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Abstract. The detailed study of physical processes responsible for the hydrogen atom spectra under its 
motion transverse to the strong magnetic field – due to electrodynamic Stark effect, known also as MSE 
(Motional Stark Effect) – is performed. The formation mechanisms of excited hydrogen levels popu-
lation due to collisions with protons of plasma are investigated. The experimental and theoretical data 
on the total and partial excitation cross sections along with parabolic quantum numbers in the laboratory 
frame of moving atom are confronted. The universal approach for the calculations of cross sections in the 
basis of the parabolic wave functions with an account of their adiabatic suppression in the low energy 
range of collisions and selective in terms of the parabolic quantum numbers is proposed. The method 
developed is applied for the construction of the collisional-radiative kinetic model for the partial popula-
tions of the excited Stark sublevels calculations taking into account the ionization due to collisions with 
protons. The sources of the thermodynamically nonequilibrium origin of the Stark sublevel populations 
in the electrodynamic Stark effect are revealed in the wide diapason of the plasma density variation. 
The intensities of π- and σ Stark components of Hα line versus beam energy, magnetic field and plasma 
density are calculated. The polarization characteristics of MSE spectra of Hα line are calculated in the 
magnetically confined thermonuclear plasma. The obtained results are in the reasonable agreement with 
the literature data. The developed method is of interest as from the general physical point of view, as for 
the MSE-spectroscopy of tokamaks and in the other experimental conditions. 
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1.  INTRODUCTION

The observation of the electrodynamic Stark ef-
fect or  MSE (Motional Stark Effect) is  used for 
diagnostic purposes when probing plasma with 
a beam of neutral hydrogen across the magnetic field 
B. At the same time, registration and analysis of the 
polarization characteristics of  the emission spec-
trum formed in an electric field

´= ,
c

v B
F

arising in the coordinate system of an atom moving 
at a velocity v when it intersects magnetic fields

lines provide information on  the magnitude and 
distribution of magnetic fields and associated cur-
rents [1-7], where c is the speed of light. Indeed, the 
spectrum of a hydrogen atom in a stationary homo-
geneous electric field F consists of Stark π-compo-
nents polarized along F and a σ-components with 
polarization across F, the splitting of which is pro-
portional to  the magnitude of  the electric field 
[1, 2]. As a result, in the absence of isotropy for the 
real geometry of a plasma installation, for example, 
a tokamak, it is possible to isolate and analyze the 
polarized components of the observed emission spec-
trum [1-20]. Experimental implementations of  the 
technique are local and have a  fairly good spatial 
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resolution [1-20]. In  the case of a  tokamak, it can 
be used to identify the slope profile of the magnetic 
field line ( ) = arctg( ( ) / )p p tr B r Bγ  (where tB  is to-
roidal, and pB  is the poloidal magnetic fields asso-
ciated with the discharge current, r is the magnitude 
of a small radius, measured from the position of the 
magnetic axis of the plasma in the toroidal discharge 
chamber) by determining the local deviations of the 
vector B from the initial vector of the toroidal field 

tB  by a small angle [1–7]. Knowledge of the magnet-
ic field line slope profile, in turn, allows to establish 
the spatial distributions of the absolute values ​​of the 
discharge parameters, for example, the cord stability 
factor, the discharge current, and to estimate the pro-
file of current density in the tokamak discharge [1–7].

An  extensive literature is  devoted to  the prob-
lem of MSE diagnostics, which discusses both the 
theoretical foundations of the MSE method [1-20] 
and its implementation and interpretation in experi-
ment [1-20]. However, both of these problems are very 
complex and challenging. In the present work, only 
the theoretical aspects of this problem are considered.

To use MSE diagnostics in an experiment, it is as-
sumed to  measure the intensity and polarization 
of radiation from beam atoms in plasma. To do this, 
it is necessary to know the populations of the Stark 
sublevels. This implies solving the problem of atomic 
kinetics of Stark states. To solve the kinetic problem 
of the Stark levels, it requires rate coefficients of col-
lisional and radiative processes based on parabolic 
wave functions of a hydrogen atom, which include 
a description of excitation, deexcitation, radiative 
decay and ionization in collisions with protons and 
electrons of plasma, with account of transitions be-
tween levels with different principal quantum num-
ber n and between sublevels of the same n. The spe-
cifics of this kinetic problem consists in the necessity 
to use a Stark (parabolic) basis, whereas previously 
such data were calculated only in the basis of spheri-
cal wave functions averaged over magnetic quantum 
numbers involved in the interaction of atomic levels 
[11, 17-20]. In the next step, the populations of Stark 
states are used to calculate the radiation spectrum 
and determine its polarization characteristics for 
the purposes of MSE diagnostics. The output data 
are influenced not only by  the choice of  the ba-
sis of wave functions, but also by the methods and 
approximations used to calculate the cross sections 
of processes and their rate coefficients in the absence 
of thermodynamic equilibrium and in the presence 

of  an  external electric field of  an  electrodynamic 
nature. 

In  contrast to  the previously obtained results, 
in this work, the parabolic basis of wave functions 
and Born cross sections of collision processes with 
a normalized probability of corresponding transi-
tions are used at all stages of  the calculation. The 
deviation from the Born approximation in the re-
gion of low velocities is taken into account by the 
introduction of  an  adiabatic factor arising from 
the solution of two level system within strong cou-
pling method [21]. A detailed comparison with the 
literature data [11, 22-24] demonstrates the high ef-
ficiency and reliability of the proposed approach and 
the results obtained.

