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Abstract. Paraxial propagation of a quasi-monochromatic light wave with two circular polarizations
in a defocusing Kerr medium with anomalous dispersion inside a waveguide of annular cross-section
was considered. In the phase-separated mode, the dynamics is similar to a flow of immiscible fluids.
For some initial conditions with relative gliding of the fluids along the interface, the Kelvin-Helmholtz
instability in its “quantum” variant is developed. Numerical simulations of the corresponding coupled
nonlinear Schrodinger equations have shown formation of specific structures at the nonlinear stage
of the instability. Similar structures have been known in the theory of binary Bose-Einstein condensates,

but for optics they were presented for the first time.
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1. INTRODUCTION

The study of nonlinear waves of different physi-
cal nature is, first of all, a search for possible coher-
ent structures in a given system. Perhaps the best
known are such long-lived objects as solitons and
vortices (see, for example, [1-7]). Of great interest are
also structures formed as a result of the development
of different kinds of instabilities. A striking example
is the Kelvin-Helmholtz instability (KHI), which oc-
curs in liquid systems in the presence of a tangential
discontinuity in the velocity field. A quantum analog
of this instability in superfluid *He has been discovered
relatively recently [8-11]. The KHI is also known for
two-component ultracold gases (Bose—Einstein con-
densates, BEC) in the spatial phase separation regime
[12-14], where it has been theoretically studied along
with other analogs of classical hydrodynamic instabili-
ties [15-20]. The example of BSCs is particularly inter-
esting because in the zero-temperature limit these rar-
efied systems are well described by a rather simple and
universal mathematical model — the coupled nonlinear
Schrodinger equations [21-27] (in the physics of cold
Bose-gases they are called the Gross-Pitaevskii equa-
tions). In a binary BEC, in addition to dark solitons
and quantized vortices in each of the two components,

domain walls are still possible due to the dominance
of the crossed nonlinear interaction. The domain wall
has an effective surface tension [24, 28, 29], which sig-
nificantly participates in the interface dynamics at all
stages of instability development.

The coupled nonlinear Schrodinger equations
(NSE) are known to arise in the study of many physi-
cal systems. In particular, they approximate the prop-
agation of a quasi-monochromatic light wave with two
circular polarizations in an optical medium with Kerr
nonlinearity [30]. A possible difference with BECs
is the hyperbolic type of the three-dimensional disper-
sion operator in the case of normal optical dispersion.
But for anomalous dispersion and defocusing nonlin-
earity, the paraxial optical equations are mathemati-
cally equivalent to the two coupled Gross-Pitaevskii
equations in which the KHI is developed.

Moreover, when considering spatially two-dimen-
sional solutions, as in [12-14], the type of dispersion
is formally unimportant since there is no dependence
on the corresponding third coordinate (unless one
is interested in the dynamics of small three-dimen-
sional perturbations).

It should be noted that in nonlinear optics domain
walls separating regions with right and left circular
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polarizations of light are also known [31-40], but the
KHI of such interface surfaces in the presence of rela-
tive shear flow of “light fluids” has not been considered
so far. It should be emphasized that we are not talking
here about the primary modulation instability of spa-
tially homogeneous two-component systems with
dominant cross-repulsion [41-43], which actually leads
to phase separation through the formation of domain
walls, but about the possible instability of the station-
ary geometrical configuration of the already existing
domain wall (analogous to the instability of dark soli-
tons in one-component NSE [44, 45]). In this sense,
the KHI in the system of coupled NSEs can be called
secondary. The purpose of the present work is to nu-
merically demonstrate the development of such insta-
bility in the framework of a model that approximates
the paraxial propagation of a nonlinear optical wave
in a sufficiently wide annular waveguide.

2. MODEL DESCRIPTION

Note at once that the distance { along the wave-
guide axis serves as the evolutionary variable instead
of time ¢ in optics, and the role of the third “spatial”
coordinate is played by the “delayed” time

t=1-0/ v,

where Vg, is the group velocity of light in the medi-
um at a given carrier frequency @,. When comparing
with BECs, one should mean ¢ instead of { and z in-
stead of t. In dimensionless variables, the nonlinear
Schrodinger equations for the slow complex envelopes
A1,2 (x,y,1,0) of the left and right circular polarizations
of the light wave are of the form (see [30-38])

M I 2 ?
2 [ deutens af sl Jazo
where

A=0}+9) +0;

is the three-dimensional Laplace operator in the “co-
ordinate” space (x, y, t). In the case of normal disper-
sion, the sign in front of 02 is reversed. The potential
U(x, y) is determined by the dielectric permittivity pro-
file in the cross section of the waveguide. The cross-
phase modulation parameter g, in the typical case
is approximately equal to 2, which corresponds to the
phase separation mode.

