy in 
the continuum of the conduction band or valence 
band.
The position of the quasi-Fermi level for holes is 
determined depending on the concentration of holes 
in the valence band and temperature according to 
expression [18] 

	

− 
− + + 

 = + +
π  

  

∫

12 2

3
3

22 1 exp
(2 )

V p
hh

n kE F
m

p d k
T 	

	

− 
− + + 

 + +
π  

  

∫

12 2

3
3

22 1 exp .
(2 )

V p
lh

n kE F
m

d k
T  (5)

Here hhm  and  lhm    are the effective masses of 
heavy and light holes in HgCdTe solid solution 
respectively, VE  is the energy of the valence band 
ceiling, T  is temperature in energy units. Note that 
the mass of light holes is an order of magnitude less 
than the mass of heavy holes, therefore the second 
term in expression (2) is much smaller than the first 
and can be neglected. The calculated position of the 
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Fermi level was used in calculating the frequency 
of hole capture from the valence band according to 
expression (3).

The position of the quasi-Fermi level for electrons 
is determined depending on the concentration 
of electrons in the conduction band according to 
expression [18]

 

	

− 
+ − 

 = +
π  

  

∫

12 2

3
3

22 1 exp .
(2 )

c e
e

n kE F
m

n d k
T 	 (6)

Here me is the effective mass of electrons in the 
solid solution Eс is the energy of the conduction 
band bottom of HgCdTe.

For analyzing the obtained results in relation to real 
structures produced by MBE method [19], besides 
the carrier lifetime in the considered SRH process, 
it is necessary to determine the characteristic times 
of other processes: interband recombination during 
radiative transitions, as well as Auger processes. The 
radiative and Auger recombination times in this 
work were calculated using widely cited approximate 
analytical formulas, presented, for example, in works 
[2,20]. The expression for Auger recombination 
time includes, besides material constants, the 
threshold energy ( thE ) of various Auger processes 
and parameter | 2| 1 2 |F F |2. In this work, the threshold 
energies were calculated not approximately 

(analytically), but numerically based on the energy 
spectrum obtained in the Burt-Foreman model 
with Kane Hamiltonian 8 × 8 [21, 21]. 1F  and  2F  
represent the overlap integrals of wave functions 
in different states occupied by electrons during the 
Auger process. Analytical expression for 1F  and  2F  
can be found in the classical work of Beattie and 
Landsberg [23], however, in the vast majority of 
works, the value | 2| 1 2 |F F |2 is considered as a fitting 
parameter [24]. Typically, in most publications 
| 2| 1 2 |F F | ~ 0.2, however, in recent works, values 
around 0.05 are encountered. To account for data 
from various publications in analyzing the results of 
this work, below are provided Auger recombination 
times for | 2| 1 2 |F F |2 values across the entire range from 
0.05 to 0.2.

3. RESULTS AND DISCUSSION

 The frequencies of electron capture from the 
conduction band to  1

2A− -centers with emission of 
single optical phonons were calculated. Note that 
unlike the process of hole capture at acceptor levels, 
electron capture can only occur directly to the main 
acceptor level, since there are no intermediate levels 
between the conduction band and the main acceptor 
state. The calculation of electron capture frequency 
from the conduction band was performed for the 
main level of −1

2A -center, located 20 meV above the 
valence band edge. Since the optical phonon energies 
range from 15 to 17.5 meV for HgTe-like phonon and 
from 18 to 20 meV for CdTe-like phonon, electron 
transitions to the ground state of −1

2A -center will 
occur if the bandgap gE  is within the range of 35 to 
40 meV.

Fig. 1 shows the calculated transition frequencies 
from the conduction band to the  −1

2A -center 
depending on the electron concentration in the 
band at different values of gE  and temperature T . It 
can be seen that with an increase in concentration 
from 1013 cm−3 there is a linear growth in transition 
intensity, which reaches saturation above a certain 
carrier concentration in the conduction band. This 
is due to the fact that transitions to acceptor states 
are possible only for carriers having kinetic energy 
within a certain range. For a band gap of 38 meV, 
it is no more than 20–18 = 2 meV (the difference 
between the maximum energy of the optical phonon 
and the energy gap between the conduction band 
edge and the acceptor level), and for a band gap 
of 35 meV, no more than 20–15 = 5 meV. With 

Fig. 1. Calculated frequencies of electron transitions from the 
conduction band to −1

2A -center depending on their concentration at 
different values of HgCdTe bandgap The calculation was performed 
for concentration range from 1013 cm−3 to 1.2 · 1016 cm−3.
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increasing concentration, the transition frequency 
initially grows due to the increase in the number 
of particles emitting phonons, and then, when the 
Fermi level becomes higher than the band edge by 
more than 2 (5) meV and the number of particles 
participating in transitions becomes constant, the 
growth of transition frequency stops. At liquid 
nitrogen temperature, the dependence of transition 
frequency on carrier concentration in the band 
is smoother due to the smearing of the electron 
distribution function in the conduction band at 
elevated temperatures. It can be seen that the optical 
phonon emission time during electron capture at the 

−1
2A -center for sufficiently high carrier concentration 

in the band is on the order of	 ns.
The frequencies of hole transitions from the 

valence band with optical phonon emission to the 
ground state of the −2

2A  mercury vacancy center 
were also calculated. It was found that the time of 
such transiti on for the solid solution with 18.8% 
cadmium content and bandgap of 36 meV (where the 
ionization energy of the −2

2A -center is 18 meV) is 3 ps. 
Thus, the electron capture time for the  −1

2A mercury 
vacancy center was three orders of magnitude 
longer than the hole capture time. Therefore, it can 
be expected that the SRH recombination time is 
determined by electron transitions. In this case, the 
SRH recombination time can be calculated using 
the following formula (see Appendix)

	
−

 
 τ = τ
 
 1

2

.SRH ph
A

n
N 	 (7)

Here SRHτ  is the relaxation time of electrons in the 
conduction band, phτ  is the phonon emission time 
during capture at one center,N −1

2A
N  concentration 

of −1
2A -centers, n − electron concentration. Thus, 

to calculate the SRH recombination time in 
narrow-gap HgCdTe layers, it is necessary to know 
not only the phonon emission time but also the 
number of carrier capture centers, i.e., the number 
of −1

2A -centers. The number of such centers is the 
sum of the equilibrium number of −1

2A -centers. The 
number of such centers is the sum of the equilibrium 
number of −1

2A -centers ( −1
2

P
A

N ) and the number of 
centers generated by excitation radiation ( −1

2

G
A

N ): 
	

− − −= +1 1 1
2 2 2

.P G
A A A

N N N

Considering that the process of hole capture at 
mercury vacancies is three orders of magnitude 
faster than electron capture at such centers, it can be 
assumed that when considering electron relaxation 
processes, the stationary distribution of holes across 
states has already been established.

Let's consider the following cases.

3.1. Material of n type
In this case, at low temperature, all mercury 

vacancies are in the charge state 2
2A−  (acceptor 

centers are free of holes). −1
2A -centers arise due to 

the capture of holes generated by exciting radiation  
( − −=1 1

2 2

G
A A

N N ). Their concentration equals the 

concentrat ion of  non-equi l ibr ium holes  
( p∆ ), if the number of such holes does not exceed the 
number of mercury vacancies; otherwise, the holes 
wi l l completely fi l l −2

2A -centers (forming 
−1
2A -centers), and the remaining particles will fill the 

emerging 1
2A− -centers, forming neutral mercury 

vacancies. Thus, in the case of HgCdTe — n-type 
material — the relation − ≤ ∆1

2A
N p. is valid. Since 

during optical excitation, the number of non-
equilibrium holes equals the number of non-
equi l ibr ium electrons ( n∆ )  for the SRH 
recombination time from relation (7) we have

	  τ ≥ τ  ∆ 
.SRH ph

n
n 	 (8)

The equality in relation (8) is realized when the 
number of mercury vacancies exceeds the number 
of generated holes, i.e., in the case of low excitation 
intensity. In n-type material, the lifetime of non-
equilibrium carriers in the SRH recombination 
process depends on their concentration, even 
when the latter is less than the dark concentration 
of electrons. This can lead to substantially non-
exponential relaxation dynamics of excess carrier 
concentration, which complicates the analysis 
of experimental curves. Since the number of 

1
2A− -centers is less than the total number of mercury 

vacancies, the following relation can be used to 
estimate the minimum SRH recombination time 
from expression (7): 

	
 

τ ≥ τ    2

.SRH ph
A

n
N 	 (9)
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The equality in expression (9) is realized when the 
number of holes arising during pumping equals 
the number of double acceptors. At = 4.2T  K, 
the estimation of SRH recombination time from 
(9) for HgCdTe with a band gap of 35 meV gives a 
value of about 170 ns for an equilibrium electron 
concentration of 2 · 1014 cm−3 and mercury vacancy 
concentration of 2 · 1013 cm−3, which satisfactorily 
agrees with experimental data [25]. At T = 77 K, the 
estimated SRH recombination times exceed 500 ns 
and thus do not contribute significantly to the total 
recombination time, since Auger recombination 
times are considerably shorter.

3.2. p-type material at T = 4,2 K 

The equilibrium number of −1
2A -centers at 

low temperature is determined by the degree of 
compensation: the number of such centers equals 
the number of compensating donors (ND). Under 
illumination, as previously noted, the generated 
holes transition to  −1

2A -centers within about 3 ps, 
converting them into neutral 0

2A -centers. Then the 
number of −1

2A -centers under illumination:

	 − = − ∆1
2

dA
N N p 	 (10)

Then, considering that Δp = Δn and the 
concentration of equilibrium electrons at low 

temperature is negligibly small, expression (7) in this 
case takes the form

	
∆ τ = τ  − ∆ 

.SRH ph
d

n
N n 	 (11)

Figure 2 shows the graphs of carrier lifetime 
dependencies for three recombination processes 
(SRH recombination (τSRH) calculated from 
(10), radiative recombination (τR) and Auger 
recombination (τA)) on the concentration of free 
electrons in the conduction band at (10), on the 
concentration of free electrons in the conduction 
band at T = 4.2 K. Calculations were performed 
for HgCdTe p-type layer, corresponding to 
Eg = 35 meV and Eg = 38 meV. The concentration 
of compensating donors ND is chosen to be 1015 cm−3. 

Mercury vacancy concentration is assumed to be 
NA > ND. For Auger recombination time Aτ  the range 
of values is shown, corresponding to the variation of 
the fitting parameter |F1F2| within the range from 
0.05 to 0.2, similar to work [2]. Considering that the 
total relaxation time τ is defined as 

	
− − − −τ = τ + τ + τ1 1 1 1,R SRH A 	 (12)

it corresponds to the shortest recombination time. 
Figure 2 shows that SRH recombination time will 
have a noticeable effect on in p-type material at free 
electron concentration (sum of equilibrium and 
non-equilibrium concentration) in the conduction 
band up to values of about 2 · 1014 cm−3 or about 

Fig. 3. Temperature dependence of the equilibrium concentration 
of 1

2A− -centers of mercury vacancies in the HgCdTe layer with Cd 
fraction in solution x = 17.7 %. The concentration of compensating 
donors is ND = 2 · 1014 cm−3, mercury vacancy concentration
NA = 2.5 · 1016 cm−3 

Fig. 2. Calculated for T = 4.2 K recombination times in p-type 
HgCdTe depending on the concentration of free electrons in the 
conduction band. The concentration of compensating donors 
equals 1015 cm−3
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6 · 1014 cm−3 depending on the value of |F1F2|2. At 
higher concentrations of non-equilibrium electrons, 
the total recombination time is controlled by Auger 
processes. 

3.3   Material of p-type at T = 77 K 

Fig. 3 shows the temperature dependence of 
the equilibrium concentration of 1

2A− -centers in 
the HgCdTe layer with Cd fraction in solution 
x = 17.7 %. The dependence was calculated using 
the method presented in work [26]. Mercury 
vacancy concentration NA = 2.5 · 1016 cm−3 was 
chosen at the level of maximum achievable for low-
temperature annealing of HgCdTe [27]. At T = 77 К 
the equilibrium concentration of free electrons in 
the conduction band was 1.75·1015 cm−3, which 
corresponds to typical “dark” concentration in 
epitaxial films grown by MBE method [19].

In Fig. 3, it can be seen that the concentration 
be noted that the band gap in the film with N 1

2A
N −   

at T = 77 К is 1.4 · 1016 cm−3. It should be noted that 
the band gap in the film with x = 17.7 % at T = 77 К 
is about 38 meV.

Fig. 4 shows a graph of carrier lifetime 
dependence for three recombination processes in 
HgCdTe p-type material with Eg = 35 meV and  
Eg = 38 meV. It can be seen that the SRH 
recombination time is on the order of several 
nanoseconds over a wide range of total electron 
concentrations in the conduction band and 

determines the overall lifetime. When the non- 
equilibrium electron concentration increases above 
6 · 1015 cm−3 , the expression for SRH recombination 
time without accounting for the change in mercury 
vacancy occupancy by non- equilibrium holes 
becomes inapplicable. Note that for concentrations 
near equilibrium, SRH recombination will remain 
the dominant process even with a tenfold decrease in 
mercury vacancy concentration. At the same time, it 
is known that during high-temperature annealing, it 
is possible to increase the vacancy concentration up 
to values of approximately 3 · 1018 cm−3 [28], which 
theoretically allows reducing SRH recombination 
times to approximately 10 ps. The latter is of interest 
for heterodyne receivers, where ensuring effective 
mixing imposes rather strict requirements on mixer 
speed

4. CONCLUSION
In this work, electron and hole capture times 

for states of partially ionized mercury vacancy in  
HgCdTe solid solutions with a band gap of about 
40 meV were calculated for different values of 
temperature and carrier concentration in bands. It 
is shown that electron transition times to vacancy 
states from the conduction band exceed the 
characteristic hole capture time by at least three 
orders of magnitude. Thus, the SRH recombination 
time is determined by the electron capture 
time to acceptor states. Comparison of rates of 
different recombination mechanisms shows that 
the SRH process determines the overall carrier 
lifetime in HgCdTe p-type with mercury vacancy 
concentration more than approximately 2 · 1015 cm−3 
both at liquid helium temperature and at liquid 
nitrogen temperature. The obtained results create 
prerequisites for controlling the photoresponse time 
in such materials, including in the sub-nanosecond 
range, by changing the concentration of mercury 
vacancies.
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APPENDIX

The number of electron captures by one acceptor 
center equals 1

phτ− , then the change in the number of 
electrons (n) in the conduction band per unit time 
has the form 

	 −= −
τ 1

2

1 ,
Aph

dn
N

dt 2AN ,	 (13)

here 2AN  — number of electron capture centers
( −1

2A -centers).

Formula (13) can be reduced to the form 

	 = −
τ

1 ,
SRH

dn
n

dt 	 (14)

	
−

= −
τ

1
2 .

A

ph

N
dn

n
dt n 	 (15)

 We obtain 
	

−

 
 τ = τ
 
 1

2

.SRH ph
A

n
N

	 (16)
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Abstract. Flat horizontal infinite layer of viscous incompressible poorly conducting liquid is investigated. 
The layer is placed in gravitational and electric field and heated from above. Eight-mode electroconvection 
model (extended Lorenz-model) is used to carry the problem out numerically. As a result of the linear 
stability analysis of the system, the critical wave number and critical electric Rayleigh number are 
obtained for different external electric field periods. In the case of nonlinear evolution of the system, 
bifurcation diagrams are obtained as dependences of the dimensionless heat flow on the amplitude of 
the oscillations of the external electric field. Various types of system response to the external impact are 
found: periodic, quasiperiodic and chaotic oscillations, as well as hysteretic transitions between them 
and quiescent state. The map of flow regimes is obtained.
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electric field, hysteresis
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1. INTRODUCTION

Currently, the problem of controlling heat flux in 
continuous media, for example, in fluids, is relevant. 
The ability to control heat and mass transfer in fluids 
can be used in various technological applications: 
in designing effective heat removal systems or for 
process control in zero gravity [1–3].

The problem of thermogravitational mechanism 
of convection generation, when motion in non- 
uniformly heated fluid occurs due to buoyancy force, 
has been very well studied [4]. In this case, the fluid 
can possess a number of other physical properties, 
for example, it can be a carrier of free charge. In 
this case, there appears an additional way to control 
convective motion by affecting the fluid through the 
application of an external electric field [5, 6]. It is 
known that such influence can lead to changes in 

convection onset thresholds [6–9], to the generation 
of oscillatory [10] and chaotic [11] motion regimes.

This article examines the case of interaction 
b et we en  t wo  c onve c t ion  m e ch a n i s m s: 
thermogravitational and electroconductive  
[6, 9], associated with inhomogeneous conductivity 
distribution.