2.  STARK SUBLEVELS EXCITATION 
CROSS SECTIONS CALCULATION IN  

HYDROGEN-LIKE ION PARABOLIC BASIS 
WAVE FUNCTIONS

2.1. General provisions

The observed radiation spectrum of the Stark level 
structure, formed when a beam of fast atoms moves 
across a magnetic field, is formed by atomic process-
es that determine the population of the upper lev-
els of individual Stark components. The excitation 
of the Stark sublevels (components) is determined 
mainly by collisions with fast protons moving at su-
perthermal velocity in the atomic rest frame. The 
characteristic velocities of neutrals of the diagnostic 
beams [11, 17-20], and therefore in proton-atom-
ic collisions, are comparable or slightly exceed the 
typical values of the atomic velocities of  electrons 
in the first Bohr orbit, corresponding to proton en-
ergies of the order of 25 keV. From the point of view 
of atomic collision physics, this velocity range is in-
termediate between fast (Born limit) and slow (adi-
abatic limit) collisions. The adiabaticity parameter, 
determined by the ratio of the transition frequency 
between the upper and lower levels to the collision 
rate, differs greatly for transitions from the ground 
state and between excited levels. For transitions from 
the ground state, consideration of the adiabatic fac-
tor is essential, whereas for transitions between ex-
cited levels it can be neglected if the energy differ-
ence between the corresponding levels is small, for 
example, for transitions between states with the same 
principal quantum number n.
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When considering inelastic collisions of  heavy 
particles  — hydrogen atoms with protons  — the 
momentum of a  fast particle practically does not 
change [25], and the effective transmitted momen-
tum q is  relatively small and with good accuracy 
is almost perpendicular to  the momentum of  the 
incident particle [25]. To calculate the effective ex-
citation cross sections of hydrogen atom transitions 
in collisions with protons, parabolic wave functions 
are used in the work. The consideration is divided 
into three cases: 1) excitation from the ground state; 
2) transitions between excited states; 3) transitions 
between Stark sublevels inside a given level with the 
principal quantum number n.

Fig. 1 shows a the relative directions in the beam 
lab frame: q is the transmitted momentum, which lies 
in the same plane with the induced electric field F  
and forms an arbitrary angle with it; B is the vector 
of the magnetic field, v is the velocity of plasma ions, 
which collide with diagnostic beam neutrals in the lab 
frame. This velocity is equal in magnitude to the ve-
locity of the beam V  and has the opposite direction. 

The calculation of effective collision cross sec-
tions was carried out in the first Born approximation 
[24, 25] (atomic units):
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where ∆E  is the energy difference between the lev-
els, ( )W q  is the probability of transition, determined 
by the formula
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α( , )R q  is the matrix element of the transition [25]. 
In the parabolic basis (taking into account the cho-
sen geometry of the problem), it has the form
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where n, k, m and ¢ ¢ ¢, ,n k m  are the principal, electric 
and magnetic quantum numbers of the initial and 
final states correspondingly; Ψnkm  and Ψ ¢ ¢ ¢n k m  are 
the parabolic wave functions of the initial and final 
states, respectively; ξ η,  are parabolic coordinates, ϕ  
is azimuth angle. 

Using the integral representation of  the Bessel 
function of the first kind with an integer order s [26],
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one could integrate (3) by azimuth angle ϕ: 
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При рассмотрении неупругих столкновений тя-
желых частиц � атомов водорода с протонами �
импульс быстрой частицы практически не меняет-
ся [25], а эффективный переданный импульс q от-
носительно мал и c хорошей точностью практически
перпендикулярен импульсу падающей частицы [25].
Для расчета эффективных сечений возбуждения пе-
реходов в атоме водорода при столкновениях с про-
тонами в работе используются параболические вол-
новые функции. Рассмотрение разбито на три слу-
чая: 1) возбуждение из основного состояния; 2) пе-
реходы между возбужденными состояниями; 3) пе-
реходы между штарковскими подуровнями внутри
данного уровня c главным квантовым числом n.

На рис. 1 представлена схема взаимного направ-
ления векторов в лабораторной системе координат
пучка: q � переданный импульс, который лежит в
одной плоскости с индуцированным электрическим
полем F и составляет с ним произвольный угол α;
B � вектор магнитного поля, v � скорость ионов
плазмы, которые налетают на нейтралы диагности-
ческого пучка в лабораторной системе. Эта скорость
по величине равна скорости пучка V и направлена
в противоположную сторону.

α

x

q

B

F

y

z

v

Рис. 1. Схема векторов MSE

Расчет эффективных сечений столкновения про-
водился в первом борновском приближении [24, 25]
(атомные единицы):

σ(v) = 2π

qmax∫

qmin

dq

q3
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qmin =
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v
, qmax = 2v,

(1)

где ∆E � разница энергий между уровнями, W (q) �
вероятность перехода, определяемая формулой
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2π∫
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v2

, (2)

R(α, q) � матричный элемент перехода [25]. В пара-

болическом базисе (с учетом выбранной геометрии
задачи) он имеет вид
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где n, k,m � главное, электрическое и магнитное
квантовые числа начального состояния, n′, k′,m′ �
главное, электрическое и магнитное квантовые чис-
ла конечного состояния; Ψnkm и Ψn′k′m′ � парабо-
лические волновые функции начального и конечно-
го состояний соответственно; ξ, η � параболические
координаты, ϕ � азимутальный угол.