We would like to remind the assumptions for
the model (1). This system is derived for a weakly
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inhomogeneous medium in which the background
dielectric permittivity is a function of frequency &(w),
so that the corresponding dispersion law has the fol-
lowing form

k(®) = e(w)o / c.

The range of the anomalous group velocity disper-
sion of interest to us (where k”(w) < 0) is usually near
the low-frequency edge of the transparency window
(in real substances this is often the infrared region
of the spectrum; see, e.g., [46-48]). It follows from
Maxwell’s equations that in an optical wave the elec-
tric field E and the electric induction field D are related
by equation

2
rotrot E = _%8_2D
¢ ot

Slow complex envelopes E and D are introduced
by substitutions

E :Re[E exp(ik,C — iﬂ)ot)],
D zRe[D exp(ikOC - imot)],

where k;, = k(w,) is the carrier wave number. We as-
sume a weakly nonlinear material dependence of the
Kerr type

D = g(w, +id, )E+E&(x,y)E +

. ©))

+ (o )|E[ E +B(w, )(E - E)E,
with operator &(w, + id,), with spatial inhomogeneity
&(x,y) and with negative functions o and 3 in the de-
focusing case. Substitution into (2) is then performed,
with the small divergence of the electric field neglect-
ed. The linear operator [k, — iZ)C]2 — k(o + ia,)]2
arising in the course of transformations is represented
as a product of sum and difference, after which the ex-
pansion by powers of the operator d, leads to an equa-
tion of the following form

2k -i0g — ki, + ko2 2|E = s{E}, @)

with a right-hand side that includes transverse Lapla-
cian, nonlinearity and spatial inhomogeneity. At the
end of the derivation, to pass to scalar functions 4, ,,
a substitution is made to

Ez[(ex +iey)A1 +(ex—iey)A2J/\/§. 5)

The scale for the transverse coordinates is chosen
to be some large parameter R,. Let it be of the order
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of several tens of wavelengths, i.e., up to one hun-
dred micrometers. Then the width of the domain
wall with the normal across the beam at the wave in-
tensities of interest / 2 < 10 will be at least a dozen
wavelengths. The natural scale for the variable t is the
combination k,R,0 / w,, where the dimensionless
parameter

o=,

ki) / kg

characterizes the relative magnitude of the group ve-
locity dispersion. Related to this combination is the
condition kR8> 2r, which ensures quasi-mono-
chromaticity of the wave on the variable t. This re-
quirement turns out to be quite onerous for small J,
but we will assume that at least & 2 0.3, and then there
will be at least three wave periods per domain wall
width with normal along the beam. The longitudinal
coordinate { is measured in units of kORg (a few cen-
timeters), and the electric field is measured in units of

\/28(“)0) / ‘0‘((”0 )‘
ko Ry '
The external potential then is

kg R3E
2¢(ay)

As a result, one obtains the non-dimensional equa-
tions (1), whereby

B
g, =1+2 ( O)
o)
8
7 L a
U rg
61 Istat(r'% - i
= 5 Istat(r,4) _ i
- 4} lstat(r2) ——— 4
S sl ,
2 L a
1 L a
O L L L
1 2 3 4 5 6 7 8
r

Fig. 1. A smooth potential U(r) convenient for numerical model-
ing, roughly corresponding to an annular cross-section waveguide
with a flat bottom and sharp walls. Also, equilibrium wave inten-
sity profiles for values of the “chemical potential” u = 2, 4, 8 are
shown
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The well-proven split-step Fourier method for vari-
able { of the second order of approximation was used for
numerical modeling. As a preliminary step, unwanted
hard degrees of freedom were “extinguished” by a dis-
sipative “imaginary time propagation” procedure. The
details of this approach are described in [38-40]. The
computational domain had dimensions (6w) x (6m) X T,
with periodic boundary conditions, and the period 7
on the variable t was taken equal to 247 or 48x for dif-
ferent numerical experiments.