There are many approaches to studying the 
dynamics of nonlinear systems, most of which 
reduce to the application of numerical methods. The 
main difficulty is related to the absence of analytical 
solutions in the general form of the Navier–Stokes 
equations describing the behavior of viscous fluid.

In the mid-20th century, E. Lorenz demonstrated 
a new method of numerical modeling of the Navier-
Stokes equations, based on studying the amplitudes 
of system field decomposition using a small set of 
trial functions [12]. In this convection model, the 
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phase variables are time-dependent amplitudes of 
spatial trigonometric functions (modes), one for the 
velocity field and two for temperature.

This approach revealed new important patterns 
in the behavior of dynamical systems and led to the 
creation of a new branch of physics – the theory of 
dynamical chaos [13]. Despite the intensive use of 
numerical models and commercial computational 
packages, low-mode systems are still used to analyze 
the nonlinear evolution of flows in various fluids  
[14–17], including the initial stage of laminar-
turbulent transition [14]. The use of low-mode 
models for theoretical description of convection 
in variable fields shows good agreement with 
experiments even for large supercriticalities [18,19].

In this work, a modified Lorenz model is used to 
analyze electrothermo-convective flows, based on 
the decomposition of hydrodynamic system fields 
into eight basis functions reflecting the symmetry of 
the problem [10, 20]. Within the framework of the 
proposed model, cases of instantaneous and finite-
time charge relaxation have been studied for heating 
of weakly conducting fluid from below in a constant 
electric field [20], in the isothermal case and with 
strong heating from above in an alternating electric 
field [9]. This paper presents the results of studying 
the evolution of weakly conducting fluid flows 
arising in an alternating electric field with moderate 
heating from above. New sequences of transitions 
between regular and chaotic oscillatory flows have 
been discovered and analyzed.

2. PROBLEM STATEMENT

A flat infinite horizontal layer of viscous 
incompressible weakly conducting fluid of thickness 
h, placed between plates of a flat infinite horizontal 
capacitor, is considered. The fluid is subjected 
to an alternating electric field with intensity E, 
gravitational field g, and the capacitor plates are 
heated to a temperature difference Θ. The capacitor 
plates are perfectly heat and electrically conductive, 
with physical conditions on them expressed by the 
following relations:

	
= = Θ Φ = ω

= = Φ =

ˆ ˆ0 : , cos( ),
ˆ: 0, 0,

z T U t

z h T
	 (1)

where z is the vertical coordinate, ω is the frequency 
of the external electric field, Û  is the amplitude of 
electric potential variation Φ.

A weakly conducting fluid is defined as having 
electrical conductivity σ ~ 10−9−10−11 Ohm−1 · m−1, 
which allows using the electrohydrodynamic 
approximation: due to small currents, magnetic 
effects and Joule heating can be neglected [6, 
7].The system of differential equations describing 
the system includes the Navier–Stokes equation, 
heat conduction equation, charge conservation law, 
Gauss's law, relation between electric field intensity 
and its potential, continuity equation [21]:

	
∂ ρ + ⋅ ∇ = −∇ + ρ + η∆ + ∂ 

( ) ,p q
t
v v v g v E 	

	
∂ + ⋅ ∇ = χ∆
∂

ˆ ˆ ˆ( ) ,T
T T

t
v 	

	
∂ + σ + ⋅ ∇ =
∂

( ) ( ) 0,q
div q

t
E v 	 (2)

 	 = εε0/ ,div qE 	

	 = −∇Φ,E 	

	 = 0,divv 	

where ˆ, , p Tv  are velocity, pressure, and temperature 
fields respectively, η is fluid dynamic viscosity, χ is 
fluid density, q  is fluid density, σ   is fluid electrical 
conductivity, ε is dielectric permittivity, 0ε  is electric 
constant.

Linear dependencies of fluid density and electrical 
conductivity on temperature are considered: 

	 θ σρ = ρ − β σ = σ + β0 0
ˆ ˆ(1 ), (1 ),T T 	

see [6,21], where ρ0 and σ0 are density and 
conductivity values at mean temperature, βθ and βσ 
are positive coefficients. Thus, thermogravitational 
and electroconductive mechanisms are the main 
causes of convection onset [9]. Due to small 
conductivity inhomogeneity (for weakly conducting 
fluid under moderate heating σβ T̂ ≪ 1), spatial 
inhomogeneity of the electric field and field changes 
caused by charge redistribution can be neglected, i.e., 
the induction-free approximation can be used [20].

System (2) is reduced to dimensionless form 
according to the following relations: 
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[ ] ρ χ= Φ = = =

η η
εεηχ= Θ = = =

2
0

0
2 2

ˆ, [ ] , [ ] , [ ] ,

ˆˆˆ[ ] , , [ ] , [ ] ,

h
t U v r h

UU
T E p q

h h h

	 (3)

and considering the Boussinesq approximation [4], it 
can be written as

	
∂ + ⋅ ∇ =
∂

1 ( )
Prt

v
v v 	

 σ= −∇ + ∆ + + ωˆ cos( ) ,p RaT Ra q tv j j

	
∂ + ⋅ ∇ = ∆
∂

ˆ ˆ ˆPr ( ) ,T
T T

t
v 	 (4)

	
∂ + σ + ⋅ ∇
∂

Pr ( ) ( ) = 0,e
e

Prq
div q

t Pr
E v 	

where j  is a unit vector codirectional with the 
vertical z-axis. System (4) contains the following 
dimensionless parameters:

	 θρ β Θ
=

χη

3
0 g h

Ra

— Rayleigh number, characterizing the intensity of 
fluid heating, 

	 σ
σ

ε ε β Θ
=

χη

2
0 Û

Ra 	

— electrical analog of the Rayleigh number, related 
to the amplitude of the external electric field, 

0
=Pr η

χρ
 

— Prandtl number, reflecting the ratio between 
viscous and heat-conductive energy transfer in the 
fluid,

	
εε η

=
σ ρ

0
2

0 0
Pre h

	

— electrical analog of the Prandtl number, 
characterizing the ratio between viscous and 
electrical forces.

3. LOW-MODE MODEL

Let's represent the fields ˆ, v T  and q in the form 
0

ˆ ˆ, =v T T θ+   and 0=q q q′+ , where , v θ and q′ are 
deviations of values from their equilibrium values 
(hereafter primes will be omitted). Considering the 
absence of horizontal anisotropy, we can consider 
only two-dimensional perturbations in the vertical 
plane x z− , which actually arise at the threshold 
of convective stability. Let's introduce the stream 
function ψ, such that 

	 = −∂ψ ∂ = ∂ψ ∂/ , / ,x zv z v x 	

see [9], then the system of equations (4) can be 
rewritten as [20]

	
∂ ∂ψ ∂ ∂ψ ∂ ∆ψ + ∆ψ − ∆ψ = ∆ ψ + ∂ ∂ ∂ ∂ ∂ 

21
Prt x z z x

 	 σ
∂θ ∂+ + ω
∂ ∂

cos( ),q
Ra Ra t

x x 	

 	
∂θ ∂ψ ∂θ ∂ψ ∂θ ∂ψ+ − = ∆θ +
∂ ∂ ∂ ∂ ∂ ∂

Pr ,
t x z z x x 	 (5)

 	
∂ ∂ψ ∂ ∂ψ ∂ + − + ∂ ∂ ∂ ∂ ∂ 

Pr
Pr

Pr
e

e
q q q
t x z z x 	

 	
∂θ+ + ω =
∂

cos 0,q t
z 	

with boundary conditions 

	
= ψ = ψ = θ =′′
= ψ = ψ = θ =′′

0:  0,
:  0.

z
z h

	 (6)

To find solutions of the system of equations (5) 
satisfying boundary conditions (6), the Galerkin 
method [4] is applied with approximation of fields 

, ψ θ and q by a minimal set of basis functions [9]: 

+ψ = ×
22(1 )k

k

	 × π + π π( ( )sin ( )sin 2 )sin ,X t z V t z kx

 

Θ = π + π π +
π
2 ( ( )sin ( )sin 2 )cosY t z W t z kx

	 + π
π
1 ( )sin 2 ,Z t z (7)
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 = π + π π +( 2 ( )cos 2 2 ( )cos 2 )cosq S t z T t z kx

	 + π( )cos 2 .U t z

Here k   is the wave number characterizing the 
periodicity of solutions horizontally, and coefficients 

, , , , , , , X V Y W Z S T U   are amplitudes showing the 
contribution of spatial modes to the solution.
Expansions (7) contain terms of different parity in  
z, which is related to the presence of derivatives of 
different orders in in system (5). Amplitudes X U− 	
are determined using conditions expressing the 
orthogonality of the residual of system equations (5) 
with respect to each of the basis functions [4]. After 
time rescaling

	 →
π +2 2

Pr
(1 )

t t
k

	

we obtain a system of eight ordinary differential 
equations for the amplitudes of spatial harmonics 
(dot above variable denotes time derivative) [9,22]: 

	 = − + − ω
�

Pr( cos ),X X rY eT t 	

	 = − + +
�

,Y Y X XZ 	

	 = − −
�

,Z bZ XY 	

	 = − + + ω
�

Pr( ( cos ) / ),V dV rW eS t d 	 (8)

	 = − +
�

,W dW V 	

	 = − + − ω
�

cos ,S gS XU gY t 	

	 = − − ω
�

cos ,T gT gW t 	

	 = − − − ω
�

2 cos .U gU XS gZ t 	

 In system (8), the following notations are introduced: 

	

σ

σ

σ

= =

π + π += =

+= = =
+ + π +

0 0
4 2 3 4 2 3

0 02 2

2

2 2 2 2

, ,

(1 ) 3 (1 ) , ,
8

4 4 Pr , , ,
1 1 (1 )Pre

RaRa
r e

Ra Ra

k k
Ra Ra

k k
k

d b g
k k k

	 (9)

where , r e — are normalized thermal and electrical 
Rayleigh numbers, 0Ra  — is the critical Rayleigh 
number at which thermogravitational convection 
begins, 0Raσ  is the system parameter.

4. LINEAR STABILITY ANALYSIS

 The case of moderate heating from above is 
studied, where the normalized thermal Rayleigh 
number r  takes a negative value of −1 [23]. As 
seen from relations (9), with heating from 
above, the normalized electric Rayleigh number 
is e  also negative, but the study considered its 
absolute value. Other fluid parameters have values 

= 400, = 30ePr Pr . They correspond to weakly 
conducting fluids, electrical conductivity of which 
depends on temperature, for example, corn or 
transformer oil [24–26]. Real physical characteristics 
of the system correspond to a layer thickness of 1 cm, 
voltage difference of 1 kV, temperature difference: 

~10˚C.
As seen from system (8) with a set of dimensionless 

parameters (9), the wave number k, corresponding to 
the spatial horizontal scale of perturbations, remains 
undetermined. The standard approach for finding 

Fig. 1. Family of neutral curves in coordinates wave number 
k − modulus of electrical parameter |e| at different periods T ′ of 
external electric field variation. Solid lines correspond to quasi-
periodic regimes, dashed lines to synchronous ones [23]
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the value of this parameter is the analysis of linear 
perturbations of the system.

After linearization, system (8) can be represented 
in matrix form

	
��( ) = ( ) ( )t A t tx x 	

with a linear matrix dependent on time with period 
= 2 /T π ω′ . Then for analysis of its linear stability, 

Floquet theory can be applied [27], which was used 
to obtain neutral curves of linear stability of the 
system for different periods of external electric field 
(Fig. 1) [23].

By determining the extremum point of the neutral 
curve, one can calculate the minimum modulus 
value of the dimensionless electric parameter at 
which convective fluid motion begins, as well as the 
corresponding critical wave number, for example, 
| | ( = 2.22) = 91.7mine T ′  and ( = 2.22) = 1.45ck T ′ . 
Linear stability analysis of the system predicts the 
emergence of quasi-periodic oscillations in areas of 
global minimum of neutral curves Fig. 1. In areas of 
local minima of curves, oscillations are synchronous, 
corresponding areas are constructed with dashed 
lines.

5. NONLINEAR CONVECTION MODES 

To describe the intensity of convective processes, 
the Nusselt number (Nu) was calculated, a 
parameter equal to the time-averaged heat flux per 
unit of horizontal boundary of the condenser [9]. 
The Nusselt number can be expressed through the 
amplitude Z of system (8):

	 = − ∫
0

21 ( ) ,
tend

end
Nu Z t dt

t 	 (10)

where endt  is chosen in such a way that it 
accommodates more than a hundred periods of 
system oscillations.

Wave numbers k were taken from the results 
of linear theory application ( = ck k , where ck  
corresponds to the global minimum of the neutral 
curve for the selected period of external field). 
Geometric parameters , b g  and d  were determined 
based on the selected wave number. Values of other 
dimensionless parameters are given at the beginning 
of Section 4.

The study of electroconvection modes was 
conducted as follows: system (8) was numerically 
integrated using the fourth-order Runge-Kutta 
method at different values of dimensionless 
normalized electric Rayleigh number | e | and period 
of electric field variation T′. The | e | parameter 
continuation method was used: when calculating 
the Nusselt number for each value, distributions 
obtained at the previous step for were used as initial 
conditions | e |. This method allows continuous 
change of the control parameter, determining the 
boundaries of hysteresis transitions [28]. Thus, 
dependencies Nu (| e |) were determined for different 
periods of external electric field T′, for each period 
the corresponding critical wave number value was 
taken.

During the study, several types of system evolution 
were identified for different periods of external field T ′.

5.1. External field period T ′ = 2

The dependence of dimensionless heat flux Nu on 
parameter | e | for the given period of external field is 
presented in Fig. 2.

With increasing parameter | e | from initial 
conditions corresponding to small perturbations 
of mechanical equilibrium, convection emerges 
as quasi-periodic oscillations at point A Fig. 2  

Fig. 2. Dependence of the Nusselt number Nu on the absolute value 
of the dimensionless electric parameter |e| at external field period 
T ′ = 2. Solid line – movement towards increasing |e|, dashed  
line – towards decreasing |e|
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(|e| = 112.2) (the Fourier spectrum of amplitude 
oscillations contains two or more frequencies 
incommensurable with the external one (ν = 0.5,  
Fig. 3a)) .

With further increase of the parameter | e | 
quasiperiodic oscillations transition at point B Fig. 2 
(|e| = 122.7) into a specific subharmonic oscillation 
regime: the Fourier spectrum contains the external 
frequency, as well as a frequency three times lower 
than the external one, and their linear combinations 
(Fig. 4).

In the BC section, a cascade of period-doubling 
bifurcations occurs (Fig. 4), transitioning into 
chaos at point C Fig. 2 (|e| = 124.7). Chaotic 
oscillations exist in the CD section of Fig. 2 and 
are characterized by a continuous Fourier spectrum 
(Fig. 3b). At point D Fig. 2 (|e| = 126.6) a regime 
emerges again, characterized by a frequency three 
times lower than the external field frequency. 

With fur ther increase of | e | the system 
o s ci l l a te s  i n  t h i s  way  u nt i l  p oi nt  E  
Fig. 2 (| e | = 122.7), where heat flow sharply increases. 
At Nusselt numbers greater than 2.5, synchronous 
disturbances appear in the layer, whose Fourier 
spectra contain only frequencies that are multiples 
of the external one (Fig. 3c).

If, using the parameter continuation method, 
parameter | e | is sequentially decreased from values 
lying to the right of point F Fig. 2, then the system's 
transition from convective flow to mechanical 
equilibrium will occur differently, with a sharp 
decrease in the Nusselt number at point G Fig. 2  
(|e| = 84). Thus, hysteresis is realized in the system 
(loop HAFG in Fig. 2), accompanied by heat flow 
jumps.

5.2 External field period T ′ = 4

The dependence of dimensionless heat flux on 
parameter | e | for the given external field period is 
shown in Fig. 5.

With increasing absolute value of parameter 
|  e  |  convection occurs at  point A Fig.  5  
( |  e |  = 36.9) in the form of quasi-periodic 
oscillations. With further increase of | e | these 
oscillations transition to chaos through quasi-
periodicity at point B Fig. 5 (| e | = 43.5). The 
transition to chaos through quasi-periodicity is 

Fig. 4. Fourier spectra of amplitude oscillations X in logarithmic 
scale at forcing period T ′ = 2. Oscillations correspond to section 
BC of Fig. 2, where subharmonic cascade occurs

Fig. 3. Fourier spectra of amplitude oscillations X at forcing 
period for different values of T ′ = 2. Lower branch of Fig. 2:  
а — |e| = 120, quasiperiodic response; b, |e| = 126 chaotic 
oscillations. Upper branch of Fig. 2: c, |e| = 131 synchronous 
response Fig. 5. Dependence of the Nusselt number Nu on the absolute 

value of the dimensionless electric parameter |e| at the external field 
period T ′ = 4. Solid line - movement towards increasing , dashed 
line – towards decreasing of |e|
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accompanied by the appearance of an increasing 
number of l inear frequency combinations 
incommensurable with the external one, until 
the spectrum becomes continuous. Chaos exists 
in section BC Fig. 5 (at point C (| e | = 43.78)). 
In section CD Fig. 5, a synchronization region 
is realized, where subharmonic oscillations are 
observed. Then, at point D Fig. 5 (| e | = 43.9) 
the heat flux experiences a sharp jump, and the 
system transitions to synchronous oscillations.