Используя интегральное представление функции
Бесселя первого рода с целым порядком s [26],
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1
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проинтегрируем (3) по азимутальному углу ϕ:
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Тогда выражение для матричного элемента приоб-
ретет вид
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где Ψn,k,m(ξ, η) и Ψn′,k′,m′(ξ, η) � координатные ча-
сти параболических волновых функций. Во избежа-
ние путаницы следует указать, что маркировка вол-
новых функций с помощью электрического кванто-
вого числа k делается для краткости и упрощения
записи, поскольку эти функции являются произве-
дением двух волновых функций, зависящих от раз-

343

Fig. 1. MSE Vector Scheme
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Then the expression for the matrix element takes 
the form
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where Ψ ξ η, , ( , )n k m  and Ψ ξ η¢ ¢ ¢, , ( , )n k m  are the coordi-
nate parts of the parabolic wave functions. To avoid 
confusion, it should be pointed out that the labeling 
of wave functions using the electric quantum num-
ber k is done for brevity and simplification of writ-
ing, since these functions are the product of  two 
wave functions depending on different variables and 
parabolic quantum numbers n1 and n2, respectively, 
and -1 2=k n n  [25, 27]. And, it is in terms of para-
bolic quantum numbers n1, n2, the real calculations 
of matrix elements are carried out [25].

2.2. Generalized Born approximation with 
normalized probability and adiabatic factor

As is known, the conditions of applicability of the 
first Born approximation can be violated if the value 
for the transition probability turns out to be greater 
than one [28, 29]. It is customary to eliminate this 
disadvantage by introducing forced normalization 
of the expression for the transition probability in the 
Born approximation [28, 29], for which it is neces-
sary to solve transcendental equations at each step 
of integration, when representing the effective colli-
sion cross section as an integral over the impact pa-
rameter r [28,29]. However, due to the equivalence 
of the quasiclassical and wave considerations of the 
Born approximation [30], the normalization in this 
paper is achieved by a new simpler method – intro-
ducing a branching factor over the transmitted mo-
mentum q. In this case, the normalized probability 
has the form

	
+

( )( ) = .
1 ( )norm

W qW q
W q

	 (6)

In addition, at  low energies, the standard Born 
approximation is not valid which leads, as is known, 

to a sharp increase of cross sections in the region 
of  low velocities [21, 25, 28, 29]. The correct de-
scription of  slow collisions is  a  difficult problem 
associated with solving the problem of strong cou-
pling of  atomic states, which, however, radical-
ly depends on the number of levels taken into ac-
count. In this paper, this problem is solved on the 
basis of  the  strong coupling method for  two-lev-
el system [20], which takes into account a  strong 
pairwise coupling between the ground and excited 
states. This method allows to move to low velocities 
by multiplying the expression ( )W q  by an additional 
adiabatic factor. The adiabatic factor is determined 
by an exponent in the power equal to the ratio of the 
transition frequency = /Eω ∆  to the inverse colli-
sion time
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with a minus sign [21], where ρW  is the Weisskopf 
radius.

In this case, the normalized probability is deter-
mined by 
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Further substitution of (6) and (7) in (1) makes 
it possible to obtain normalized effective excitation 
cross sections with correct behavior in the region 
of low collision energies.

The analysis of available literature data [11, 22-24] 
shows that even for the hydrogen atom, the results 
of calculations of excitation cross sections by dif-
ferent methods differ greatly both from each other 
and in comparison with the experiment [22]. Figure 
2 shows the results of calculations of the excitation 
cross sections of the n = 3 level from the ground state 
in the first Born approximation [24, 25] (hereinafter 
referred to as the Born method for short), the strong 
coupling method [23] and the Glauber method 
[11, 31, 32]. The cross sections shown in the figure 
(curves 4-6) are the sum of the partial cross sections 
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of the excitation of the transition over the parabolic 
quantum numbers km. It follows from the presented 
comparison that the total cross section calculated 
in the Born approximation in a parabolic basis ac-
cording to formula (6) coincides with the same to-
tal cross section calculated in spherical coordinates 
[24]. This condition must be fulfilled for general rea-
sons [25] and is an indicator of the accuracy of the 
calculations performed. In the range of low energies, 
calculations performed by  the Born method with 
normalization of probability and account of the adi-
abatic factor (7) and the Glauber method [11] agree 
better with the experiment. At high energies, both 
the Born method and the Glauber method show 
a fairly good agreement with experimental data [11]. 
At the same time, the total cross section calculated 
in the strong coupling model [23] with account of 
7 states, lies much lower than the rest ones.

It  should be noted that the calculations in  [11] 
were carried out in the basis of spherical wave func-
tions (WF) ¢ ¢ ¢n l m , account of in the collision frame 
and using their transformation by rotation into WF 
nlm, defined in  the coordinate system associated 
with the electric field, followed by the expression 
of parabolic WF via the specified WF nlm. Such 
a cumbersome transformation leads to the appear-
ance of terms in the expression for effective cross 
sections due to interference of scattering amplitudes, 

and significantly complicates the analysis and ob-
taining results. 

To construct a kinetic collisional-radiative model, 
calculations of the partial excitation cross sections 
using parabolic quantum numbers are necessary. 
Figures 3 and 4 present a comparison of partial ex-
citation cross sections of the ground state calculated 
by the Born method with probability normalization 
(6) and account of the adiabatic factor (7). It can 
be  seen that with account of the adiabatic factor 
in  the region of  low energies, the excitation cross 
sections decrease, and at high energy the cross sec-
tions approach the Born limit.