3. GEOMETRY OF THE PROBLEM

Let us now turn to the geometrical characteristics
of the model. In contrast to the recent work [38], where
parabolic potentials were considered

U=(x2 +K2y2)/2,

here we focus on annular waveguides with the “flat”
bottom and sharp walls. Such waveguides are easi-
er to produce in practice, since the medium in them
is homogeneous. But for numerical modeling by the
chosen method (with a reasonable spatial grid step)
only sufficiently smooth potentials are suitable. There-
fore, we will approximate the corresponding deep
rectangular pit only in a qualitative sense, using the
following expression (see the corresponding graph
in Fig. 1):

LR th(l.S(r2/9 - 5.0)) -
o= ~ih(24(r2/9-1.2)) ©

The large common multiplier here is taken quite ar-
bitrarily, as long as it does not require a too small step
on the variable {. As a result of this choice, the average
waveguide radius roughly corresponds to » = 5.0. This
value will be used in the following to visualize the wave
pattern on a “median” cylindrical surface in (x, y, 1)
space at different values of propagation distance .

The initial conditions in our numerical experiments
set the location of the domain wall approximately
across the waveguide axis (its normal is approximate-
ly along the axis). In this case, the “currents” of both
polarizations had an azimuthal character (with coor-
dinate multipliers exp(in,zq)), where ¢ is the azimuthal
angle, Q,and Q, # Q, are integer “quantum” numbers).
Thus, the system is three-dimensional, and hence the
anomalousness of the dispersion is fundamentally im-
portant. But the difference between the outer » + a/2
and inner r — a/2 radii of the waveguide is relatively
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Fig. 2. Example of the development of Kelvin-Helmholtz instability at O = 2 and a small level of nonlinearity # = 2. The intensity of the
first component 7, on a cylinder of radius » = 5 is shown for several values of the variable .

small (effectively a / r = 0.2—0.4 depending on the
“chemical potential” of the wave, as can be seen from
the intensity profiles in Fig. 1). In such a geometry, the
system behaves approximately as a spatially two-di-
mensional system (on a cylinder). This contributes
to the manifestation of instability of the type under
consideration, and is also important for the visualiza-
tion of numerical results (see Fig. 2-6).

It should be noted that the system (1) also has solu-
tions independent of t, and there the flow occurs in the
(x, y) plane. The normal to the domain wall also lies
in this plane. On the one hand, these solutions are
attractive because for such stationary configurations
in physical space the requirement of anomalous disper-
sion is removed. And it is quite possible that three-di-
mensional perturbations would not manifest them-
selves at a sufficiently long propagation distance. But,

on the other hand, when the transverse dimensions
of the sample are finite, it becomes necessary to loop
both stationary currents somehow, and then the prob-
lem of the appearance of additional transverse instabil-
ities due to the interaction with transverse boundaries
may arise. There is also a third variant of stationary
flows with a shift along the contact boundary of light
“liquids” — when the motion with different velocities
occurs along the axis of the waveguide. This variant
is described by the multipliers exp(ivur) and thus cor-
responds to some difference in the average frequency
of the left and right polarizations. For this configura-
tion, the waveguide cross-section need not be circular.
The first and third options seem equally promising.
In this paper, we focus on azimuthal currents.

The classical formula states that the Kelvin-Helm-
holtz instability increment equals
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Fig. 3. Phase O, of the first components on a cylinder of radius r = 5, corresponding to Fig. 2. Each panel shows only that part of the

cylinder involute where 7, > 0.4

2
k) = k|-~ k2,
4 2p

where k is the wave number, o is the surface tension
coefficient, p is the density of the fluid equal on both
sides of the interface, v is the velocity difference for
undisturbed flow. From this formula we can extract
useful information for our case as well. Indeed, at suf-
ficiently large values of the “chemical potential” u, the
density of “liquids” p = I = u, the effective surface
tension coefficient of the domain wall can be esti-
mated as G o< u3 /2 [28], the velocity of relative motion
v =(Q, — Q,)/r, and the basic wave number k = 1/r.
As a result, we have an estimation formula

2
L1 JM_CQ -

r 4r? r

where C is a coefficient of the order of one. The appli-
cability of this formula also requires that the relative
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velocity v is small compared to the “sound speed”
of s ~ 4/u. If this condition is met, the development
of instability should follow the scenario determined
by the ratio of the two summands under the root sign
(implying a sufficiently large longitudinal interval 7' /2
between neighboring domain walls). It follows from
formula (7), in particular, that at fixed r and (Q, - Q,)
a significant increase in the wave intensity should lead
to a complete suppression of instability. This effect
was indeed observed in numerical experiments. For
example, with O, = -0, =2 atu =8 and pu = 10 the
instability developed, whereas at 4 = 12 it was already
absent.