Similar to the previous case, hysteresis 
phenomenon is observed (loop ADEFG in Fig. 5): 
simultaneous coexistence of regimes with different 
Nusselt numbers. At Nu > 2.6 synchronous 
oscillations are realized (section EF in Fig. 5). When 
parameter |e| decreases at point F Fig. 5 (| e | = 30.9) 
the system transitions to equilibrium state.

5.3. External field period T′ = 6.2

The dependence of dimensionless heat flux on 
parameter | e | for the given external field period is 
shown in Fig. 6.

Similar to all previous cases, convection occurs 
in the form of quasi-periodic oscillations at point 
A Fig. 6 (|e| = 25.4). With increasing parameter  
 at point B Fig. 6 (|e| = 27.3) a reverse bifurcation 
occurs (Nusselt number sharply increases for a 

certain value |e|), and the system transitions at 
point C Fig. 6 to oscillations characterized by a 
frequency three times lower than the external field 
frequency. Then a period-doubling cascade occurs, 
leading to the appearance of chaos at point D Fig. 6  
(|e| = 28.2) which exists up to point E in Fig. 6  
(|e| = 28.6), where the system transitions to 
synchronous oscillations with a sharp increase in 
the Nusselt number.

At this period of the external field, a hysteresis 
phenomenon is also observed (loop AEFGH in  
Fig. 6). On the upper branch of this loop FG  
Fig. 6, synchronous oscillations occur, and when 
synchronous oscillations occur, and when parameter 
e decreases at point G in Fig. 6 (|e| = 19.6), 
convection sharply disappears in the system

Based on the study of Nusselt number 
dependencies on the dimensionless electric 
parameter for different periods of external electric 
field variation, a map of electroconvection regimes 
was constructed for the period range [2; 10] (Fig. 7).

 For all considered periods of external field variation, 
instability occurs with an increase in the control 
parameter |e| from the equilibrium state through 

Fig. 6. Dependence of the Nusselt number Nu on the absolute 
value of the dimensionless electric parameter |e| at the external 
field period T′ = 6.2. Solid line – movement towards increasing |e|, 
dashed line – towards decreasing |e|

Fig. 7. Map of fluid motion regimes on the plane of external electric 
field period variation T′ – absolute value of electric parameter 
|e|. I – region of no convection; II – region of coexistence of 
synchronous oscillations and no convection; III – region of 
coexistence of synchronous oscillations and various regimes: 
quasi-periodic oscillations, subharmonic oscillations, and chaos; 
IV – region of synchronous oscillations
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quasi-periodic oscillations (dash- dotted line in  
Fig. 7). With further increase in the electric Rayleigh 
number, low-intensity quasi-periodic oscillations 
can transform into subharmonic or chaotic regimes. 
With growth of the electroconvective parameter at 
the boundary marked by a solid line in Fig. 7, high- 
intensity synchronous oscillatory flows emerge. 
When decreasing the control parameter from regions 
of intense convection at the boundary marked by 
a dashed line in Fig. 7, transition to mechanical 
equilibrium of the fluid occurs.

CONCLUSION

The problem of electroconvection in a flat 
horizontal layer of viscous incompressible 
weakly conducting fluid placed in an alternating 
electric field and heated from above has been 
studied within the framework of a low-mode 
approximation. The case of moderate heating 
from above is considered.

As a result of studying linear perturbations 
under variable external influence, neutral curves 
depending on the electric field period were obtained, 
and corresponding critical wave numbers were 
determined.

In the nonlinear case, the evolution of the 
system under changes in amplitude and period of 
external electric field has been studied. Various 
types of system responses were discovered: 
quasi-periodic, subharmonic characterized by 
a frequency three times lower than the external 
forcing frequency, synchronous, and chaos. 
Different scenarios of transition to chaos were 
identified, through quasi-periodicity and through 
subharmonic cascade.

The phenomenon of hysteresis was discovered. 
Depending on initial conditions, oscillatory flows 
of weakly conducting fluid can have high or low 
intensity. The high-intensity regime corresponds 
to synchronous perturbations. For low-intensity 
oscillations, various system response modes are 
observed. Hysteresis transitions are accompanied 
by bifurcations. Linear theory predictions are 
confirmed in the nonlinear case.
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1. INTRODUCTION.  
PROBLEM STATEMENT

Intensive theoretical and experimental studies 
begun in the 1970s, aimed at obtaining powerful 
coherent electromagnetic radiation in the 
microwave range using high-current electron beams 
propagating in electrodynamic systems with plasma 
filling, have been undoubtedly successful. Currently, 
there are operating sub-gigawatt plasma sources 
of electromagnetic radiation in the centimeter 
wavelength range [1–3]. During their creation, a new 
direction of applied physics emerged – high-current 
relativistic plasma microwave electronics [4], which 
continues to actively develop today [5]. Therefore, it is 
completely natural to desire to "advance" the existing 
successes and achievements in the microwave field 
to a higher frequency region, for example, to the 
subterahertz or even terahertz ranges. The study 
of the possibility of advancing existing Cherenkov 

plasma sources of electromagnetic radiation into the 
subterahertz range is addressed in work [6].

This paper examines Cherenkov emitters on 
dense relativistic electron beams, using dielectric 
and plasma-dielectric waveguides as electrodynamic 
systems. The idea of using combined plasma-
dielectric structures for wave deceleration in 
Cherenkov emitters was considered, for example, in 
works [7–9]. We will mainly consider the interaction 
of an electron beam with high modes of dielectric 
waveguides when they belong to the type of so-called 
spatially developed (multi-wave) electrodynamic 
systems [10], since the wavelengths of high (and 
therefore high-frequency) waveguide modes are 
small compared to its transverse dimension.

When the inequality / <dc uε , is satisfied, 
where u is beam velocity, dε  is dielectric permittivity, 
sufficient wave deceleration exists even without 
plasma. This case represents the main interest in the 
present work. If the opposite inequality ε >/ dc u, 
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is satisfied, then wave deceleration is provided only 
by plasma, which is less interesting for us here. We 
consider the case of simultaneous presence of both 
dielectric and plasma in the waveguide, if only 
because in strong high-frequency fields, breakdown 
develops on the dielectric surface, leading to plasma 
formation in waveguide regions adjacent to the 
dielectric [11,12]. Plasma significantly changes the 
electrodynamics of the dielectric waveguide, which 
should be taken into account within the framework 
of the problems outlined above. Essentially, this work 
is a continuation of our work [6], which addressed 
the problem of increasing the operating frequency of 
emitters using only high-density plasma without any 
dielectric inserts. Thus, in this work, we are trying 
to solve the same problem of frequency increase by 
using a different electrodynamic system1.

Let's consider the interaction of a straight electron 
beam with a wave E-type of a circular cross-section 
waveguide with radially inhomogeneous isotropic 
medium filling with dielectric permittivity of the 
form

	 ( , ) = ( , ) , , = , , ,ij ijr r i j r zε ω ε ω δ ϕ 	 (1)

where , ,r zϕ   are cylindrical coordinates, and 
( , )rε ω   is some function of the radial coordinate r  

(and frequency ω). Let's direct the axis 0Z  along the 
waveguide axis, coinciding with the beam direction, 
and define the azimuthally symmetric longitudinal 
component of the electric field intensity by the 
formula 

	
1( , , ) = [ ( )exp( ) . .].
2z zE t z r E r i t ik z C Cω− + + 	 (2)

From Maxwell's equations with the dielectric 
permittivity tensor (1) follows the equation for the 
complex amplitude ( )E r  in formula (2) 

	
 ε ω − ε ω = χ ω 2

1 ( , ) ( , ) 0,
( , )

d r dE
r r E

r dr drr
	 (3)

where 2 2 2 2( , ) = ( , ) /zr k r cχ ω ε ω ω− .
We will consider two variants of waveguide medium 
filling. In the first variant 

	 0
2 2

0

, 0 < < ,
( , ) =

= 1 / , < < ,
d

p p

r r
r

r r R

ε
ε ω

ε ω ω

 −
	 (4)

1 Wave amplification in dielectric waveguides without plasma in the 
low-frequency range was considered in work [13].

where pω  is a constant electron Langmuir frequency. 
According to (4), in the inner region of the waveguide 

0<r r  there is a dielectric with permittivity > 1dε , 
and in the outer region — cold collisionless electron 
plasma. This filling variant will be called the direct 
geometry case. In the second filling variant, called 
the inverse geometry case, 

	
2 2

0

0

= 1 / , 0 < < ,
( , ) =

, < < ,
p p

d

r r
r

r r R

ε ω ω
ε ω

ε

 −
	 (5)

i.e., the inner region of the waveguide is filled with 
plasma.

As can be seen from formulas (1), (4), and (5), the 
plasma in the waveguide with a dielectric insert is 
unmagnetized. In the above-mentioned works [7–9], 
the opposite case was considered — fully magnetized 
plasma. Below it will be shown that the cases of 
plasma without external magnetic field and plasma 
in infinitely strong external magnetic field differ 
significantly from each other. The matter here is in 
the different set of eigenwaves of plasma-dielectric 
waveguides.

Directly from equation (3), the following boundary 
conditions at the interface between dielectric and 
plasma are obtained:

 

	 { } =
=

 ε ω = = 
χ ω  

20
0

( , )0, 0.
( , )r r

r r

r dE
E

drr
	 (6)

Here and further, curly brackets denote the difference 
of expressions on both sides of the boundary, that is, 
for example, { } = = + − −0 0

0
( 0) ( 0)r rE E r E r . Another 

boundary condition ( ) = 0E R  is written at the 
perfectly conducting waveguide boundary.

As can be seen from (1), the medium in the 
waveguide is isotropic, which in relation to plasma 
means it is unmagnetized. However, in any of 
the known Cherenkov plasma emitters, there is 
necessarily some external magnetic field required for 
obtaining and transporting high-current relativistic 
electron beam. Plasma unmagnetization assumes the 
fulfillment of inequalities [14] 

	 Ω2
e ≪ ω2

, Ω ω2
e p ≪ ω3

,	 (7)

where eΩ   is the electron cyclotron frequency. In 
this work, we are only interested in the region of 
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sufficiently high frequencies, therefore we consider 
inequalities (7) to be unconditionally fulfilled. The 
situation is different with the electron beam. The 
densities of electron beams used in plasma emitters 
are small compared to plasma densities. Therefore, 
assuming the inequalities are fulfilled [7, 14] 

	 Ω2
e ≫ ω γ δ2 3 2, | |b ku− 	 (8)

we consider the electron beam to be fully magnetized. 
Moreover, following experimental conditions, we 
use the model of an infinitely thin tubular electron 
beam. Here bω  is the Langmuir frequency of beam 
electrons, 2 2 1/2= (1 / )u cγ −− , bδ  is the thickness of 
the tubular beam, and is  kδ  is the spatial increment 
(gain coefficient) of resonant Cherenkov beam 
instability.
The current density of an infinitely thin tubular 
magnetized electron beam is defined by the formula 

	 ( , , ) = ( ) ( , ; ),z b b b bj t z r r r j t z rδ δ − 	 (9)

where ( , ; )b bj t z r  — is a function that requires beam 
dynamics equations to find, and the parametric 
dependence on the tubular beam radius br  indicates 
that the field (2) acts on the electrons of the thin 
beam precisely at point = br r . The presence of 
current with density (9) in the waveguide leads to the 
following jump in the azimuthal component of the 
magnetic field induction 

	 { }
=

4( , , ) = ( , ; ).b b br rb
B t z r j t z r

cϕ
π δ 	 (10 

)

The azimuthal component of the magnetic field 
induction is determined by a formula of type (2) with 
complex amplitude 

	
2

( ) = ( , ) .
( , )

dEB r i r
drc r

ωε ω
χ ω

− 	 (11) 

Substituting the formula of type (2) with complex 
amplitude (11) into (10) and assuming that the electron 
beam passes through one of the plasma regions of 
the waveguide, we find the following boundary 
conditions for function ( )E r  on the electron beam:  

{ } =
=

χ π = = δ  ε ω 

2 40, ( ) ,p
b b br rb pr rb

dE i
E j r

dr 	 (12)

where 

( )
π ωω= ω −

π ∫
2 /

0

( ) ( , ; )expb b b b zj r j t z r i t ik z dt 	 (13)

is the space-time Fourier harmonic of the beam 
current density, and 2 2 2 2= /p z pk cχ ε ω−  .  In 
(12), an obvious condition for the continuity of the 
function itself on the electron beam is added ( )E r . In 
the linear approximation, to calculate function (13), 
one can use the known expression for electron beam 
conductivity obtained in the hydrodynamic model 
[7, 14], which gives 

	
2 3

2
4 ( ) = ( ).

( )
b

b b b
z

i j r E r
k u

ω γπ
ω ω

−

−
−

	 (14)

 The procedure for calculating function (14) in 
nonlinear theory will be described below.

2. DISPERSION EQUATION OF LINEAR 
THEORY FOR THE CASE OF DIRECT 

GEOMETRY

Let us now proceed to consider the waveguide 
in the case of direct geometry (4). Since the beam 
passes through the plasma region of the waveguide, 
we assume that 0 < <br r R. Taking into account the 
boundary conditions 0=r r  and   =r R, the solution 
of equation (3) in different regions of the waveguide 
can be written as 

	 0 0

0 0 0 0

0

( ), < ,
( ) = [ ( ) ( )], < < ,

( ), < < ,

d

p p p b

p b

AI r r r
E r A r UI r VK r r r r

BF r r r R

χ
χ χ χ

χ

 +

	

(15)
where 

	

0 0 1 0

1 0 0 0

0 0 1 0

1 0 0 0

0
0 0 0

0

( , ) = ( ) ( )

( ) ( ),

( , ) = ( ) ( )

( ) ( ),

( )
( ) = ( ) ( ) ,

( )

z d p

d p
d p

p d

z d p

d p
d p

p d
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p p p
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V k I r I r

I r I r

U k I r K r

I r K r

K R
F r K r I r

I R

ω χ χ

ε χ
χ χ

ε χ

ω χ χ

ε χ
χ χ

ε χ

χ
χ χ χ
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−

−

+

+

−

	 (16)
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 A  and   B   constants, 0( )I x  and   0( )K x    are 
I n feld  a nd MacDona ld  f unct ion s,  a nd  

2 2 2 2= /d z dk cχ ε ω− . Substituting solutions (15) 
into the boundary conditions (12), we obtain the 
following relations: 

	 0

0 0 0

( )
= ,

( ) ( , ; )
p b

p p b z b

F r
A B

r I r D k r

χ

χ χ ω
	 (17)

	 0( , ; ) =zD k R Bω 	

	
2

0 0
4= ( , ; ) ( ) ( ) ,p

z b p b b b b b
p

iD k r I r r j r
χ πω χ δ
ε ω

− 〈 〉 	(18)

where 
ω = ω + ω χ χ0 0 0( , ; ) ( , ) ( , ) ( ) / ( ).z z z p pD k x U k V k K x I x	

(19)
According to formula (15), relation (17) determines 
the field structure of the wave excited by the 
electron beam in the plasma-dielectric waveguide. 
The main one is certainly relation (18), which can 
be interpreted as the excitation equation of the 
waveguide by the beam (see below).
It is easy to see that equation

	 0( , ; ) = 0zD k Rω 	 (20)

is the dispersion equation determining the 
frequencies of the natural waves of the plasma- 
dielectric waveguide without the beam. Indeed, 
in the absence of a beam (for example, at = 0bδ ) 
equation (18) has a non-trivial solution 0B ≠  only 
at 0( , ; ) = 0zD k Rω .