In addition to the effective partial excitation cross 
sections of the ground state, numerical calculations 
of the partial cross sections of transitions between 
excited nkm levels with different principal quantum 
numbers, as well as transitions without changing the 
principal quantum number, were performed for the 
analysis of atomic kinetics within the framework 
of the same approach. As functions of energy, these 
cross sections behave to some extent similar to the 
dependencies described above, but show a  strong 
variation in values for different specific nkm of up-
per and lower levels, which can reach several orders 
of magnitude. In this case, for example, the cross 
sections of transitions between states with the prin-
cipal quantum numbers differing by 1 can be either 

E, keV

cm

1

2

3

4

5

6

7

Fig. 2. The total excitation cross section of level with n = 3 from the ground state: 1 — experiment [22]; 2 — strong coupling model, 
taking into account 7 states [23]; 3 — Born method [24]; 4 — Glauber method [11]; 5 — Born method with probability normalization (6); 
6 — the Born method with a probability normalization and an adiabatic factor (7); 7 — calculation using the approximation formula [33]
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E, keV

1

2

3

Fig. 3. Effective cross section of transition 100 210→ : : 1 — Glauber method [11]; 2 — Born method with probability normalization (6); 
3 — Born’s method with probability normalization and adiabatic factor (7)

E, keV

1

2

3

Fig. 4. Effective cross section of transition 100 → 320 : 1 — Glauber method [11]; 2 — Born method with probability normalization (6); 
3 — Born method with probability normalization and adiabatic factor (7)
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of the same order with cross sections without chang-
ing n, or differ from them by several orders of mag-
nitude. Therefore, the lack of results of such cross 
sections calculations in the literature and the irreg-
ularity of their values greatly complicate the analysis 
of atomic kinetics in the nkm representation.

3.  COLLISIONAL-RADIATIVE KINETICS 
OF  STARK SUBLEVELS POPULATION

Based on the data on collisional-radiative pro-
cesses calculated in the basis of parabolic wave func-
tions, a kinetic model was constructed to determine 
the populations of all states of the hydrogen atom 
in the range of the principal quantum numbers n = 
1- 6. The rates of radiative decays were calculated 
using the Gordon formulas [27]. The excitation and 
deexcitation cross sections in collisions with protons 
were calculated in accordance with the procedure 
described in section 2. A system of 56 linear alge-
braic equations was solved, which determines the 
population of Stark sublevels aN : 

( ) ( )

( ) = 0,

Tot ion
a p b ab a p a

b

b ba a p ba
b a

N N g A N

N A g N

υσ υ σ υ

υσ υ
¹

é ù
ê ú- + + +ê ú
ê úë û

é ù+ +ê úë û

å

å	

	 -å
<

= , , = 1 56,Tot
a ab

b a
A A a b 	 (8)

where a, b are sets of quantum numbers nkm of the 
corresponding state, ag , bg  are the statistical weights 
of the states, Aab is the probability of radiative decay, 
Np is the plasma density, and ( )ion

aσ υ  is the ionization 
cross section of the a level [33, 34]. At the same time, 
two cases were considered: 1) without ionization due 
to collisions with protons ( ( ) = 0ionσ υ ); 2) with ion-
ization. Approximation formulas [33, 34] were used 
for effective integral cross sections of levels ioniza-
tion with the principal quantum number n, which 
were obtained by fitting the results of calculations 
using the Monte Carlo method [35]. Since partial 
cross sections of collisional ionization of parabolic 
states are not available in  the literature, the total 
cross sections of  proton ionization, given in  [33, 
34], were used. The kinetic model was limited only 
to  states = 1n – 6, while the total approximation 
cross sections from [33,34] were used to describe the 
kinetics of sublevels with = 6n . This choice of basis 
was established on the statements [17-19] about the 
small influence of  the kinetics of  the upper levels 
with 5n  on the populations of the Stark sublevels 
with = 3,n  which determine the polarization charac-
teristics of the αH  line radiation. In addition, as can 
be seen from previous calculations [17, 18], at plasma 
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Fig. 5. Calculated relative populations of n N gi i i= /  of Stark sublevels i nkm= , divided by statistical weight at B = 3 Т, N p = 3 1013⋅  cm−3,  
E = 50 keV: 1 – data from [17]; 2 – kinetic model with account of of proton ionization (states n = 1– 6); 3 — kinetic model, taking into 
account proton ionization (states n = 1– 6); 4 — kinetic model with account of proton ionization (states n = 1– 5)
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density of ~ 1013 cm-3, the populations of states de-
crease sharply in magnitude with increase of n, and 
the absolute amplitude of population jumps of dif-
ferent km states within one n becomes very small, 
therefore, the use of a roughened approach in the 
form of total proton ionization cross sections looks 
quite justified in  the context of  the stated goals. 
In addition, under the assumption of stationarity, 
an additional condition is the equality of the sum 
of the relative populations of all levels to 1. Figure 5 
shows the calculated level populations at the mag-
netic field value B = 3 T, beam energy E = 50 keV 
and plasma density × 13= 3 10pN  cm-3. 