4. NUMERICAL EXAMPLES

We should be said that each stationary configura-
tion on the variable ( is characterized by two “chemi-
cal potentials”, 4, and y,. In this case

A1,2 = 11,2 (x,y,ﬂ:) exp(i@L2 (x, y,t) - i;.Ll’2C).
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Fig. 4. Formation of long “fingers” at the intermediate stage of
instabilityat 0 =3, u=4

In our case of phases 61,2 = Q1,2¢- Several exam-
ples of equilibrium profiles of intensity 7, (r,1t) in the
presence of only one stationary component are pre-
sented in Fig. 1.

For simplicity, all numerical experiments were
performed with symmetric initial conditions, so that
0, =-0, =0, and u, =u, =u. Therefore, each
panel of Fig. 2-6 shows only half of the cylinder invo-
lute. In particular, Fig. 2 shows how, forQ =2, 1 = 2,

RUBAN

Fig. 5. Greater slope of the “fingers” at a lower relative motion veloc-
ity than in Figure 4 (O =2, u =4)

a small sinusoidal perturbation of the interface as a re-
sult of instability is transformed into a structure shaped
like the silhouette of a human finger. A blob is then
detached from the tip of the “finger”, within which
a vortex of the opposite component “sits”, as follows
from Fig. 3, which shows the corresponding phase dis-
tributions. Still further in each component is separated
also the second similar drop. Fig. 4 demonstrates that
the “finger” can extend quite a bit before it breaks and
the drop separates. The angle of inclination of such
“fingers” on the cylinder with respect to the azimuthal
direction is greater the smaller the relative velocity (pa-
rameter Q), as can be seen by comparing Fig. 5 with
Fig. 4. Finally, Fig. 6 shows that at high relative veloc-
ity (Q = 5) and wave intensity (UL = 8) at the beginning
of the nonlinear instability stage, the boundary tends
to twist into a spiral structure, i.e., the instability de-
velops according to an almost classical scenario. But

JETP, Vol. 165, No. 2, 2024
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Fig. 6. Example of the development of Kelvin-Helmholtz instability with the formation of a spiral structure at the intermediate stage at

Q=5u=38

when the spatial scale of the order of the domain wall

thicknessw ~ 1/ \/ﬁ reached, the dynamics switches
to the “quantum” regime with the separation of drops
and quantized vortices.

5. CONCLUSION

Thus, this paper theoretically substantiates the fun-
damental possibility of observing Kelvin-Helmholtz
instability in a defocusing Kerr optical medium with
the anomalous group velocity dispersion. The three-di-
mensional numerical simulation yielded configurations
qualitatively similar to two-dimensional structures ob-
tained in [12-14] for an idealized model of a binary BEC
in unbounded space. Obviously, our three-dimension-
al results equally apply to BECs placed in a cylindrical
confinement potential with a deep minimum at a finite
value of the radial coordinate. But for cold gases such
potentials remain unrealistic for the time being, whereas

JETP, Vol. 165, No. 2, 2024

from the point of view of optics, there is nothing un-
usual in a time-length light beam propagating along
a waveguide of a given cross section. From the practi-
cal point of view, the advantage of the optical structures
considered here are also their not small spatial dimen-
sions in comparison with BECs, not to mention the ab-
sence of extreme temperature constraints.

We used the simplest model, which does not take
into account dispersion corrections of higher orders.
In reality, the parameter & can be so small that (at not
too large values of the product kR,)) deviations from
the quadratic dispersion will have a noticeable effect.
However, as shown by additional numerical experi-
ments (their results are not presented here), taking into
account the relatively small third-order dispersion, al-
though it distorts the picture of the instability devel-
opment somewhat, but does not spoil it qualitatively
at a sufficiently large distance.
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