In the linear approximation, using formulas 
(14) and (15), from (18) we obtain the following 
dispersion equation for determining complex spectra 
of a plasma-dielectric waveguide with a thin tubular 
straight electron beam in the case of direct geometry: 

   
2 3

0 02 2
( , ; ) ( , ) = 0,

( )
b b b

z z
z

r
D k R W k

R k u

δ ω γ
ω ω

ω

−

−
−

	 (21)

where 

	
2

2
0 0 0 0( , ) = ( , ; ) ( ) ( ).p

z z b p b p b
p

W k R D k r I r F r
χ

ω ω χ χ
ε

	

(22)

If the wavelengths excited by the electron beam 
are small compared to the waveguide radius  
(c/ω ≪ R), which is exactly the case for high modes, 
then the dispersion equation (20) significantly 

simplifies. Indeed, in (19), we obtain the following 
dispersion equation: 
	 0( , ; ) = ( , ) = 0.z zD k U kω ω∞ 	 (23)

3. WAVE AMPLIFICATION IN A 
PLASMA-DIELECTRIC WAVEGUIDE IN 

THE REGIME OF SINGLE-PARTICLE 
CHERENKOV EFFECT. CASE OF DIRECT 

GEOMETRY

Let us investigate spatial wave amplification in a 
plasma-dielectric waveguide with a beam in the case 
of direct geometry, for which we will solve equation 
(21) with respect to the complex wave number ( )zk ω  
at real frequency ω. Assuming, as is usually done in 
Cherenkov interaction of beams with waves of any 
nature [7] 

	 ω δ δ= , | |z zk k k k+  ≪ ω,zk 	 (24)

where = /zk uω ω , we transform equation (21) into 
a cubic equation for the complex amplification 
coefficient kδ  

	 ω
ω

ω

∂ ω 
ω + δ δ = ∂ 

0 2
0

( , ; )
( , ; ) z

z
z

D k R
D k R k k

k

−
ω

ω
ω

∂ ω δ ω γ
= ω + δ ∂ 

2 3
0

02 2
( , )

( , ) .zb b b
z

z

W kr
W k k

kR u
	 (25)

Let the condition of single-particle Cherenkov 
resonance be satisfied (i.e., the wave is in Cherenkov 
resonance with the electron), and therefore 

Fig. 1. Characteristic dispersion curves of the plasma-dielectric 
waveguide and lines (lower dashed line) = /z dk cω ε  and (upper 
dashed line) ω = kzu
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	 0( , ; ) = 0,zD k Rωω 	 (26)
and the beam density is so low that the second 
term in brackets on the right side of the dispersion 
equation (25) can be neglected. Then, for the 
complex amplification coefficient at the frequency 
of single-particle Cherenkov resonance, we obtain 
the following expression: 

	
−ω δ ω γ−δ ω = ×

ω

2 3
0

0 2 2
0

1 3( )
2

b b bri
k

u R

	
−∂ ω × ω  ∂ 

1/31
0 0 0

0 0 0 0
0

( , ; )
( , ) ,

D k R
W k k

k 	 (27)

where 0ω    is the solution of equation (26), and  
0 0= /k uω . The amplification coefficient (27) 

has the structure typical for any single-particle 
Cherenkov effect. The condition for applicability of 
solution (27), i.e., the condition for single-particle 
amplification is the inequality

	
∂ ω

δ ω
ω ∂

0 0 0
0

0 0 0 0

( , )1 ( ) 1.
( , )

W k
k n

W k k 	 (28) 

To determine the resonant frequencies ω 0 
one should solve equation (26) with respect 
to frequency w. The frequencies ω0 are most 
clearly represented on the dispersion diagram 
(Fig. 1), which shows the dispersion curves — 
solutions of the dispersion equation (20), the line 
ω = ε/z dk c  (lower dashed line) and the line 

= zk uω  (upper dashed line). Frequencies 0ω  are 
given by the intersection points of dispersion 
curves with the line = zk uω . The calculation 
was performed for a system with the following 

parameters: ωp = 2·1011 rad/s, r0 = 1 cm, R = 3 cm, 
εd = 3, u = 2.27 · 1010 cm/s. The figure shows 
resonances only with the six lowest modes (although 
resonance exists at arbitrarily high modes), the first 
of which is plasma mode.

Let's pay attention to the lowest dispersion curve 
in Fig. 1 — it corresponds to the surface plasma 
wave2. As we can see, the cutoff frequency of this 
wave is not zero, which is characteristic only for a 
waveguide with plasma filling in the external region 
[15], which is exactly the case in direct geometry. 
Therefore, the Cherenkov resonance of the electron 
beam with such a surface plasma wave always exists, 
which must be taken into account when developing 
Cherenkov dielectric amplifiers with an internal 
dielectric insert. Indeed, with high power of the 
amplified signal, the plasma arising from breakdown 
fundamentally changes the electrodynamic 
properties of the system  — instability appears on 
the low-frequency surface plasma wave, which can 
suppress amplification in the high-frequency region.

4. REGIME OF COLLECTIVE  
CHERENKOV EFFECT

In principle, equation (21) also describes the 
collective Cherenkov effect [7,16]. To understand 
this issue, equation (21) should be written in such a 
way as to explicitly highlight the dispersion function 
of the waveguide without beam (it has already been 
highlighted) and the dispersion function of the 
beam's Langmuir waves, which can be done easily 

2 The term "surface wave" refers only to the frequency range  
ω < kzc.

Fig. 2. Gain coefficient dependence on frequency in a dielectric 
waveguide without plasma

Fig. 3. Longitudinal component of the electric field mode E0.13  
during its resonant excitation by electron beam: ReEz solid line,  
ImEz dashed line 



JETP, Vol. 165, No. 6, 2024

874	 ERSHOV et al.	

using expressions (19) and (22). As a result, equation 
(21) transforms to the form 

2
2 3

0( , ; ) ( , ) = ( , ),p
z b z b b b z

p
D k R D k r k

χ
ω ω δ ω γ θ ω

ε
− 	 (29)

where 
	 2 2( , ) = ( ) ( , ) /b z z b z pD k k u kω ω Ω ω ε− − 	 (30)

is the aforementioned dispersion function of the 
beam's Langmuir waves, where 

	

−Ω ω = δ χ ω γ χ ×
χ χ 

× − χ χ 
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k r I r
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k V k I r

K r K R
I r I R

	 (31)

 The dispersion equation determining the 
frequencies of Langmuir waves (charge density 
waves) of a thin tubular magnetized electron beam 
in a plasma waveguide without a dielectric cylinder 
is ( , ) = 0b zD kω . The left side of the dispersion 
equation (29) is written in the “canonical” form of 
coupled waves equation — waves of the dielectric 
cylinder in plasma and waves of the tubular beam in 
plasma. The wave coupling coefficient is contained 
in the value ( , )zkθ ω .

When the inequality Ω2
b ≪ ω2 ~ |kzu|2  is satisfied, 

the spectrum of the slow charge density wave of the 
beam can be determined by the formula3 

	 ω
ω

 Ω ω
ω = + 

 ω ε 

( , )
( ) 1 .b b z

z z
p

k
k k 	 (32)

The resonance frequency 0
bω  of one of the waves 

of the plasma-dielectric waveguide and the slow 
beam wave is determined from the equation 
( )0 , ( ); = 0b

zD k Rω ω  . At the resonance frequency, 
the solution of equation (29) is sought in the form 

	 0 0( ) = ,b b
zk k kω δ+ 	 (33)

where 0 0= ( )b b b
zk k ω . Substituting (33) into equation 

(29), we find the following expression for the 
resonant gain coefficient in the regime of collective 
Cherenkov effect: 

	
2 2 3

0
0 0

1( ) =
2 ( , )

pb b
b b b b

p b

k i r
u k

χ ω γ
δ ω δ

ε Ω ω

−

− ×

	
− ∂ ω

×θ ω  ∂ 
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0 0

0 0
0
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b b
b b

b
U k

k
k

	 (34)

The condition for the applicability of solution (34), 
i.e., the condition for collective amplification, is the 
inequality4 

	 0 0 0| ( ) | ( , ).b b b
bk u kδ ω Ω ω= 	 (35)

4 We do not explicitly present inequalities (28) and (35) here due to 
their complexity. The fulfillment of these inequalities was verified 
by us during numerical calculations. At those densities and radii of 
the electron beam that were taken during numerical calculations, 
the weak inequality (28) was usually satisfied.

Fig. 4. Gain coefficients versus frequency: homogeneous plasma 
filling – dashed line; plasma-dielectric filling – solid line

Fig. 5. Dependence of gain coefficient on frequency in plasma-
dielectric waveguide.
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5. WAVE GAIN COEFFICIENTS BY 
ELECTRON BEAM FOR THE CASE 

OF DIRECT GEOMETRY OF PLASMA-
DIELECTRIC WAVEGUIDE

Let us now consider the results of calculating wave 
gain coefficients in a waveguide with the following 
parameters: waveguide radius = 3R  cm, dielectric 
cylinder radius 0 = 1r  cm, dielectric permittivity 

= 3dε . Let's take the following beam parameters: 
velocity 10= 2.27 10u ⋅  cm/s, Langmuir frequency 

10= 2.5 10bω ⋅  rad/s, average radius = 1.05br  cm, 
thickness = 0.1bδ  cm (the current of such beam is 
about 1 kA). For the case when there is no plasma in 
the waveguide, the frequency dependence of the gain 
coefficient is shown in Fig. 2.

A large number of gain zones can be seen, each 
corresponding to Cherenkov interaction of the beam 
with one of the waveguide modes — from mode 01E  
to mode 0,16E . Higher gain zones, which, if not 
accounting for frequency dispersion of permittivity 

dε , are infinitely many, are located in the higher 
frequency region. The gain zones are quite narrow, 
although even at frequency: 1012 rad/s, their width 
is several units at 1010 rad/s. Moreover, the gain 
coefficients are quite large. Thus, at frequency: 
1012 rad/s,  the gain coefficient is about 0.1  cm−1, 
which provides power amplification by 1000 times 
with an amplifier length of 35 cm.

It should be noted that the results shown in Fig. 2 
were obtained for the case when the inner boundary 
of the electron beam − δ / 2b br  coincides with the 
dielectric boundary 0r . When the beam moves away 
from the dielectric boundary, due to strong wave field 
attenuation in the vacuum region, the gain coefficient 
drops sharply. This circumstance constitutes one of 
the main difficulties for using already implemented 
Cherenkov microwave emitters in higher frequency 
ranges. Fig. 3 shows the real and imaginary parts 
of the longitudinal component of the electric field 
mode 0,13E  at the point of maximum gain coefficient 
( 10= 112.85 10ω ⋅  rad/s, = (50.46 0.08 )zk i−  cm 1− ). 
 It is evident that there is virtually no field in the 
vacuum region of the waveguide, and at = br r  the 
field is not large.

 Let us now turn to the case when plasma is 
present in the waveguide region ∈ 0( , )r r R  The 
presence of plasma, as noted above, significantly 
changes the electrodynamics of the waveguide and 
considerably complicates the overall picture of 

wave amplification. To better understand this, let's 
consider special cases of independent interest. Let's 
assume that in the waveguide region ∈ 0(0, )r r  
instead of a dielectric, there is the same plasma as in 

∈ 0( , )r r R . The dispersion equation for this case is 
obtained by replacing dε  with   pε . It can be shown that 
this equation reduces to  ω =( , ) 0b zD k  (see formula 
(30)), which is convenient to rewrite as follows:  

	
2 2

2 2

( , )
1 = 0.

( )
p b z

z

k

k u

ω Ω ω

ω ω
− −

−
	 (36)

If we replace 2( , )b zkΩ ω  with 2 3
bω γ− , we obtain the 

dispersion equation describing the interaction of 
an unbounded electron beam with an unbounded 
isotropic plasma [14]. From it, for the complex wave 
number we have 

	
2 3

2 2
= .b

z
p

k i
u u

ω γω ω
ω ω

−

−
−

	 (37)

At < pω ω  formula (37) describes the spatial 
amplification of the longitudinal field during beam 
self-modulation in a medium with negative dielectric 
permittivity [17]. At = pω ω  the amplification 
coefficient (37) becomes infinite, which is due to the 
zero group velocity of the Langmuir wave in cold 
plasma (oscillation accumulation effect). Similar 
processes occur in the waveguide as well. Indeed, 
at < pω ω  the dielectric permittivity of the plasma is 
negative, and the longitudinal Langmuir wave with 
frequency ( ) =z pkω ω  exists in the waveguide with 
homogeneous isotropic plasma. Figure 4 shows the 
modulus of the imaginary part of the wave number 
obtained by numerical solution of equation (36) at 

10= 20 10pω ⋅  rad/s (dashed line).
Now let the plasma be present only in the region 
∈ 0( , )r r R , while the rest of the waveguide is filled 

with a dielectric with permittivity 2 2< /d c uε  
(one can even set = 1dε ). In this case, Cherenkov 
resonance of the beam with electromagnetic 
waveguide modes is impossible. However, in 
addition to the potential Langmuir wave = pω ω  
due to the presence of plasma boundary 0=r r  
a non-potential surface wave appears in the 
waveguide. In the shortwavelength limit, the 
surface wave frequency approaches / 1p dω ε +  , 
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and at = 0zk  there is a certain non-zero cutoff 
frequency (see the lower dispersion curve in Fig. 1). 
Therefore, there are two Cherenkov resonances — 

with bulk Langmuir and surface Langmuir 
waves. Consequently, two frequency regions of 
amplification appear. The gain coefficient for this 
case is shown by solid lines in Fig. 4.

Now let, as in the case of Fig. 2, = 3dε , but there 
is also plasma with Langmuir frequency 1020 10⋅  
rad/s. In this case, resonances with surface plasma 
wave, bulk Langmuir wave, and electromagnetic 
modes become possible. The gain coefficient for 
this case is shown in Fig. 5, which is essentially a 
combination of Fig. 2 and 4.

One might assume that the presence of plasma 
in a dielectric waveguide with dielectric in region 

0<r r  is a negative factor for solving the problem 
of increasing the frequency of amplified waves. 
Indeed, in the presence of plasma in the frequency 
region below the plasma frequency, the wave gain 
coefficients are high. The lower the wave frequency, 
the worse it radiates through the amplifier output 
boundary. Therefore, parasitic self-excitation of the 
amplifier in the low-frequency region is possible, 
which leads to beam “deterioration” and reduction in 
Cherenkov radiation efficiency in the high-frequency 
region5. One can, of course, take another approach: 
use such dense plasma that Cherenkov radiation of 
the surface plasma wave would occur in the sub-
terahertz region. Then there would be no need for a 
dielectric insert in the waveguide. This approach has 
both advantages and disadvantages [6].

5 As for the amplification coefficients in the high-frequency region, 
as can be seen from Fig. 2 and Fig. 3, plasma practically does not 
affect them.

Fig. 6. Characteristic dispersion curves of the plasma-dielectric 
waveguide in the case of inverse geometry and lines = /z dk cω ε  
(lower dashed  line) and = zk uω  (upper dashed line)

Fig. 7. Cherenkov resonances depending on the dielectric 
permittivity

Fig. 8. Dependence of gain coefficient on frequency in a dielectric 
waveguide  without  plasma,  inverse geometry

Fig. 9. Longitudinal component of electric field strength of 
mode E0,24 during its resonant excitation  by  electron  beam  
in inverse geometry: ℜ zE – solid line, ℑ zE – dashed line  
ω = 100.8 × 1010 rad/s, kz = (44.9 − 0.07i)  cm−1 
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6. THE CASE OF INVERSE GEOMETRY 
OF THE PLASMA-DIELECTRIC 

WAVEGUIDE

Let us now consider the inverse geometry of system 
(5). Assuming 0<br r  and taking into account the 
boundary conditions 0=r r  and   =r R, the solution 
of equation (3) in different regions of the waveguide 
can be written as 

	
0

0 0 0 0

0 0
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Substituting solutions (38) into boundary conditions 
(12), we obtain the following relations: 

=B A×
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 	 0 0( , ) = [ ( , ) ( )z z p bD k A U k I rω ω χ− +

	 0( , ) ( )]z p bV k K rω χ+ ×	

	
2

4 ( ) ,p
b b b b

p

ir j r
χ πδ
ε ω
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where 

	 0( , ) = ( , )z zD k V kω ω 	 (42)

is the dispersion equation determining the 
frequencies of natural waves of the plasma-dielectric 

waveguide without beam in the case of inverse 
geometry.

In the linear approximation, using formulas 
(14) and (38), from (42) we obtain the following 
dispersion equation for determining the complex 
spectra of a plasma-dielectric waveguide with  a thin 
tubular straight electron beam:
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b b b
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where

	
2
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z

p
W k R

χ
ω

ε
×

	 0 0[ ( , ) ( ) ( , ) ( )]z p b z p bU k I r V k K rω χ ω χ× + ×
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 Equation (43) does not differ in form from the 
dispersion equation (21), therefore we omit its 
approximate analytical consideration here, and we 
will consider numerical solutions a little later.