A  comparison with the data from  [17] reveals 
a relatively satisfactory agreement of population dis-
tributions in the range = 1n – 6, if we take into ac-
count that in [17] the kinetic scheme included levels 
with = 1n –10 and the system of nonstationary ki-
netics was solved with account of collisional ioniza-
tion and charge exchange on a neutral beam, as well 
as electron-atomic collisions [11]. In [17], the Glau-
ber method was used to calculate excitation cross 
sections using spherical wave functions nlm, followed 
by a transition to parabolic quantum numbers. The 
comparison demonstrates the significant influence 
of proton ionization on the distribution of popula-
tions of the upper levels, and to a lesser extent on the 

distribution of populations of the lower levels with
= 2n  – 3. In addition, the influence of  the num-

ber of states included has also been demonstrated. 
It is shown that the populations of states = 3n   – 5,  
obtained in  the kinetic model with = 1n – 6,  
lie below the populations obtained with = 1n – 5. 
At  the same time, for level states with = 3n  this 
difference is relatively small. It is also seen that the 
results of this work reproduce the shape of the pop-
ulation distribution from [17], since it also used the 
cross sections of ionization in collisions with protons 
and charge exchange from [33], which do not depend 
on the electric k and magnetic m quantum numbers 
were used there also. The existing differences may 
also be related to the fact that in our kinetic model 
the contribution of collisions with electrons com-
pared to protons was ignored.

In [17], the population was also calculated tak-
ing into account ionization by  an  induced (elec-
trodynamic) electric field, but this channel does 
not significantly affect the population of levels with  

= 2n –6. Indeed, calculations using the semi-em-
pirical formula [36] show that the rate of ionization 
by the field at E = 100 keV and B = 5 T is negligible 
for levels with n = 5, and for n = 6 by 8-10 orders 
of magnitude is lower than other decay channels – 
radiative, due to excitation, deexcitation and proton 
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Fig. 6. The calculated relative populations of the upper Stark sublevels of the Ha line, divided by the statistical weight n N gi i i= /  at 
B = 3 T, N p = 3 1013⋅  cm−3, E = 50 keV. 1 — data from [17]; 2 — kinetic model without account of proton ionization (states n = 1–6); 3 — 
kinetic model with account of proton ionization (states n = 1–6); 4 — kinetic model with account of proton ionization (states n = 1–5)
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ionization. This decay channel should need to be in-
cluded if kinetic calculations also would cover levels 
with 8n .

Fig. 6 shows the calculated relative populations 
of  the upper Stark sublevels of  the αH  line com-
ponents. As can be seen from this comparison, the 
populations in the model with = 1n –5 differ little 
from the case of  = 1n –6. This is  in  accordance 
with the comparison of the calculation results with  

= 1n –10 in  [17] and with = 1n –5 in  [19]. At  the 
same time, the influence of the ionization by protons 
channel is very significant, while in the cited works 
with which the comparison was carried out, this was 
not noted or analyzed in any way.

Indeed, as the analysis shows, the average devia-
tion in percentages of the present calculations of the 
values for the system of levels = 1n –6 and the con-
ditions in Fig. 6 from the data [17] without account 
of ionization by protons is about 1840%, with ac-
count of ionization about 39%, and for = 3n  about 
62–42%. 

It was rightly pointed out in [8, 11, 17-20] that 
the populations of the Stark sublevels of the atoms 
of a diagnostic beam should be nonequilibrium — 
non-thermodynamic, however, the results of kinetic 
calculations were not analyzed in any way for the na-
ture of this nonequilibrium. The comparison of the 

rate coefficients obtained in the present work for the 
conditions presented in Fig. 5 shows that the rates 
of excitation by protons and the rates of transitions 
between excited levels significantly exceed the ra-
diative rates, which corresponds to the conditions 
of  the statistical character of  the Stark sublevels 
populations. On the other hand, due to the small 
energy difference between quantum states in this 
system compared to the beam energy, all excitation 
cross sections are approximately the same, which 
ultimately leads to an equal population of all states 
(Curve 2 in Fig. 5). At the same time, the ioniza-
tion rates in collisions with protons at a density of 

× 13= 3 10pN  cm-3 are much higher than the radi-
ative rates, so the populations are ultimately deter-
mined by the equilibrium between the excitation and 
ionization processes. The proton ionization rates in-
crease noticeably as n increases, while the excitation 
rates are on average approximately constant, which 
leads to a decrease of populations in this case with 
an increase of n (see Fig. 5). As it is seen, similar 
to  the data given in  [17-20], the population with-
in the fixed principal quantum number decreas-
es slightly with a decrease in the electric quantum 
number. This is explained by the fact that the exci-
tation cross sections tend to decrease as the magnet-
ic quantum number of the upper sublevel increases.

1
2

Fig. 7. Calculated relative populations of the Stark sublevels of the line Ha, divided by the statistical weight  n N gi i i= /  at B = 3 T, N p = 1010 cm−3,  
E = 50 keV. 1 – kinetic model without account of proton ionization (states n = 1– 6); 2 — kinetic model with account of proton ionization 
(states n = 1– 6)
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On the other hand, at a low plasma density, one 
should expect the realization of coronal equilibrium, 
when populations are determined by the ratio of the 
excitation rate from the ground state to the total rate 
of radiative decay decay. Fig.  7  shows the results 
of calculations of relative populations at beam ener-
gy E = 50 keV and plasma density 10= 10pN  cm-3.

For such a low density, the rate of ionization in 
collisions with protons already turns out to be less 
than the radiative rates and does not significantly 
contribute to the distribution of populations. Since, 
at the same time, the excitation rates of different 
levels are still close in magnitude, the distribution 
of populations depending on nkm acquires the 
character of peculiar sawtooth fluctuations near a 
certain average value as the ratio of statistical weights 
alternates, assuming only two values of 1 or 2 for the 
Stark sublevels, which, in fact, is shown in Fig. 7. At 
the same time, despite such non-standard behavior 
of populations, there is a coronal equilibrium.