An essential feature of inverse geometry is 
associated with the surface plasma wave. In the  
case of plasma localized in the inner region of the 
waveguide 0<r r  the cutoff frequency of the surface 
plasma wave equals zero. Using formulas (39) and 
(42), it is easy to show that in the long-wavelength 
limit, the frequency of the surface plasma wave is 
determined by the formula

  

	
−ω ω 

ω = + ωε  

1/2
1 0 0

0 0 0

( / )
1 ln .

( / )
p pz

pd

I r c rk c R
I r c c r 	(45)

 
Considering that in the long-wavelength limit 
the phase velocity of the surface plasma wave is 
maximal, from (45) we see that at > / du c ε  
the surface plasma wave cannot be excited. In 
principle, it can be excited, but only when the inverse 
inequality is satisfied < / du c ε , when Cherenkov 
resonance of the beam and electromagnetic waves 
is absent. For this work, the case < / du c ε , i.e., 
weak deceleration of electromagnetic waves, is of 
no interest (unlike work [6], in which there is no 
deceleration of electromagnetic waves at all).
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The surface plasma wave in this case is not excited 
since because 2 2= 3 > / 1.73d c uε ≈ . Resonances 
possible at different dielectric permittivities, for 
electron beam with velocity 10= 2.27 10u ⋅  cm/s are 
shown in Fig.7.

Let's now consider wave amplification in a system 
with inverse filling6. Let the parameters of plasma-
dielectric waveguide and electron beam be the same 
as in the case discussed in Fig. 2–5, only interchange 
plasma and dielectric, and set beam radius to 

= 0.95br  cm. The calculation results are presented 
in Fig. 8,9 and 10, which are analogous to Fig. 2, 3 
and 5 respectively.

Notable is the similarity between Fig. 5 and 10. It 
was previously stated that when > / du c ε , which is 
the case in Fig. 5 and 10, excitation of surface plasma 
wave is impossible in a system with inverse geometry7. 
However, resonant excitation of bulk Langmuir wave 
occurs for any geometry. This resonance appears as 
the highest maximum both in Fig. 5 and Fig. 10. 
Regarding the maxima in the region < pω ω , in 
case of Fig. 5 one of them is related to resonance 
on surface plasma wave, while in Fig. 10 all maxima 
are caused by resonances with electromagnetic waves 
(see Fig. 6). The main features of inverse geometry 
are more frequent placement of amplification zones 
and smaller width of each zone. The latter, in our 
opinion, is a serious disadvantage of the system with 
inverse geometry. 

6 Equation (42) has a degenerate solution χp=0, shown in Fig. 6 by 
a solid line. As can be seen from formulas (38), the solution χp=0 
corresponds to zero electromagnetic field.
7 Mathematically, this is described by the multiplier ε−1

p in 
expressions (22) and (44) and is related to the fact that in any 
geometry, the beam passes through the plasma volume.

7. NONLINEAR THEORY OF CHERENKOV 
WAVE AMPLIFICATION IN PLASMA-
DIELECTRIC WAVEGUIDE IN CASE  

OF DIRECT GEOMETRY

Let us now turn to the nonlinear theory. We will 
limit ourselves to the case of geometry with internal 
localization of the dielectric insert. The nonlinear 
theory of Cherenkov plasma-dielectric amplifiers 
can be based on equation (18), which, taking into 
account (15), can be written as

	 0 0 0( , ; ) ( ) = ( , ; ) ( )z b z b p bD k R E r D k r I rω ω χ− ×	

	
2

0
4( ) ( ) .p

p b b b b b
p

iF r r j r
χ πχ δ
ε ω

× 〈 〉 	 (46)

 
Here ( )bE r  is the field amplitude (2) at the electron 
beam passage location. If the field were represented 
not in the form of (2), but in the form

ωω1( , , ) = [ ( , )exp( ) C.C.],
2z zE t z r E z r i t ik z− + + 	

(47)
then in the linear approximation it would be 

( , ) = ( )exp( )E z r E r i kzδ , and in the dispersion 
equation, the wave number   would be replaced by 

zk kω δ+  (see (24)). In the nonlinear case, formula 
(14) for the beam current density is not valid, but 
equation (46) is still relevant if rewritten in the 
following operator form:

	 0
ˆ( , ; ) ( , ) =z bD k R E z rω 	

	 0 2
4ˆ= ( , ; ) ( ; ) ,b b

z b b b
r iW k r j z r

R

δ πω
ω
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where the wave number zk  is replaced by the wave 
number operator ˆ = /z zk k id dzω − .

To calculate the nonlinear beam current density, 
we use the method of integration over initial data 
in the boundary value problem formulation [18]. 
Omitting the standard derivation procedure, which 
can be found, for example, in [6], we present only the 
final formula for the beam current density

	 ( )
π ωω= ωτ τ

π ∫
2 /

0 0 0
0

( ; ) exp ( , ) ,b b bj z r en u i z dt 	(49)

Fig. 10. Dependence of gain coefficient on frequency in plasma-
dielectric waveguide, inverse  geometry  
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where 0bn  is the unperturbed electron beam density. 
Function 0( , )zτ τ  is the local time at which the beam 
electron, which entered the waveguide cross-section 

= 0z  at moment 0τ , reaches cross-section z. This 
function is determined from the following equations 
of motion:

	

( )

τ =
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= − + γ × γ  

× − ωτ τ +

2

3/22
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3 2

0
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d V
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dV e u V
dz umu c

E z r i z c c

	 (50)

and  0= ( , )V V z τ   — is the perturbation of the 
electron beam velocity. The boundary conditions for 
equations (50) are 

	 0( = 0) = , ( = 0) = 0.z V zτ τ 	 (51)

 
  In addition to the electron beam entry conditions 

(51), the system with the wave excitation condition at 
the amplifier input

	 0( = 0, ) = .bE z r E 	 (52)

 If the electron beam was pre-modulated before 
injection into the waveguide, then conditions

(50) should be set as

	 0 0 0

0 0

( = 0) = sin( ),
( = 0) = sin( ),

z p
V z q

τ τ α τ
β τ
+ +

+
	 (53) 

where 0 0, , ,p qα β  sets the velocity modulation depth.
The pseudodifferential equation (48) is not 

suitable for computer modeling purposes; it should   
be properly simplified. Due to inequality (24), the 
dispersion operator 0

ˆ( , ; )zD k Rω  and the right-hand 
side of equation (48) can be expanded in   /id dz, 
which leads to the following equation::
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where 0D  — function (19) at =z zk k ω  and   =x R, 
and   0W  — function (22) at =z zk k ω. Equation (54) 
and equations (50) form a closed nonlinear system 
of equations for the Cherenkov plasma-dielectric 
amplifier. The efficiency of electromagnetic wave 
amplification by electron beam can be determined 
by the obvious formula

	 Eff  
γ γ τ

γ
0( , )

= ,
1

z−
−

	 (55)

Fig. 11.  A mpl i fication efficiencies of h igh-frequency 
electromagnetic wave at frequency ω = 50.6 · 1010 rad/s (dashed  line),  
ω = 100.9 · 1010 rad/s (solid line) 

Fig. 12. Diagram of amplifier with plasma-dielectric waveguide in 
direct geometry

Fig. 13. Diagram of amplifier with plasma-dielectric waveguide in 
inverse geometry
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where angle brackets denote averaging over all 
electrons entering the cross-section z = 0 during 
the period 2π/ω. Value (55) depends on coordinate, 
which allows determining the optimal amplifier 
length in terms of achieving maximum efficiency 
and output radiation power.

In the linear approximation, the dispersion 
equation (25) can be obtained from equations (54) 
and (50). Earlier, when presenting the linear theory, 
we proceeded not from solutions of the approximate 
equation (25), but from solutions of the exact 
dispersion equation (19), which is not accidental. 
The fact is that in the case of a high-density electron 
beam, the solutions of equations (19) and (25) differ, 
sometimes significantly, although they qualitatively 
coincide. Therefore, we always precede the solution 
of the nonlinear problem with linear analysis. 
Nonlinear solutions can be considered quantitatively 
reliable only in cases where the solutions of 
dispersion equations (19) and (25) are close. We will 
dedicate a separate work to the systematic analysis 
of nonlinear amplification modes. Here, we present 
some particular results characterizing possible values 
of amplification efficiencies and powers of amplified 
signals.

In Fig. 11 for a system with parameters 
ωp = 20 · 1010 rad/s, r0 = 1 cm, R = 3 cm, εd = 3, 
u = 2.27 · 1010 cm/s, ωb = 2.5 · 1010 rad/s, the gain 
efficiencies at the frequencies of the eighth and 
fourteenth resonances are shown. The maximum 
efficiency of 15 to 25 percent is achieved at a length 
of 15–25 cm, after which it begins to decrease. As we 
can see, the gain efficiencies are quite high, and the 
optimal amplifier lengths are quite acceptable from 
an experimental point of view. 

One of the important problems in developing 
Cherenkov amplifiers on high-current electron 
beams is the problem of radiation output through 
the output boundary of the beam-wave interaction 
region. The matching of the interaction region with 
the radiating device should be as good as possible. 
The electromagnetic field structure of high modes 
in the considered plasma-dielectric waveguides (see 
Fig. 3 and 9) suggests possible schemes of radiating 
devices. In the case of a waveguide in direct 
geometry, a conventional horn with a radius smaller 
than   the waveguide radius can be used (Fig. 12). 
The walls of the waveguide and horn should be at  
the potential of the high-current accelerator anode. 
In this case, the surface connecting the waveguide to 

the horn simultaneously serves as a collector for the 
electron beam.

In the case of a waveguide in inverse geometry, a 
coaxial horn can be used (Fig. 13), such as those used 
in operating amplifiers on cable plasma waves [1–3]. 
The electron beam collector is the inner part of the 
coaxial. To equalize potentials, a jumper between 
the inner and outer parts of the coaxial horn is used, 
which makes the scheme less convenient compared 
to the direct geometry scheme.

8. CONCLUSION

In conclusion, let us formulate some findings from 
this work.

1. The use of waveguides with dielectric inserts 
allows the implementation of powerful single-mode 
(single-frequency) amplifiers with an  operating  
frequency of about 1012 rad/s and even higher 
(wavelength: ~ 0.2 cm and even less). The efficiency 
of amplification at a length of ~ 20 cm can reach 
15%. For an electron beam with a current of 1 kA 
and electron energy of 270 keV, this means an output 
power of about 40 MW.

2. The presence of plasma in waveguides with 
dielectric inserts should be considered undesirable. 
On one hand, in the sub-terahertz frequency range, 
the gain coefficient practically does not depend on 
the presence or absence of plasma. On the other 
hand, in the low-frequency region, due to the 
excitation of potential bulk Langmuir waves with 
high gain coefficient, low-frequency self-excitation of 
the emitter is possible, which will lead to suppression 
of gain in the sub-terahertz region.

3. The characteristic dependences of gain 
coefficients on frequency indicate the possibility 
of creating broadband amplifiers, including noise 
amplifiers, based on waveguides with dielectric 
inserts. Indeed, as can be seen from Fig. 2 and 8, the 
gain coefficient consists of a set of relatively narrow 
lines of approximately equal magnitude over a wide 
frequency range. There are reasons to believe that 
with an increase in the electron beam current, these 
individual lines broaden and merge into a single 
wide region of electromagnetic wave amplification.

4. The case of direct geometry of a waveguide 
with a dielectric insert is preferable compared to the 
case of inverse geometry due to the greater width of 
amplification zones.
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1. INTRODUCTION

Numerous active space experiments involving 
releases of high-velocity or explosion-generated 
plasma clouds have shown that at the plasma cloud 
front, a region forms with significant electron 
heating, increased ionization rate, and anomalous 
transport, where transverse electron transport greatly 
exceeds the level of classical and Bohm diffusion. 
This phenomenon in space plasma physics is known 
as CIV – Critical Ionization Velocity phenomenon 
(see review [1]). Active ionospheric experiments often 
focused primarily on studying this phenomenon. 
Experimental data were interpreted within this 
framework, for example, in the CRIT II experiment 
[2, 3]. At the time, several participants of the active 
space experiment CRIT II saw an analogy between 
these processes in space and laboratory plasma of 
magnetrons and Hall thrusters, and attempted to 
investigate this phenomenon in more detail under 
laboratory conditions [4,5]. It seems reasonable 
to use the extensive experimental material and 
theoretical developments made in the study of 
anomalous transport, heating, and ionization in 
laboratory plasma of magnetrons and Hall thrusters 
as applied to space plasma.

Generally, to explain electron transfer in these 
problems, one of the following hypotheses is 
invoked: electron-cyclotron drift waves, Simon-
Howe instability, lower-hybrid, modified two- 
stream, or ion-acoustic instability. The main factors 
exciting instability are considered to be gradients of 
density, magnetic field, temperature, drift motion, 
and dissipation. Typically, theoretical considerations 
draw a clear line between fluid treatment of low-
frequency long-wave perturbations and kinetic 
treatment of short-wave perturbations. In kinetic 
considerations, plasma is usually non-dissipative. 
In many cases, attempts are made to account for 
nonlinear effects. Including particle-in-cell methods 
that yielded electron-cyclotron wave structures. 
Several examples of nonlinear numerical models 
and calculations can be found in works [6–8]. Some 
authors associate anomalous transport with the 
existence of nonlinear structures (for example, [9]).

In ionospheric experiments, the electron 
concentration in plasma formations has the same 
orders of magnitude (1010−1010 cm−3). With this, 
the electric and magnetic fields are smaller by 2–3 
orders (≈ 0.5 Gs and V/m respectively). Such small 
magnetic field values in the ionosphere (compared to 
laboratory ones) lead to a significant frequency shift 
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in some of these instabilities. As a result, electron-
cyclotron drift (ECD) turbulence appears to be 
the most preferable explanation for high-frequency 
turbulence in ionospheric experiments. There is 
no noticeable deviation of the electron distribution 
function from Maxwellian, due to significantly 
lower electric field values. The directional drift 
velocity of electrons is much less than the electron 
thermal velocity. The problem parameters go beyond 
the kinetic consideration conducted in work [10]. 
This suggests the possibility of fluid treatment of 
high-frequency turbulence with consideration 
of dissipation. Furthermore, the geometry of 
expanding plasma, in which the ion Larmor radius 
is comparable to the plasma front width, while the 
electron Larmor radius is much smaller, allows, 
unlike [11], the use of partially magnetized plasma 
models for constructing nonlinear structures.

In this work, an attempt is made to construct a 
model of small-scale, fast-moving high-frequency 
nonlinear wave structures of electrons forming in 
plasma in the presence of electron drift due to an 
electric field perpendicular to the magnetic field 
(in E × B-plasma). Unlike reproducible laboratory 
plasma conditions, when considering the dynamics 
of plasma formations in ionospheric conditions, 
the main issues become plasma parameters 
corresponding to various modes of small-scale 
turbulence, conditions and time parameters of 
its development, and the effects produced by this 
turbulence. Therefore, to describe turbulence based 
on the system of f luid equations and Maxwell's 
equations using the small parameter expansion 
method, a one-dimensional complex Ginzburg-
Landau equation (CGL) with an additional 
nonlocal (integral) nonlinear term was obtained 
as the simplest model of ECD turbulence near its 
threshold. The boundaries of transition to turbulence 
were investigated. A region of plasma parameters 
corresponding to soliton turbulence was obtained, 
which, according to the authors, is associated with 
the anomalous transport regime.

2. BASICS OF THE MODEL

For high-frequency small-scale f luctuations, 
plasma can be considered partially magnetized, as 
the f luctuation scales are much smaller than the 
ion Larmor radius. For laboratory plasma, several 
authors associate the growth of instability with 
non-Maxwellian electron velocity distribution; 

however, in the present work, a simpler model of 
distribution distortion is adopted in the form of 
adding drift velocity to the Maxwellian distribution. 
The factors determining the growth of instability 
and its nonlinear stabilization are taken to be the 
plasma density gradient and electron collisions and 
diffusion.

In our consideration, we used a system of 
f luid equations for electron motion in the plane 
perpendicular to the magnetic field. Temperature 
changes at the scale of small-scale high- frequency 
turbulence are not taken into account, and the 
gyroviscosity tensor (inapplicable at such scales) is 
not considered. At the same time, it seems necessary 
to take into account electromagnetic corrections, 
since at electron temperatures of Te ≥1 eV observed 
in experiments, purely electrostatic waves do not 
exist.

The system of equations assumes oscillatory 
motion of electrons only against the background 
of stationary ions. Additional consideration of ion 
motion leads to accounting for the ponderomotive 
force, which introduces a correction to the nonlinear 
term. Electron drift occurs along the x axis with 
velocity ud. The magnetic field is directed along the z 
axis. A wave perturbation propagating along the drift 
direction (axis x) perpendicular to the magnetic field 
is sought. The system of equations includes

1. electron motion equations along the axes x and 
y: 

	  = + − ∇  
1 ;e

e e e e
d V

m n en E H p
dt c 	 (1)

continuity and Poisson equations  

	

∂
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∂
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= −
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2 .   two Max wel l  equations introducing 
electromagnetic corrections: 

	

π=

∂= −
∂

4rot ,

1rot .

H j
c

H
E

c t

	 (3)

In quasi-one-dimensional consideration, all 
quantities depend only on the coordinate x and time 
t taking into account changes in electron velocities 
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along the axes x and y, magnetic field components 
Hz and electric field Ex and Ey. Additionally, non-
uniformity along the axis x of electron gas density 
is assumed

	
∂

γ =
∂

ln( ( ))
.e

n
n x
x 	

The modeling is based on expansion in a 
small parameter of the system of equations in 
dimensionless form. Variables are normalized to 
corresponding constants: time t to inverse plasma 
frequency 1

peω− , spatial coordinate – to Debye 
radius Dr , velocities — to electron thermal velocity. 
The Krylov–Bogolyubov–Mitropolsky expansion 
method [12, 13] allows obtaining the dispersion 
equation and Ginzburg-Landau equation for the 
amplitude of the electric field wave perturbation.

In paper [14], when considering two-fluid plasma 
in the 5-moment approximation, it was found that 
the ECR dispersion relation has two asymptotic 
solutions. One of them is similar to the ion-sound 
mode, while the other agrees with the dispersion 
relation obtained in our expansion. This mode is 
defined in this work as a relation for Doppler-shifted 
"hybrid" waves. The authors suggest that the waves 
arise at the intersection of these two branches of the 
dispersion curve, forming the resulting nonlinear 
response. The system of equations used in the present 
work is supplemented so that the dispersion relation 
obtained in this work includes two corrections. One 

is determined by accounting for electromagnetic 
perturbations (two Maxwell equations). The other 
correction is introduced as a dissipative term to 
account for the role of dissipation in the formation 
of nonlinear wave structure. This dissipative term 
is similar to the term in equation (25) of paper 
[15]  – the continuity equation. This is a diffusion 
term 2D n⊥∇ , where the diffusion coefficient = eD νρ  
depends on the electron Larmor radius eρ  and their 
collision frequency ν with both ions and the neutral 
component. The focus on diffusion when considering 
plasma formation dynamics is also related to the 
fact that in paper [9], when analyzing numerical 
simulation results, diffusion leading to the smearing 
of resonances is assigned the main role in forming 
the frequency spectrum.

The real frequency in dimensionless variables is 
found from equation (4):

	 ω 2 2Disp = ( ) 1dku k− − + + +

	
2 2

2 2 2

/
= 0.

1 ( / ) /
ce pe

Te

D
V c k

ω ω
∆ ′+ +

+
	 (4)

The imaginary frequency component λ determines 
the correction

	 ∆ = λ + λ′ ′2 2( ) 3 2 ,D D k 	

associated with the diffusion coefficient D′  (in 
dimensionless form).

The resulting equation can be considered as 
a nonlinear Schrödinger equation or complex  
Ginzburg–Landau equation with additional 
terms with coefficients 1c ′, 2c ′, the second of which 
represents the coefficient of the nonlocal integral 
term: 

	 + + = δ + β +′ ′2| |t xx xxiA PA Q A A i A i A

	 γ −′
′ ′

−∞

+ ε − −′ ′∫2 ( ) 2
1 2| | | | .

x
x x

xi A A c A c A e A dx 	(5)

 The reduction xxA  corresponds to ∂ ∂2 2/A x ; tA  
corresponds to ∂ ∂/A t  and so on. The coefficient P  
equals 

	
∂

=
∂

1 .
2

gV
P

k 	
Fig. 1. a — Amplitude of the exact solution (solid line) and 
analytical estimate (dashed line). b — Example of soliton shape 
lence. 
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The coefficient δ′ is determined by the difference 
of terms proportional to the density gradient and 
electron collision frequency; coefficients β′  and 
ε′ are determined by the diffusion coefficient; 
coefficient 1c  is determined by the electron collision 
frequency. All these coefficients depend on the wave 
vector. The exact form of the expressions defining 
the coefficients is not provided since some of them 
are quite cumbersome. Further consideration is 
conducted only for wave vector values corresponding 
to the anomalous dispersion of the equation.

An equation of this type is the simplest equation 
describing the system near the turbulence threshold. 
For the wave vector region corresponding to 
anomalous dispersion, the equation describes the 
subcritical bifurcation area, where above a certain 
plasma density gradient threshold, the fluctuation 
regime changes abruptly, and turbulence emerges 
(see [16] and literature cited therein). In the area 
near the bifurcation threshold, the formation of 
soliton turbulence is possible.

The analysis of CGL regimes is typically carried 
out for the equation form normalized so that

	 = ± = ±1 , 1.
2

P Q 	

Under standard normalization transformation, 
the equation is reduced to a form depending on 
fewer parameters: 

	 + + = δ + β +2| |t xx xxiA A A A i A i A

	 γ −′

−∞

+ ε − − ′∫2 ( ) 2
1 2| | | | .

x
x x

xi A A c A c A e A dx 	(6)

In this form, the main factors affecting the 
solution become δ and β. Many authors have studied 
the equation in this form. The stabilizing role of 
nonlocal (integral) terms of various types in CGL 
has been analyzed in recent years in works [19–21]. 
Additional dissipative and nonlocal terms in our 
derived equation suggest the possibility of soliton 
turbulence formation. To estimate the amplitudes of 

Fig. 2. Boundaries of parameter regions where soliton turbulence 
is realized: a – at plasma concentration 5×1011 cm–3 and two drift 
velocity values; b – at plasma concentration 5×109 cm–3:

Fig. 3. Time dependence of average oscillation amplitude |A|

Fig. 4. Numerical solution of system (6)
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emerging solitons, works [22,23] were used with a 
somewhat different integral term 

−∞
∫ 2| |
x

A A dx  in the 

auto-soliton generation mode [24,25]. The exact 
semi-analytical solution was obtained using the 
method proposed in work [26]. Comparing it with 
the analytical estimate shows that such an estimate 
gives several times overestimated soliton amplitudes 
and does not account for their shape distortion. 
However, these solutions allow estimating the range 
of plasma parameters where stable solitons exist 
(soliton stability was evaluated using the method 
described in works (27, 28), and estimating their 
amplitudes and wave vectors. The stable soliton 
regime is only realized for fluctuations with wave 
vectors > sk k , where 2

sk ~ δ/β. Thus, this solution 
applies only to short-wave turbulence.

Comparison of analytically estimated amplitudes 
and amplitudes of the exact solution is shown in 
Fig. 1a. The solid line represents exact solution 
amplitudes, the dashed line represents analytical 
estimate. Fig. 1b shows an example of soliton shape. 
The exponential in the integrand of the integral 
included in equation (6) leads to soliton shape 
distortion and frequency shifts.

The stability limits determine the lower boundary 
of soliton wave vectors in Fig. 1a. The asymmetric 
shape of solitons (see Fig.1b) is determined by the 
density gradient value.

Fig. 2 shows the regions of soliton turbulence 
existence depending on two defining parameters 
δ and β. In Fig.  2a  these regions are shown for 
plasma typical for magnetrons, with large magnetic 
and electric fields and high ionization level. In this 
case, the plasma has the following parameters: 

11= 5 10en ⋅  cm 3− ; / = 0.02d Teu v  (shaded area 
within boundaries 1) and   / = 2.0d Teu v  (shaded 
area within boundaries 2). To the right of this region, 
chaotic turbulence forms. The main conclusion that 
can be drawn from this graph: soliton turbulence 
occurs only with small deviations of  from zero, and 
with increasing electric field, the region of soliton 
turbulence implementation decreases and partially 
transitions into chaotic. Figure δ shows the region 
of soliton turbulence realized under parameters 
corresponding to space experiment conditions. In 
this case 9= 5 10en ⋅  cm 3− , / = 0.002d Teu v . Under 
these conditions, soliton turbulence is realized at 

< 0δ . Under these conditions, soliton turbulence is 
realized at. Solitons have negative group velocity. 

3. NUMERICAL CALCULATIONS

To conf irm the possibility of forming a 
sequence of solitons in the system described by 
the above equation, numerical calculation was 
performed to reach stable solutions from initial 
chaotic perturbation of small amplitude at system 
parameter values corresponding to the region of 
stable solitons, in particular, at point = 0.0773δ , 

= 0.0176β , lying in the region of soliton turbulence 
on the plane of Fig. 2a. Equation (6) was solved on 
a segment of length 4/ = 10DL r  Equation (6) was 
solved on a segment of length 20.765 10−− ⋅ .For 
the approximation of spatial derivatives, a compact 
differencing scheme was used (see, for example, 
[29]) with periodic boundary conditions. A small 
initial perturbation was set as random oscillations 
with frequencies within the Nyquist frequency. For 
time integration, a 6th order Runge–Kutta method 
was used. Figure 3 shows the time dependence of 
the average oscillation amplitude on the considered 
segment. During the shown time 610petω ≈  the 
amplitude of forming solitons stabilizes. The 
dependence | ( , ) |A x t  obtained from solving system 
(6) is shown in Fig. 4. Formation of soliton structures 
with limited amplitude is observed.

4. CONCLUSION

Thus, the paper shows the possibility of formation 
of small-scale wave structures of ECD. This 
consideration allows finding the parameter region 
where soliton turbulence and associated anomalous 
plasma transport are formed. Obtaining these criteria 
for soliton turbulence can help both in numerical 
modeling of collisionless plasma expansion in the 
ionosphere and in analyzing experimental data on 
such expansion.
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1. INTRODUCTION

The study of dense plasma with an ionization 
degree of order unity encounters serious difficulties 
from both theoretical and experimental perspectives. 
Theoretical problems are associated with the fact that 
for such a system, the interaction parameter, i.e., the 
ratio of Coulomb interaction energy between plasma 
particles to their kinetic energy, takes values of order 
unity. In this case, the application of perturbation 
theory using ideal gas as an unperturbed system is 
fairly difficult.

Experimental difficulties in studying dense plasma 
with developed ionization are associated with high 
temperatures and pressures at which such plasma 
can exist and which are unattainable in static 
experiments for the vast majority of elements in 
the periodic system. Various dynamic experimental 
methods are used to study such plasma [1–4]. 
However, for these experiments, questions remain 
open about the homogeneity of the obtained 

plasma and the reliable estimation of measurement 
uncertainties [5]. Comparison of the specific 
resistance values of aluminum plasma measured in 
experiments [4] with the results of a more accurate 
technique [6] showed that measurement errors [4] 
are 20–30% (see Fig. 7 of work [6]). The error of 
experiment [2] is of the same order of magnitude, as 
follows from the comparison presented in Fig. 5 of 
work [7]. Such large measurement uncertainties did 
not allow identifying the characteristic properties of 
non-ideal plasma associated with strong interaction 
between particles.

To study the properties of metals in liquid 
state and supercritical fluid state, a dynamic 
experimental method was developed [8], which 
allows measurements with accuracy not worse than 
3–5 % (depending on the measured value). Using 
this method, measurements of thermodynamic 
functions and specific electrical resistance of lead 
[9], as well as lead-bismuth eutectic [10] were 
conducted for a wide range of states on the VP 
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(V — specific volume, P — pressure). Based on the 
obtained data, caloric equations of state (EOS) of 
these fluids were constructed and critical points of 
liquid-gas transition and metal-nonmetal transition 
were estimated [10]. A significant feature of such 
EOS is that its accuracy depends only on the error of 
experimental data, based on which two characteristic 
functions are determined: the dependence of the 
Grüneisen coefficient and the cold component of 
internal energy on specific volume. Since in each 
individual experiment [9, 10] the dependence of 
specific internal energy of the sample on specific 
volume and pressure is measured along some line on 
the VP-plane (which extends from the normal state), 
rather than at a single point on the shock adiabat 
or unloading isentrope, as is the case in shock-wave 
experiments [11], this allows for sufficiently accurate 
analysis of isochore behavior in the PE -plane 
(E – specific internal energy). Based on such 
analysis, a general pattern was established: within 
measurement error, these isochores are straight 
lines. This fact made it possible to establish the form 
of function P(V, E), i.e., the caloric EOS, based on 
general thermodynamic relations [12], and also to 
measure with necessary accuracy the dependencies 
of the Grüneisen coefficient and cold component 
of internal energy on relative volume [9,10]. This 
eliminates the need to make assumptions about the 
form of these dependencies [11].

Measurement errors [9, 10] for the range of 
specific volumes close to the normal value, for 
which accurate literature data is available, were 
reliably estimated and proved to be no worse than 
3 %. However, for the region of states P > 0.3 hPa, 
V > 4V0 (V0 – normal value of specific volume of 
the studied metal) there is no literature data. To 
estimate the systematic error of experiments in this 
region of states, a method was developed for direct 
measurement of shock wave velocities excited in the 
sample during the dynamic experiment. Since the 
shock adiabat of the studied metal can be determined 
using a pre-constructed caloric EOS, and the 
accuracy of the latter, as noted above, depends 
only on the accuracy of experimental data, then 
by comparing the measured shock wave velocities 
with values calculated using EOS, it is possible to 
estimate the systematic measurement error at large 
values of sample specific volume and pressure. 
Such work was performed in experiments with 
lead [13], and measurement errors were estimated 
for the volume range V /V0 = 2 − 7 and pressure 

range P = 0.4 − 3.4 hPa. In this work, experimental 
data on the properties of dense lead plasma for the 
region of states V /V0 = 6 − 20, P = 0.4 − 4 hPa are 
presented.

To interpret the results of these experiments, a 
chemical plasma model (CPM) [14,15] was used. In 
this model, plasma is considered as an equilibrium 
mixture of neutral atoms, positive ions with charges 
ze = 1–4 (e — elementary charge, z — ionization 
degree) and electrons. The free energy of plasma is 
represented as the sum of the free energy of an ideal 
gas of such particles and three terms that describe 
three types of interactions between them: interaction 
between charged particles, between charged particles 
and atoms, and interaction between atoms. Note 
that ions in this model are considered as point-
like classical particles, and the contribution to free 
energy from interactions between ions, as well as 
between ions and free electrons, is described using 
an analytical dependence [16]. Charge-atom and 
atom-atom interactions are described considering 
only pair interactions, i.e., up to the second term of 
the virial expansion. Minimization of free energy 
with respect to the numbers of particles of all types 
allows determining the plasma composition (at given 
values of temperature, volume, and total number of 
atoms). After calculating the plasma composition, 
its thermodynamic functions can be determined, 
which are obtained by differentiating free energy 
as a function of specific volume and temperature. 
The resistivity of plasma was calculated within 
the relaxation time approximation [14]. Since the 
CPM used here has already been described in detail 
[14,15], we will not discuss it here. We only note 
that, strictly speaking, this model can be applied 
to describe relatively low-density plasma, when it 
is possible to determine with sufficient accuracy 
such composite particles as molecules, isolated 
atoms, or ions. However, despite the limited range 
of applicability, chemical plasma models allow 
obtaining qualitatively correct results even for the 
region of states where the interaction parameter is 
not small [17, 18].

In this work, measurements of thermodynamic 
functions and specific resistance of lead were carried 
out for the region of states where specific volume, 
temperature, and pressure exceed    the values at the 
critical point of the liquid-gas phase transition. As 
known, the states of matter where temperature and 
pressure exceed critical values is called a supercritical 
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fluid. In this work, consequently, we will deal with 
gaseous supercritical fluid. Such fluid, as   will be 
shown below, has relatively low resistivity: its values 
are only 2–6 times higher than the specific resistivity 
of liquid lead in metallic state near the Mott-Ioffe-
Regel limit [9]. Thus, there is good reason to call 
such supercritical fluid a dense plasma. The main 
goal of this work was to discover characteristic 
features of dense plasma (in thermodynamic 
functions and specific resistance behavior) related to 
strong interaction between particles.

In case of classical plasma, where electron 
degeneracy and quantum scattering effects are 
insignificant, the interaction parameter is usually 
taken as the ratio of potential energy of electrostatic 
repulsion between neighboring ions located 
at average distance from each other (without 
considering correlations) to their average kinetic 
energy. If we denote the average number of ions per 
unit volume as nj, then the average distance between 
them will be of order −1/3

in , and their average kinetic 
energy,  according to equipartition law, will be of 
order of temperature. For the coupling parameter, 
which we will denote by Γ, we get the expression 

	 Γ =
2 2

1/3,i
z e

n
kT 	 (1)

where T   is temperature, k   is Boltzmann 
constant. For lead plasma studied in this 
work, nj = (1 − 8) ∙ 1021 cm−3, T = 10 − 40 kK, 
z = 1 − 2, Γ = 0.5 − 5. In this case, the ionic 
component of plasma is not degenerate, and the 
degeneracy parameter of the electronic component  

= / FkTϑ ε  takes  values = 1 10ϑ − , where Fε   is 
Fermi energy, which is determined according to 
formula 

	 ( )ε = π
2 2/323 ,

2F e
n

n
m 	 (2)

where m  is electron mass, en   is average number of 
electrons per unit volume.