4.  SYNTHETIC MSE RADIATION 
SPECTRUM OF αH  LINE

In MSE diagnostics, as a rule, the polarization 
characteristics of the emission spectrum of the Stark 
multiplet of the αH  line are analyzed [1–20]. The 
absolute total intensity -3 2j iI  of  some individual 
Stark component ®3 2j i of  the line αH  is deter-
mined by the standard expression

	 ω- - -

3
3 2 3 2 3 2

3
= ,j

j i j i j i
j

N
I A

g
	 (9)

where -3 2j iA  is  the probability of  radiative decay 
from sublevel 3 j to sublevel 2i , ω - 3 2j i is the energy 
between the levels, 3 jN , 3 jg  is  the population and 
statistical weight of the state 3 j [27], and the num-
bers in the lower indices are equal to the values of the 
principal quantum numbers of  the corresponding 
levels. To calculate the intensities of the line com-
ponents, a  stationary system of kinetic equations 
is solved for the populations of the Stark sublevels 
of the upper level 3 j taking into account its connec-
tion with other levels. As indicated above, effective 
cross sections of collisional transitions calculated 
by the Born method with probability normalization 
and adiabatic factor (see section 2) are used. In the 
statistical limit [27] — high density — it is assumed 

that the levels are populated proportionally to their 
statistical weight, and the intensity -3 2

St
j iI  is deter-

mined by the expression 

	 ω- - - 3 2 3 2 3 2 ,St
j i j i j iI A 	 (10)

so the populations of different Stark sublevels are 
the same! However, as detailed kinetic calculations 
show that the system plasma + beam of neutrals, 
with energy much higher than plasma temperature, 
is nonequilibrium, there is a difference in the pop-
ulations of the various Stark sublevels even at a very 
high plasma density.

In the dynamic limit [27] — at low plasma den-
sity — the levels populations are determined by the 
competition between the excitation from the ground 
state and the total probability of  radiative decay 

3 ,Tot
jA  so the 3 j component intensity in the dynamic 

limit 3
Dyn

jI  for the system of levels = 1n  – 6 is defined 
by the expression
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Here σ -1 , , ,nj a b c  are cross sections of  excitation 
from the ground state to the level with the principal 
quantum number n and a set of electric and magnet-
ic quantum numbers km ( j for = 3n , a for = 4n , b 
for = 5n , c for = 6n ) with account of the adiabatic 
factor, -, , 3na b c jA  is the probability of radiative de-
cay from level = 4,5,6n  to level 3 j, , ,

Tot
na b cA  the total 

probability of radiative decay, pN  plasma density, υ 
beam velocity. 

Figures 8-10  show synthetic spectra of  the αH  
line with a  wavelength of  656  nm corresponding 
to various plasma and beam parameters. All rela-
tive intensities are normalized to the corresponding 
calculated intensity value of the central component 
of the line. To understand the relationship between 
kinetic and statistical distributions of intensities, the 
scaling factors are given in the insets of correspond-
ing figures in the case of normalization of kinetic 
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Fig. 8. Synthetic MSE emission spectrum of the Ha line in relative units for B = 5 Т, N p = 1010 cm−3, E = 100 keV: 1 — calculation by the 
Born method with normalized probability and adiabatic factor (9) with account of ionization; 2 — statistical distribution of populations 
(10); 3 — distribution of populations in the dynamic limit (11); 4 — calculation from [19] by the Glauber method
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Fig. 9. Synthetic MSE emission spectrum of the Ha  line in relative units for B = 3  Т, N p = 1013 cm−3 , E = 50 keV: 1 — Born method 
with normalization of probability and adiabatic factor (9) taking into account ionization; 2 — statistical distribution of populations (10); 
3— calculation from [10] by the Glauber method
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distributions by  the value of  statistical intensity 
of the central component.

On  the abscissa axis, πd  or  σd  designate the 
relative position of  the individual Stark compo-
nents center in accordance with their polarization  
(π or σ) and the relative separation -= (3 2 )j id k k  
(in units (3 / 2)F ) from the position of the central 
component of the line. To demonstrate the synthetic 
spectrum, a Gaussian profile of Stark components 
with the same half-width δ = 0.25 in the same rel-
ative units of the abscissa axis is used in Fig. 8–10. 
The half-width value was chosen solely for the pur-
pose of visual representation of the line spectrum.

To  calculate the populations, a  kinetic model 
was used with account of the hydrogen ionization 
in collisions with protons [32] under the assump-
tion of observation in the direction perpendicular 
to beam velocity. 

It  follows from the comparison of (10) and (11) 
that static populations are always larger than the dy-
namic limit and, accordingly, the results of kinetic 
calculation at low density, but at high density this 
ratio is not obvious. This is confirmed by the results 
of calculations of the synthetic αH  spectrum using 
the kinetic model described above, which are shown 
in Fig. 8. At the same time, Figures 8-10 are mainly 
of a demonstrative nature, since the corresponding 

calculations were performed to  reveal the nature 
of the change in the synthetic spectrum depending 
on the magnitude of the magnetic field, plasma den-
sity and beam energy. For example, for such large 
magnetic field values as in Fig. 8, it is already nec-
essary to take into account the quadratic Zeeman 
effect and a simplified MSE description is not appli-
cable here [37].

Figures 8-10 show how the coronal approximation 
is realized at low plasma density and the statistical 
limit in  dense plasma. As  the density increases 
in Fig. 9, 10, the difference between the statistical 
intensities and the synthetic ones, calculated with 
account of proton ionization, decreases. In addition, 
in Fig. 10 it is noticeable that with account of ioniza-
tion the intensity ratio deviates from the statistical 
limit, indicating a change of the equilibrium nature.