2. DESCRIPTION OF THE 
EXPERIMENTAL TECHNIQUE

For measurements, the experimental technique 
developed in works  [9,10] was used. Let us note 
only some changes that were introduced during the 
execution of this work. After the systematic error of 
such measurements was evaluated at large values of 
specific volume of the sample [13], it became possible 
to study the properties of metals in gaseous state. 
Lead was chosen as the sample material for studying 
dense plasma because samples of required thickness 
and quality for our experiments (foil strips) could 
be manufactured in the laboratory. In this case, the 
foils had to be made sufficiently thin (9–15 μm). 
This is necessary to maintain uniform heating of the 
sample and its one-dimensional thermal expansion 
even at large volume values. This requires meeting 
two conditions: the sample thickness should be 
small compared to its width and length (which 
were about 10 mm for these experiments), and the 
substance velocity should be small compared to the 
speed of sound. Since the measurement time for such 
experiments is about 1 μs and is actually determined 
by the geometric dimensions of the window plates, 
obtaining large thickness increments of the sample 
during this time, at relatively low velocities, imposes 
an upper limit on its initial thickness. Lead was 
also chosen because experimental data on the 
properties in the liquid state had been previously 
obtained [9, 13], and this allowed for a more accurate 
assessment of the errors in the present measurements.

To control the one-dimensionality of the 
sample's thermal expansion at high volume values, 
two interferometers were used simultaneously 

Fig. 1. Cross-sectional diagram of the experimental assembly by 
a plane perpendicular to the electric current direction: window 
material plates (1);  sample  (2);  side  plates of technical glass 
(4). The direction of the two laser interferometer beams (IntC, 
IntS) is shown, as well as the dielectric mirror (3) from which the 
interferometer beams are reflected (mirror  is  applied  to  the  plate  
surface) 
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in the present experiments. The cross-sectional 
diagram of the sample and the interferometer 
arrangement are shown in Fig. 1. The beam of one 
interferometer (IntC) was reflected from the central 
part of the sample surface, while the spot of the 
second interferometer (IntS) was shifted sideways 
by  2–3 In these experiments, two window   plates  
with  dimensions  of  5 10 10× ×  mm3 were used. 
The glued experimental assembly, consisting of two 
window plates, sample, and side plates of technical 
glass, represented a rectangular parallelepiped 
with two edges  having  a  length  of  about 10 mm, 
and the third one (which is parallel to the axis in  
Fig. 1) − 16 mm. In all  experiments, the width and 
length of the sample were equal to the width and 
length of the 10 mm, window plates, respectively. 
Such assembly allowed maintaining practically 
one-dimensional deformation of the window 
material plates during time 2 / lt D c≤ , where D — 
is the plate thickness, and  lc  — is the longitudinal 
sound velocity in the window material. The present 
experiments showed that the relative difference 
between the sample surface displacements easured 
by the two interferometers did not exceed 2% up to 
the maximum sample volume values.

The region of states on the VP-plane, for which 
measurements of thermodynamic functions and 
resistivity of supercritical lead fluid were performed, 
is shown in Fig. 2. Previously, it was discovered 
that when liquid lead is heated under pressure 
of 0.5-4 hPa, it undergoes a metal-nonmetal  
transition  near  the  relative  volume  value  
V/V0 ≈ 4, which practically coincides with the critical 
volume value of the liquid-gas transition [10, 13]. This 
critical point is marked in Fig. 2. As shown in the 
figure, for supercritical volume values, measurements 
were conducted at supercritical pressures and, 
consequently, at supercritical temperatures. It 
is also evident that the state region studied in 
this work is significantly expanded compared to  
work [9], which obtained data for the volume 
interval V/V0 ≤ 5. To characterize in more detail the 
quasi-static processes under which measurements 
were conducted in present experiments, Fig. 2 
shows three isentropes, obtained using EOS from  
work [13]. For this EOS, characteristic functions were 
determined based on the entire set of experimental 
data for lead, including data from this work.  
Fig. 2 also shows three isotherms of the interpolation 
EOS [11]. As shown in the figure, in the region of 
supercritical volumes for experiments with pressure 

Fig. 2. State region on the VP-plane, for which measurements 
of thermodynamic functions and specific resistance of lead fluid 
were performed. The family of lines emerging from the normal 
state represents quasistatic processes under which measurements 
were conducted. The critical point (K) and isentropes (three thick 
solid gray lines) were obtained using EOS from work [13]. Dashed 
gray lines are isotherms T = 20, 30, 50 kK, EOS from work [11]. 
Crosses show measurement uncertainties

Fig. 3. Grüneisen coefficient of lead fluid as a function of relative 
volume. The experimental data obtained in this work (green 
circles) are compared with  measurement results from works [9] 
(red squares) and [19] (blue line), as well as with calculations using 
SHM (gray triangles and the straight line approximating these 
values). For  experiments, crosses indicate measurement errors, 
and for the model - the range of Grüneisen coefficient  variation 
for a specific relative volume value

Kondratyev et al. (2018)

Hixon et al. (1986)
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P < 1 hPa, these processes are close to isothermal, 
and for experiments with pressure P > 1 hPa  — to 
isobaric.

3. MEASUREMENT RESULTS

Figure 3 shows the measurement results obtained 
in this work for the dependence of the Grüneisen 
coefficient on relative volume. These re sults are 
compared with experimental data from works [9] and 
[19], as well as with results obtained by the CPM. 
The Grüneisen coefficient, which we denote as ϒ, is 
defined by the formula

	
∂ γ =  ∂ 

.
V

PV
E 	 (3)

The value of the Grüneisen coefficient for a certain 
specific volume was determined by the method of 
least squares of the data points PV, E, obtained for 
this volume in all experiments of the present work. 
It was verified that specifically linear approximation 
(rather than a higher-degree polynomial) is the most 
accurate.

From  Figure 3, it follows that in the volume 
range V/V0 = 6 – 14 our model predicts an almost 
constant value of the Grüneisen coefficient, being  
close to the value 2/3, which this coefficient takes 
for a monatomic ideal gas of constant composition. 
However, the values calculated using chemical 
model (which were determined for the same ranges 
of energy and pressure values as in the experiment) 
in the interval V/V0 = 10 – 14 are almost twice the 
measured values. As seen in Figure 3, the difference 
between calculated and measured values is minimal  
at volumes V/V0 = 5 – 6, for which our chemical 
model is, strictly speaking, not applicable.

The decrease in the Grüneisen coefficient to values 
less than 2/3 can be explained by the presence of 
strong interaction between charged plasma particles 
and ionization (composition change). Let us show 
that for plasma with strong Coulomb interaction, the 
inequality γ < 2/3 must be satisfied. For simplicity, 
we will assume that the plasma is fully ionized. 
Using the expression for the free energy of weakly 
non-ideal classical plasma [20], we find

	
πγ = − Γ3/22 2 ,

3 9 	 (4)

from which it follows that in this case, the inequality 
γ < 2/3 is indeed satisfied. This formula is derived 
for weakly non-ideal  plasma (Γ ≤ 1), but if we use 
it to estimate the Grüneisen coefficient at values 
Γ ≈ 1,  we obtain values γ ≈ 0.3	. Therefore, we can 
expect that strong electrostatic interaction between 
plasma particles leads to a decrease in the Grüneisen 
coefficient to the observed values. 

Let us now show that for plasma in which 
ionization occurs, the Grüneisen coefficient also 
becomes less than 2/3. For simplicity, let's consider 
ideal plasma at temperatures where only single 
ionization of atoms occurs. In this case, the formulas 
for pressure and specific internal energy of plasma 
will take a relatively simple form:

	 ( ) = + α 1 ,R
PV T T

A 	 (5)

	 ( )= + α1
3 ,
2

AN
E PV I T

A 	 (6)

where R is the gas constant, A  is the molar mass of 
gas, NA is Avogadro's number, I1 is the first ionization 
potential, α  — the degree of gas ionization. The 
degree of ionization is determined according to the 
relation α = ne/nn, where nn  is the total number of 
atoms per  unit volume (i.e., the sum of ionized and 
neutral atoms). Substituting expressions (5), (6) into 
formula (3), for the Grüneisen coefficient we obtain 

	

− ∂α 
  ∂  γ = +

∂α   + α +  ∂  

1
1

3 .
2

1

V

V

I
k T

T

	 (7)

Since the degree of ionization increases with 
temperature at constant volume, the second term      
in brackets is always positive, and consequently, 
ϒ < 2/3. It should be noted that in deriving formula 
(7), we neglected the energy contribution from 
atomic excitations, assuming that ionization occurs 
from the ground state of the atom. However, if such 
contribution is considered, it is obvious in advance 
that it will also lead to a decrease in the Grüneisen 
coefficient.

Thus, the fact that our measured values of the 
Grüneisen coefficient are significantly lower than   
may indicate both strong interaction between lead 
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plasma particles and the process of developed 
ionization. Since accurate calculation of the 
ionization degree of such plasma requires correct 
description of the particle interaction influence 
on ionization potential reduction, shifts in atomic 
electron levels, and electron transition probabilities 
between atoms, this problem cannot be solved within 
the CPM framework. The interpretation of the dense 
plasma Grüneisen coefficient behavior observed 
here, which follows from very general considerations, 
will be given in the next section. 

Let us consider another thermodynamic quantity 
that is directly determined from the results   of present 
experiments and characterizes mechanical properties 
of plasma. This refers to the partial derivative of 
density with respect to pressure at constant enthalpy: 
(∂ρ/∂P)W, where ρ = V −1 is density,  and the letter 
W will denote specific enthalpy.  This derivative, 
which we  will call isenthalpic compressibility, is 
conveniently expressed through the isenthalpic 
sound velocity cw, which we define according to the 
formula 

	
∂ =  ∂ρ 

2 .w
W

P
c 	 (8)

The usual sound velocity cs (isentropic) is related to 
cw by the relation 

	 ( )= γ + 1/21 .s wc c 	 (9)

Figure 4 shows the dependence of isenthalpic 
compressibility of supercritical lead fluid on specific 
enthalpy. As seen in Fig. 4, within measurement 
uncertainty, this quantity is a function of a single 
variable – enthalpy and, consequently, practically 
does not depend on pressure. The values calculated 
using CPM also fall well on a single line. However, 
the compressibility values obtained using the model 
differ significantly from measurement results: at low 
enthalpy values, these values are almost twice higher 
than measured values, and at enthalpy values of 
16–18 kJ/g, they are almost twice lower. Note that in 
the range W > 14 kJ/g, the calculated compressibility 
values are close to those for ideal gas (where gas 
enthalpy is measured from the normal state of solid 
body).

The fact that CPM predicts significantly higher 
compressibility at low enthalpy values, which 
correspond to low specific volumes for these 
experiments, can be explained by the fact  that 
in this model, ions are point-like and repulsion 
associated with their finite size is absent.  Note that 
the enthalpy value of 5 kJ/g was achieved in these 
experiments at volumes V/V0 = 4–8. The relatively 
low values of isenthalpic compressibility predicted 
by CPM at  high enthalpy values are explained by 

Fig. 5. Measured dependencies of PV on E (thin solid lines starting 
from the   origin) are compared with dependencies calculated using 
CPM for two  isochores (thick black    and red dashed lines), red 
circles indicate calculated  temperature  values  (in  kK)  on  the  
isochore V/V0 = 14.  Thin  dashed  lines  show  dependencies  for 
singly (α = 1) and doubly (α= 2) ionized ideal lead gas of constant 
composition

Fig. 4. Isenthalpic compressibility of supercritical lead fluid 
as a function of specific enthalpy. Green circles – experiment, 
solid gray line with markers – CPM, dash-dotted black line – 
dependence calculated for ideal gas. For experiments, crosses 
indicate measurement errors, and for the model – the range of 
isenthalpic compressibility variation at a  certain enthalpy value

km
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Table 1. Measured values in this work of pressure P (hPa), specific 
internal energy E (kJ/g) and specific resistance σ−1 (μΩ•m) of 
supercritical lead fluid on isochores V/V0 = 5, 6, 8, 10, 12, 14, 18

V/V0 P E σ−1 V/V0 P E σ−1 

 5  4.16  5.44  15.43  10  3.05  11.55  15.01

5 4.16  5.42  15.38  10  3.07  11.37  15.07

5 3.00  3.84  20.56  10  2.44  7.23  19.06

5 2.32  3.33  23.50  10  1.98  6.13  21.61

5 2.45  3.18  24.28  10  1.98  6.00  22.29

5 2.39  3.34  23.47  10  1.98  6.01  22.31

5 2.37  3.20  23.92  10  1.93  5.88  21.82

5 1.49  2.48  32.15  10  1.93  5.69  23.19

5 1.38  2.54  31.04  10  1.22  3.98  37.67

5 2.36  3.28  23.78  10  1.21  3.96  37.06

 5  1.16  2.06  33.78  10  1.03  3.40  50.37

5 1.08  2.08  37.22  10  0.91  3.04  58.98

5 1.21  2.16  36.17  10  0.96  3.26  52.91

5 1.25  2.15  35.95  10  1.00  3.24  50.47

5 0.79  1.84  44.66  10  0.60  2.33  97.96

5 0.84  1.90  41.71  12  2.97  14.22 15.02

5 0.82  1.70  42.32  12  2.92  13.95 15.06

6 3.94  6.65  15.40  12  2.23  8.48 18.63

6 3.98  6.59  15.36  12  1.83  7.12 20.79

6 2.91  4.61  20.43  12  1.85  6.98 21.49

6 2.34  4.00  23.72  12  1.85  6.93 21.25

6 2.36  3.83  24.79  12  1.79  6.81 21.10

6 2.34  3.96  23.85  12  1.79  6.45 22.34

6 2.32  3.85  23.89  12  1.12  4.42 35.55

6 2.28  3.87  24.18  12  1.14  4.38 36.34

6 1.49  2.86  35.40  12  0.92  3.69 51.47

6 1.40  2.90  34.35  12  0.80  3.18 62.81

6 1.19  2.40  41.20  12  0.94  3.38 57.21

6 1.09  2.38  44.45  12  0.79  3.51 51.29

6 1.22  2.51  42.25  12  0.39  2.41 114.37

6 1.21  2.49  41.59  14  2.17  9.91 18.55

6 0.68  2.02  56.85  14  2.13  9.75 18.47

6 0.76  2.07  53.91  14  1.78  8.08 20.21

0.75  1.86  56.64  14  1.75  7.95 20.81

Table 1. (Contd.)

V/V0 P E σ−1 V/V0 P E σ−1

 8  3.54 8.99 15.18 14 1.74  7.84 21.03

8 3.50 8.88 15.22 14 1.72  7.73 20.54

8 2.65  5.97  19.65 14  1.73  7.15 21.95

8 2.15  5.12  22.77 14  1.11  4.81 34.51

8 2.13  4.97  23.53 14  1.13  4.73 35.60

8 2.13  5.04  23.39 14  0.74  3.99 50.57

8 2.17  4.90  22.83 14  0.67  3.27 65.90

8 2.10  4.86  23.31 14  0.79  3.48 59.63

8 1.33  3.47  37.17 14  0.40  2.48 129.89

8 1.32  3.49  36.78 18  2.14  12.16 18.45

8 1.11  2.97  48.15 18  1.67  10.02 19.56

8 0.98  2.78  53.68 18  1.60  9.90 20.12

8 1.07  2.96  49.35 18  1.64  9.67 20.00

8 1.16  2.99  46.80 18  1.67  9.39 20.28

8 0.63  2.21  78.17 18  1.02  5.49 32.82

8 0.63  2.29  75.48 18  1.06  5.29 34.74

8 0.70  2.06  82.64 18  0.55  4.36 50.63

the fact that, as will be shown below, this model 
overestimates plasma temperature by almost a factor 
of two.