The comparison of  the relative intensities 
in Fig. 8-10, normalized to the corresponding value 
of the intensity of the central component, demon-
strates good agreement with the results of  other 
authors.

The results of  this analysis show that at  both 
low and high densities, the “kinetic” popula-
tions in the neutral energetic beam-plasma system 
are much smaller than statistical ones and have 
a nonequilibrium nonthermodynamic character.
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Fig. 10. Synthetic MSE emission spectrum of the line Ha in relative units for B = 3 Т, N p = 1016 cm−3, E = 50 keV: 1 — calculation by the 
Born method with normalized probability adiabatic factor (9) and with account of ionization; 3 – statistical distribution of populations 
(10)
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Fig. 11. The ratio of the intensities 1 0( ) / ( )I Iσ σ  of the Hα  line depending on the plasma density ( = 5B  Т, = 100E  keV): 1 — calculated 
data for (9) with account of ionization; 2 — dynamic limit (11); 3 — statistical limit (10); 4 — data [17]; 5 — data from [19] 
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Fig. 12. The ratio of the intensities 1 0( ) / ( )I Iσ σ  of the Hα  line depending on the plasma density ( = 5B  Т, = 100E  keV): 1 — calculated 
data without (9) account of ionization; 2 — dynamic limit (11); 3 — statistical limit (10); 4 — data [17]; 5 — data from [19]
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Fig. 13. The ratio of the intensities 4 3( )) / ( )I Iπ π  of the Hα  line depending on the plasma density ( = 5B  Т, = 100E  keV): 1 — calculated 
data for (9) with account of ionization; 2 — dynamic limit (11); 3 — statistical limit (10); 4 — data [17]; 5 — data from [19]
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Fig. 14. The ratio of the intensities 4 3( ) / ( )I Iπ π  of the Hα  depending on the plasma density ( = 5B  Т, = 100E  keV): 1 — calculated data 
without (9) account of ionization; 2 — dynamic limit (11); 3 — statistical limit (10); 4 — data [17]; 5 — data from [19]
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Fig. 15. The ratio of the σ-components intensities sum, divided by statistical weight, equal to 2 due to two independent polarizations, Iσ 
to the π-components intensities sum  Iπ of Hα  line, depending on the plasma density ( = 5B  Т, = 100E  keV): 1 — calculated data for (9) 
with account of ionization; 2 — dynamic limit (11); 3 — statistical limit (10); 4 — data [17]; 5 — data from [19]
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Fig. 16. The ratio of the σ-components intensities sum, divided by statistical weight, equal to 2 due to two independent polarizations, Iσ 
to the π-components intensities sum  Iπ of Hα , depending on the plasma density (B = 5 Т, E = 100 keV): 1 — calculated data without (9) 
account of ionization; 2 — dynamic limit (11); 3 — statistical limit (10); 4 — data [17]; 5 — data from [19]
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5.  LIMITING CASES OF  INTENSITY 
RATIOS

Fig. 11-16 show the ratios of intensities of some 
components of the αH  line as a function of plasma 
density. It can be seen from the figures that at low 
plasma densities, a coronal equilibrium is realized, 
and the ratio of intensities is close to the dynamic 
limit, and in the limit of higher densities, the ratio 
of intensities is close to the statistical limit. Devia-
tion from it is associated with the ionization of the 
beam atoms in  collisions with plasma protons. 
A comparison is made with the results of [17] and 
[19], in which spherical wave functions were used for 
the calculation of excitation cross sections with sub-
sequent transition to a parabolic basis, and the cross 
sections themselves were calculated by the Glauber 
method. In [17], states up to  = 10n , were considered 
in the kinetic model, while in [19] calculations were 
limited to states with = 5n . It is possible to notice 
the influence of the taken into account states num-
ber on the ratio of component intensities.

6.  POLARIZATION CHARACTERISTICS 
OF  MSE EMISSION SPECTRA

If  the installation construction allows obser-
vation in  a  direction perpendicular to  the beam 
velocity, the observation line forms an  angle  θ  
with the electric field direction. Then the oscilla-
tion vector of  the electric field of the electromag-
netic wave (EMW) radiation will be at an angle of 
π θ-/ 2  to the direction of the electric field. The 
oscillation vector of the radiation of the π-compo-
nents along the electric field will have a projection 
onto the EMW polarization vector, proportional 
to π θ θ-cos( / 2 ) = sin . At the same time, the os-
cillation vector of  the σ-component in the plane, 
perpendicular to the velocity, will form an angle of 
θ with the EMW polarization vector and contrib-
ute to the intensity 2cosIσ θ, where σI  denotes half 
the total intensity of the σ-components of the line. 
Also, the σ-components will contribute to the po-
larization of the EMF perpendicular to the plane 
formed by the electric field vector and the direction 
of observation, and directed along the velocity with 
an intensity equal to  σI . Then the degree of polariza-
tion of the radiation relative to the direction of ve-
locity under such an observation can be expressed as

  

π σ σ

π σ

π σ

π σ

θ θ

θ θ

θ

θ θ

^

^

- + -

+ + +

-

+ +





2 2

2 2

2

2 2

sin cos= = =
( 1)sin cos

( )sin= .
( 1)sin cos

I I I I I
P

I I I I

I I

I I

	 (12)

It is important to note that in the limit of large 
densities and in the absence of ionization, the degree 
of polarization tends to zero at any angle of obser-
vation in the statistical limit. Figure 17 shows the 
dependences of the degree of polarization of the ra-
diation of the αH  on angle θ at different plasma den-
sities obtained within the framework of this kinetic 
model without account of proton ionization.