For a more detailed comparison of measurement 
results with CPM predictions, Fig. 5 shows the 
dependencies of PV on specific internal energy E. 
To avoid cluttering the figure, results are shown for 
a small group of experiments in which maximum 
values of specific volume and internal energy were 
achieved. In Fig. 5, it can be seen that significant 
deviation of calculated dependencies from measured 
ones begins at energy values of 6–7 kJ/g. At higher 
energy values,  the  calculated  dependencies  become 
close to the dependency for singly ionized ideal gas. 
For reference, the specific ionization energy values 
for single, double, and triple ionization of ideal lead 
gas atoms are: Q1 = 3.44 kJ/g, Q2 = 6.97 kJ/g and 
Q3 = 14.8 kJ/g [21]. Using the sublimation energy 
value  for  lead Esub = 0.942 kJ/g [22], for internal 
energy of singly ionized ideal lead gas at temperature 
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T = 10 − 30 kK,  we  obtain  energy  values  of 
E = 6 − 8 kJ/g. This estimate shows that calculated 
dependencies begin to deviate from measured ones 
when double ionization of atoms begins, and it 
might seem that the ionization degree predicted by 
the model does not exceed one. However, this is not 
the case.

The degree of ionization as a function of plasma 
specific internal energy,  calculated using CPM  
for  isochores V/V0 = 6, V/V0 = 14, is shown in Fig. 
6. It can be seen that it increases monotonically 
and   reaches a value of 1.9. The figure also shows 
the dependence of the value E–(3/2)PV on plasma 
internal energy values. For classical plasma, this 
value equals the energy that goes into ionization, 
since the value (3/2)PV is the average kinetic energy 
of a classical particle system. As follows from Fig. 6, 
in the energy range E–(3/2)PV kJ/g, the calculated 
values of are about 5 kJ/g, which is two times less 
than the measured values. Thus, CPM predicts  
almost two times lower energy expenditure for 
plasma ionization compared to the values obtained 
in the experiment. This implies that the plasma 
temperature values predicted by this model may be 
significantly overestimated. 

For detecting plasma non-ideality effects, 
studying the behavior of electrical conductivity is 
very important [17,18]. Fig. 7 shows the measured 
dependence of lead fluid's resistivity on specific 
internal energy in this work. Also presented are 
the resistivity dependencies on isochores obtained 
from these experimental data. The figure clearly 
shows the characteristic behavior of isochores 
near the metal-nonmetal transition [10]. This 
transition manifests in that near the volume value  
V/V0 = 2.7 the temperature coefficient of resistance 
changes sign from positive to negative and the metal 
transitions into a strongly correlated metallic state. 
When specific volume becomes larger than value 
V/V0 ≈ 4, this coefficient, being negative, begins 
to rapidly increase in absolute magnitude with 
volume increase. The critical density estimation for 
metal-nonmetal transition in supercritical lead fluid 
was made based on analysis of the “cold curve”, 
i.e., temperature-independent part of internal 
energy [10]. As follows from Fig. 7, in plasma state  
(V/V0 > 4) the resistivity on isochores monotonically 
decreases with energy increase. It is noteworthy 
that the dependencies calculated using CPM in the 
energy interval E < 5 kJ/g practically merge into 

one line, which is not observed experimentally. Also 
note that at energy values E > 10 kJ/g, the slopes 
of measured isochores are significantly less than 
those demonstrated by the model. Experimental 
isochores of resistivity in this energy interval become 
almost horizontal. With increasing relative volume, 
agreement between measured dependencies and 
calculated ones improves. Note that calculation of 
lead plasma  resistivity for volumes V/V0 = 10 − 20 on  
isotherm T = 20 kK [23] gives resistivityvalues in 
the interval 50–100 μOhm, which agree with our 
calculation results.

The results of our measurements of pressure, 
specific internal energy, and resistivity of 
supercritical lead fluid for a family of seven isochores 
are presented in Table 1.

4. DISCUSSION OF THE OBTAINED 
RESULTS

As follows from Fig. 5, our chemical model 
predicts rather high plasma temperature values. 
Due to such high temperatures, a question arises 
about the estimation of measurement errors in 
the present study related to energy losses through 
thermal radiation. For lead plasma with density of 
0.5–2.0 g/cm3  at temperature of 1-5 eV, the mean free 
path of photons (Rosseland averaged) is ~ 10−6 cm 
[24, 25], which is much smaller than the plasma 

CPM

Io
ni
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tio

nkJ
/g

kJ/g

CPM

Fig. 6. The measured dependencies of the value E–(3 / 2)PV on 
specific internal energy (thin lines originating from the origin) 
are compared with dependencies calculated using CPM for two 
isochores (two thick dashed lines). The plasma ionization degree 
dependencies calculated using CPM for two isochores are shown 
by gray solid and gray dotted lines
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sample thickness in our experiments. This implies 
that this plasma is opaque and thermal radiation 
emerges from a thin layer near the sample surface. 
If we estimate the radiation losses from above, 
assuming that the sample temperature increases 
as predicted by the model, and its surface radiates 
as a black body, and all radiation energy is lost by 
the sample, it turns out that even for experiments 
with maximum pressure values, these losses do not 
exceed 10 % of the sample energy up to the energy 
value of 10 kJ/g. However, as seen in Fig. 6, at this 
energy value, the difference between measured 
and calculated values of PV reaches 50% and, 
consequently, this difference cannot be explained by 
energy losses through thermal radiation.

It should also be noted that the present 
experiments were conducted with samples whose 
initial thickness varied by almost 3 times in different 
experiments, and sapphire and silica glass were used 
as window materials, whose optical properties differ 
significantly from each other, and therefore energy 
losses due to radiation in different experiments, 
if they were noticeable, would have been different. 
However, the data obtained in various experiments 
are in good agreement with each other. Furthermore, 
measurements of sample volume and pressure, 

whose accuracy is not affected by thermal radiation, 
demonstrate rather smooth and monotonic pressure-
volume dependencies, which approach practically 
constant pressure values at large sample volumes. If 
thermal radiation losses were significant, then due to 
the sharp dependence of thermal radiation intensity 
on temperature, one could expect a more or less 
sharp decrease in pressure in the sample.

Thus, our CPM predicts significantly lower 
energy expenditure for ionization and excitation of 
atoms than the values obtained in the experiment. 
This suggests that the model overestimates plasma 
temperature (for given values of V and E). As shown 
in Fig. 5, at an energy value of 12 kJ/g, the calculated 
values of PV are approximately 1.7 times higher than 
the measured ones. If we assume that the kinetic 
energy of plasma particles, which is proportional to 
(1 + α) T, is overestimated by the same factor, and 
considering that the ionization degree in our model 
is practically independent of density and increases 
almost linearly with temperature (see Fig. 6), then 
instead of the temperature value of 60 kK predicted 
by the model, we get 40 kK. If we reduce the plasma 
temperature values by 1.7 times (relative to the values 
given by the model), then the maximum energy 
losses due to radiation will not exceed up to the 5% 
maximum measured energy values. Certainly, this 
temperature estimate cannot claim high accuracy, 

Fig. 8. Change in the average kinetic energy of lead fluid relative to 
the normal state as a function of internal energy. Thin solid lines 
originating from the origin are dependencies measured in present 
experiments, two thick dashed lines are dependencies calculated 
using CPM for two isochores

Fig. 7. Specific resistance of lead as a function of specific 
internal energy. Thin solid lines emerging from the normal 
state are dependencies measured in experiments of this 
work (marked with the same colors as these experiment 
lines in Fig. 2), symbols are specific resistance values on 
isochores obtained in these experiments, thin dotted lines are 
approximations of these isochores, thick solid lines are isochores 
V/V0 = 5, 6, 8, 10, 14, calculated using CPM (marked with the 
same colors as corresponding experimental isochores)
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but it agrees with the results of present experiments, 
which showed no significant energy losses.

There is another experimental confirmation of 
the correctness  of  this  conclusion. As follows from 
Fig. 4, in the enthalpy range of W > 8 kJ/g (which 
corresponds to the energy range of E > 6 kJ/g), 
the dependence of isenthalpic compressibility on 
specific enthalpy becomes very flat. On the other 
hand, radiation energy losses cannot affect this 
dependence since they do  not influence density 
and pressure measurements, and compressibility 
is practically independent of enthalpy. Since the 
calculated compressibility values for this enthalpy 
range become almost twice lower than the measured 
ones, this definitely indicates that the model gives 
overestimated temperature values by approximately 
two times. Note that  the temperature values 
obtained using the interpolation EOS [11] also turn 
out to be overestimated.

Due to such a significant difference between 
experimental results and XMP predictions, let's 
try to interpret these results based on general 
considerations that are not  tied  to  any  particular 
model. For this, we will use the virial theorem, which 
establishes the relationship between the average 
kinetic energy of a system of particles interacting 
according to Coulomb's law, with internal energy 
and pressure [20]: 

	 = −3 ,K PV E 	 (10)

where K is the average kinetic energy of the system. 
Note that this theorem is valid for both classical and 
quantum particle systems. For a classical particle 
system K = (3/2)NkT (N is the number of particles 
in the system). Substituting this expression into 
(10) and  differentiating it with respect to E at fixed 
volume and number of particles N, we obtain 

	 γ = +1 ,
3 2 v

k
c 	 (11)

where vc   is the heat capacity per particle. From 
this, it  follows  that  for  classical  plasma  of 
constant composition, the following inequalities 
hold 1/3 < γ ≤ 2/3. We emphasize that this result 
is no longer restricted by  the assumption of weak 
coupling  that was used in deriving formula (4).

Let's consider the case when the number of 
particles in the system changes due to ionization. 

We will examine plasma consisting of atoms, ions, 
and free electrons at temperatures where only single 
ionization of atoms occurs. The kinetic energy of 
such a particle system consists not only of the kinetic 
energy of "classical particles" listed above but also of 
“quantum” particles of bound electrons in atoms. 
Differentiating relation (10) with respect to energy 
at fixed volume, we obtain 

	 ( )∂ ∂ = γ −/ 3 1.VK E 	 (12)

Consider that the increment of kinetic energy is 
related not only to the increase in kinetic energy of 
“classical” particles but also to the change in kinetic 
energy of electrons transitioning from bound states 
to free motion states. For the subsystem of bound 
electrons, since they do not contribute to pressure, 
the virial theorem takes the form 

	 = − ,b bK E 	 (13)

where index “b” indicates that the value refers to 
bound electrons. Consequently, when an electron 
leaves an atom and becomes free, its kinetic energy 
decreases by the binding energy value (ionization 
potential). Obviously, the excitation of bound 
electrons also leads to a decrease in the system's 
kinetic energy. Therefore, the total kinetic energy 
increment equals 

	  = − −   1
3 ,
2 e excdK d NkT I dN dE 	 (14)

where the last term is the contribution from excited 
states. Using the relation N = Nn + Ne, where 
Nn is the total number of atoms, after simple 
transformations we obtain

	 ( )∂   = + α −   ∂   
3 1
2

n

VV

NK
k

E C

	
∂∂α     − − −     ∂ ∂     1

3 1 ,
2

n exc

V VV V

N E
I kT

C T C T 	 (15)

where CV = (∂E / ∂T)V — the plasma heat capacity, 
and the degree of ionization is α = Ne / Nn. From 
relation (15), it follows that the derivative (∂E / ∂T)V 
can become zero and even negative, if the second 
and third terms combined are greater than the first 
term.

According to relation (12), the sign of the 
derivative (∂E / ∂T)V is determined only by the value 
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of the Grüneisen coefficient. Consequently, the fact 
that the Grüneisen coefficient values become less 
than     indicates a significant influence of ionization 
processes and excitation of bound electrons on the 
thermodynamic properties of plasma. The study 
of this issue for dense plasma is complicated by 
difficulties in separating electrons into free and 
bound ones, as well as accounting for the influence 
of interactions between plasma particles on their 
energy spectrum [26].

In this regard, it is interesting to compare the 
measured dependencies of plasma kinetic energy 
on the internal energy value with the predictions of 
CPM. In formula (10), energy is measured from the 
state where all particles of the system are removed 
to infinity (and are at rest there). In the experiment, 
energy is measured from the normal state of a solid. 
To express kinetic energy through measurable 
quantities, note that relation (10) should also hold 
for the state T = 0, P = 0, for which it takes the form

	 = −0 0,K E 	 (16)

where the index “0” denotes the state at T = 0, P = 0. 
Subtracting equation (16) from (10), we get 

	 ( )− = − −0 03 .K K PV E E 	 (17)

If we neglect the difference between the energy 
in the normal state and in the state T = 0, P = 0, 
then the value E – E0 in the right part of (17) will 
represent the energy measured in the experiment; 
below we will continue to denote it with the letter E.

Fig. 8 shows a comparison of measured and 
calculated using CPM dependencies of K–K0 on 
energy  E, counted from the normal state. The 
fact that the kinetic energy of the system remains 
practically unchanged in  the interval E ≤ 6	 kJ/g 
means that the increase in kinetic energy of atoms 
and free electrons is compensated by the decrease in 
kinetic energy of bound electrons, which transition 
to excited bound states or free motion states. The 
decrease in kinetic energy with increasing internal 
energy in the interval E > 6 kJ/g indicates that here 
the contribution from ionization and excitation of 
bound electrons dominates. The large difference 
between calculated and measured values of plasma 
kinetic energy indicates that the energy costs for 
plasma ionization and bound electron excitation in 
our CPM are greatly underestimated. Therefore, 

it can be stated that the reason for the discrepancy 
between model and experimental results lies in 
insufficiently accurate description of bound states. 
This fact partly confirms the conclusion about 
the inadequacy of classical description of non-
degenerate dense plasma [27].

Note that the values of the Grüneisen coefficient 
for metals and silicates at pressures of 10-100 hPa 
and temperatures T ≤ 50 kK were estimated in shock 
compression experiments of porous samples  [28].  
For  metals,  values  of γ = 0.6–0.7 were obtained, 
while for silicates, the Grüneisen coefficient turned 
to zero and even became negative. This anomaly 
was interpreted by the authors as a consequence 
of the transition of matter to an amorphous state 
and partial dissociation of molecules SiO2. Such 
behavior may also be related to diffuse structural 
transformations in the liquid state [29]. 

In conclusion, let's consider the behavior of the 
resistivity of lead plasma. As is known, one of the 
theoretically predicted effects of plasma non-ideality 
is the reduction of ionization potentials. Generally, 
this effect leads to an increase in the degree of 
ionization, and with it, the electrical conductivity 
of plasma, and such an increase in the degree of 
ionization with increasing density is sometimes 
called pressure ionization. This effect manifests in 
the fact that on isotherms, the resistivity decreases 
with decreasing specific volume. Theoretical models 
predict the presence of maxima on isotherms of 
resistivity [14, 23, 30], which separate the region of 
strongly non-ideal plasma from weakly non-ideal. 
According to work [23], for lead, the maxima on 
isotherms of  resistivity T = 10 kK, T = 20 kK are 
in the volume interval V/V0 = 10–20. The results 
of our experiments show that in the entire studied  
region  of  states  for  lead  plasma,  the  inequality 
(∂σ−1 / ∂V)T > 0 holds, where σ−1 – resistivity (σ – 
electrical conductivity). Let's briefly explain where 
this statement  comes from.

First of all, note that as seen in Fig. 2, in the 
volume interval V/V0 = 4–6 for all presented 
experiments, the pressure reached its maximum, i.e., 
in this interval, the heating was close to isobaric and, 
consequently, the temperature increased with volume 
increase. In Fig. 7, it can be seen that in this volume 
interval, the resistivity either increases or remains 
constant with increasing energy. But since the total 
derivative of resistivity with respect to volume for 
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some quasi-static process on the VT-plane can be 
represented as 

	
− − −   σ ∂σ ∂σ= +   ∂ ∂   

1 1 1
,

V T

d dT
dV T dV V 	

and the derivative (∂σ−1/∂V )T < 0 (as seen in Fig. 
7), it follows that (∂σ−1/∂V )T > 0. For experiments 
with pressure of 1–2 hPa (see Fig. 2), for which 
the sample heating process in the volume  interval  
V/V0 = 8–16 was close to isobaric, and the resistivity 
practically did not change (see Fig. 7), we come to 
the same conclusion. It can be shown that this is 
valid for the entire studied region of plasma states, 
but we won't dwell on this here. Thus, for dense lead 
plasma studied in this work, “pressure ionization“ 
plays a significant role.

5. CONCLUSION

Experimental data on thermodynamic properties 
and resistivity of dense lead plasma were obtained 
for a wide range of states on the VP-plane. The 
measurement results were compared with predictions 
of the chemical model of classical plasma. It was 
shown that the chemical model underestimates 
the energy costs for plasma ionization and atom 
excitation by almost two times. Considerations are 
provided explaining that the reason for this lies in 
insufficiently accurate description of bound states. It 
was shown that measurements of caloric properties 
of dense plasma together with the use of the virial 
theorem allows to determine how correctly the 
theory describes the system's energy division into 
kinetic and potential. It was also shown that for 
the dense lead plasma studied here, the "pressure 
ionization" effect plays a significant role – along 
isotherms, the resistivity decreases with decreasing 
specific volume.
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