As  can be  seen in  Fig.  17, with an  increase 
in plasma density, the degree of polarization of the 

αH  line decreases to zero at any value of angle θ. 
At the same time, as noted in section. 3, accounting 
for ionization violates the statistical limit, and there-
fore, even at a high density, the degree of polariza-
tion does not tend to zero, as can be seen in Fig. 18. 
It is also interesting to follow the behavior of the de-
gree of polarization at a fixed observation angle de-
pending on the plasma density. These dependencies 
are shown in Fig. 19 and 20.

7.  CONCLUSION

The polarization characteristics of the emission 
spectrum of the Stark components of the αH   line 
were studied under observation conditions per-
pendicular to the direction of the diagnostic beam 
of neutrals for MSE diagnostics injected across the 
magnetic field of the installation. To obtain a syn-
thetic spectrum, a method has been developed for 
calculating the effective excitation cross sections 
of  transitions between Stark sublevels of a hydro-
gen-like atom in  collisions with protons, based 
on the Born method with a normalized transition 
probability and an adiabatic factor, which ensures 
more correct behavior of  effective cross sections 
in the region of low collision energies when formal-
ly the applicability of  the Born method is  violat-
ed. The calculations were carried out in the basis 
of parabolic wave functions with a quantization axis 
along the direction of the electrodynamic electric 
field in the diagnostic beam rest frame. As  in the 
Glauber method [11, 31, 32], it is taken into account 
that in  this region of  collision energies of  heavy 
particles [11], characteristic of neutral beams of the 
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Fig. 17. The degree of polarization of the line Hα  without account of the ionization effect, depending on the angle θ ( = 5B  Т, = 100E  
keV) at different plasma densities eN  [cm 3− ]: 1 — 1010 ; 2 — 133 10⋅ ; 3 — 1610  
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Fig. 18. The degree of polarization of the line Hα  with account of the ionization effect, depending on the angle θ ( = 5B  Т, = 100E  keV) 
at different plasma densities eN  [cm 3− ]: 1 — 1010 ; 2 — 133 10⋅ ; 3 — 1610
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Fig. 19. The degree of polarization of the line Hα  at  = 5B  Т, = 100E  keV, = 90θ : 1 — without account of ionization depending on the 
plasma density; 2 – statistical limit in these conditions
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Fig. 20. The degree of polarization of the line Hα  with account of the ionization effect, depending on the plasma density at various angles 
( = 5B  Т, = 100E  keV): 1 — = 30θ ; 2 — = 45θ ; 3 — = 90θ ; 4 — statistical limit at  = 90θ ; 5 — statistical limit at  = 30θ 
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MSE diagnostics, the effective transmitted momen-
tum is perpendicular to the direction of the beam 
velocity. The kinetic collisional-radiative model 
has been elaborated for calculating the populations 
of  Stark sublevels of  a  neutral atom in  the basis 
of parabolic wave functions with quantum numbers 
n1n2m, covering all states with the principal quan-
tum number n  in  the range 1-6. The populations 
of the Stark sublevels for n = 1-6, with and without 
account of collisional ionization by protons, and 
on their basis synthetic emission spectra of the in-
tensity of the Stark components of the Ha line for 
different plasma and diagnostic beam parameters 
have been calculated. It has been shown that at low 
plasma density, the distribution of populations over 
Stark sublevels corresponds to  coronal equilibri-
um. With an increase in plasma density, the non-
thermodynamic nature of  the equilibrium is pre-
served, in which the Stark sublevels populations are 
mainly determined by the processes of excitation and 
ionization in collisions with protons. Thus, in con-
trast to previous studies, the reasons for the nonther-
modynamic character of  the populations of Stark 
sublevels of  neutral atoms of  an  energetic beam 
in a thermonuclear plasma with magnetic confine-
ment have been analyzed and found. The behavior 
of the intensity ratio of the individual Stark com-
ponents is studied depending on the plasma density 
and the parameters of the diagnostic beam within 
the statistical and dynamic levels population. The 
dependences of the polarization characteristic of the 
Ha line on the plasma density and observation angles 
relative to the direction of the induced electric field 
across the beam velocity are traced. A change in the 
statistical limit of the polarization characteristic un-
der the influence of the proton ionization process for 
different observation angles relative to the direction 
of the induced electric field was revealed. All stages 
of the study are accompanied by a comparison with 
the literature data, which demonstrates a reasonable 
correspondence with the results of this work.

It  should be  emphasized that the previous 
calculations [17, 19], performed using cross sections 
calculated in the nlm basis of spherical wave func-
tions, were mainly aimed at using already available 
data, although a verified database of excitation cross 
sections of hydrogen levels still does not exist. The 
entire set of cross sestions and rate coefficients pre-
sented and used in this work is calculated in a fair-
ly universal way in  the parabolic basis of  wave 
functions for the first time in accordance with the 

physical formulation of  the problem. At  the same 
time, although there is some difference in kinetic 
calculations, their relative and qualitative behavior 
demonstrates similarity, which generally confirms 
the accuracy and reliability of  the results of  this 
work.

The results obtained are of general scientific in-
terest and can be used for planning and interpreting 
experimental measurements aimed at determining 
the slope profile of  the magnetic field line [1-7], 
which, in turn, allows to establish spatial distribu-
tions of the absolute values of the discharge parame-
ters [3], for example, such as the cord stability factor 
[3], the discharge current [1-7] and the current den-
sity profile in the tokamak discharge [1-7].
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